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Abstract:
The transmission network expansion planning problem is effectively solved by the improved
simulated annealing approach. A mixed integer nonlinear programming model of this problem
is formulated using the DC power flow model. The detailed process of simulated annealing
algorithm has been improved, and applied to 6-bus and 24-bus systems. The solutions obtained
by the improved SA approach are compared with solutions found using LINGO software. Numer-
ical results have shown that the proposed approach requires less time to obtain local optimal
solutions.
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1. INTRODUCTION

The transmission network expansion planning (TNEP) is an important part of power system planning,
and it is a large, complex mixed integer nonlinear programming problem which has presented a major
challenge to all known heuristic, optimization approaches [1, 2]. A brief definition of the TNEP problem
is as follows: Given the network configuration for a certain year and the peak generation/ demand for the
next year (along with other data such as network operating limits, costs, and investment constraints), one
wants to determine the expansion plan with the lowest cost.

The authors in [3] have given data of four networks that can be used in carrying out comparative studies
with methods for TNEP, compared main mathematical formulations and main algorithms. The proposed
method can be mainly classified in two groups: (i) mathematical optimization algorithms, (ii) heuristic
algorithms. Mathematical optimization method is to formulate the problem of transmission network
using mathematical model, such as linear programming [4, 5] and Benders decomposition approach
[6]. Recently, many heuristic algorithms, etc. simulated annealing (SA) [7], genetic algorithms (GA)
[8, 9], tabu search (TS) [10], ant colony algorithm [11], have been applied to the TNEP problem. These
algorithms are usually robust and generate near-optimal solutions for large complex networks. The
combined use of optimization and heuristics algorithm has also been tried in [12]. The authors in [13]
have investigated the method of SA, GA, TS, and then a hybrid approach based on TS algorithm is
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proposed, which presents performances much better than any individual one of these approaches.
This paper has effectively solved TNEP problem by an proposed improved SA approach, simplifying

the transition mechanism used in [7], and the detailed process has been improved. The results obtained by
the proposed SA approach have been compared with those found using LINGO software and the solutions
in [14], which have shown the anvantages of the proposed improved SA approach.

2. THE MATHEMATICAL MODEL OF TNEP

The AC power flow equation of power system [1] is:

Pi =Vi

n

∑
j=1

Vj(Gi j cosδi j +Bi j sinδi j) (1)

Where Pi is the input real power flow at bus i, Vi and Vi are the voltages at bus i and j, respectively. Gi j is
the susceptance and Bi j is the conductance. δ i j is the voltage phase angle between i and j.

Considering the characteristics of high voltage network, the above AC power equation could be
simplified. 1) As the resistance of transmission circuits is significantly less than the reactance, it is
reasonable to approximate G=0. 2) As the voltage phase angle difference is very small, it is reasonable to
approximate sinδ i j= δ i j. 3) In the per-unit system, the numerical values of voltage magnitudes are very
close to 1. Given the discussed practical approximations, the power flow in the transmission system can
be approximated to the following equation.

Pi =
n

∑
j=1, j 6=i

Bi j(δi−δ j) (2)

Analysis and computation of the DC power flow model are very convenient. The calculated amount is
much less, and the speed could accelerate much more. In the TNEP problem, as the raw data itself are not
accurate, the precision of DC power model could meet the demand, though it is not so much accuracy as
AC power model. In the following, the static TNEP problem is formulated as a mixed integer nonlinear
programming model, and the power network is represented by a DC power flow model [3, 4, 7, 15].

min v = ∑
(i, j)∈Ω

ci jxi j (3)

n

∑
j=1, j 6=i

Pi j +Pgi = Pdi (4)

Pi j = bi j(x0
i j + xi j)(δi−δ j) (5)

∣∣Pi j
∣∣≤ (x0

i j + xi j)Pi j (6)

0≤ Pgi ≤ Pgi (7)

0≤ xi j ≤ xi j (8)

xi j ∈ integer,(i, j) ∈Ω
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where,ci j is Cost of the addition of a circuit in branch i-j. xi j is Number of new circuits added in branch
i-j. x0

i j is Number of circuits in branch i-j in the initial case. xi j is Maximum number of new circuits added
in branch i-j. Pi j is Power flow in branch i-j. Pi j is Maximum power flow of a circuit in branch i-j. Pgi is
Generated power by units at bus i. Pdi is Demand power of loads at bus i. bi j is Susceptance of a circuit
in branch i-j. δ i is Voltage phase angle at bus i. Ω is Set of all candidate circuits.

Substitution in the above 6 for Pi j given by 5 yields

bi j
∣∣δi−δ j

∣∣≤ Pi j (9)

In the above programming model, 3 is the objective function representing the investment costs of new
transmission facilities. 4 models the power network by Kirchoff’s Laws (KCL and KVL). 5 is DC power
flow equation. 4 and 5 is the constraints that power flow must satisfy. 6 is the constraint of maximal
transmission power in the branch. 7 is the constraint of the output power of a generator. 8 is the maximal
number of new circuits in a branch that can be added. There are two unknown variables xi j and δ i

multiplying in 5, so it’s a nonlinear constraint. Considering variable xi j is integer, therefore, the whole is
a hybrid nonlinear integer programming model.

3. THE PROCESS OF IMPROVED SIMULATED ANNEALING

SA is an optimization technique that simulates the annealing process of a molten material and is based
on the fact that nature performs an optimization of the total energy of a crystalline solid when it is annealed
under a very slow cooling schedule.

Departing from an initial configuration, SA generates a series of configurations eventually leading to
the configuration with minimal cost. The transition between two successive configurations is managed by
a stochastic mechanism. The acceptance of newly generated configurations is based on the value of the
objective function: configurations with decreasing objectives are always accepted, whereas configurations
with higher costs can be occasionally accepted with a certain probability exp(-∆v/(kt)) called Metropolis
rule, where k is the Boltzmann constant. At the beginning when t is very big, the inferior deteriorated
solutions are probably accepted. Then, as t becomes smaller, only the superior deteriorated solutions are
accepted. Finally, when t approximates 0, the deteriorated solutions will not be accepted anymore. The
possibility of accepting the solutions with higher cost avoids a sequence of solutions getting trapped in
local minima [16].

Therefore, it can be clearly seen that one problem of the standard SA is the lower searching efficiency.
In the present work, an improved SA algorithm was proposed to solve this difficulty by introducing an
memory function of solutions. For the standard SA, the optimal solution at the current searching step was
probably lost when accepting the inferior solution according the Metropolis rule. Hence, all the optimal
solutions obtained at the searching time when the inferior solutions are accepted are stored in the system,
which can reduce the possibility of the optimal solution losing.

Three transition mechanisms that make the current solutions moves between two successive config-
urations were proposed in [7]: adding a circuit, swapping two circuits, and removing a circuit. For the
purpose of simplicity, only two mechanisms were used in the improved SA of this paper: adding a circuit
and removing a circuit, which would contribute to reduce the code compling and computation cost. The
details were described in step 5 and 7.

The general improved SA to TNEP is presented by following steps:

1. Determine the space of configuration. If n routes can be put to set up new circuits, and the maximal
number of new circuits on each route is m, that is to say the number of new circuits on each route is
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between 0 and m, so the size of solution space is (m+1)n.

2. Determine the objective function. In the proposed model, equation 3 is the objective function,
representing the cost of new added circuits.

3. Determine an initial solution. When the network is large, the initial solution has large impact. If
the initial configuration can be determined according to the practice, the efficiency of SA can be
improved.

4. Determine controlling parameters. The initial temperature t = t0, the final temperature t f , the
attenuation factor β , and the length of Markov chain L , are respectively 10, 1, 0.87˜0.93, 100. All
these parameters can be determined after many tests.

5. Produce new configuration. The new configuration should satisfy constraint 8, in which the number
of circuits added in a branch could not exceed the maximal limit. The random disturbance strategy
contains “adding a line” and “removing a line”. It can be executed as adding a new line or removing
a line in a random branch.

6. Determine whether the current configuration is feasible. The equality constraints 4, 5 form linear
equations whose variables are voltage phase angle δ i(i =1, 2,. . . , n), and solved by Gaussian
elimination with partial pivoting. The current configuration is feasible if the computed angles from
the linear equations satisfy the inequality constraint 9. The new linear equations are convenient to
obtain, because there are very few changed elements in the coefficient matrix of the linear equations
when adding or removing a circuit in a branch each time.

7. Determine how to use the random disturbance strategy. Whether adding or removing a line depends
on the character of the current configuration. When the current configuration is infeasible, the
“adding a line” strategy is used until getting a feasible one, otherwise the “removing a line” strategy
is used until getting an infeasible one, and an “adding a line” trial is appended. The reason is that
the number of the circuits in a branch increased, the capacity endured in each line becomes less,
and it has more possibility to be a feasible configuration. In other words, “adding a line” strategy is
helpful to produce feasible solutions.

8. Calculate the difference ∆v of the objective function. As only adding or removing a circuit in
a branch each time, the value of the new objective function is the corresponding incremental or
reduced cost of adding or removing this line.

9. Determine whether accepting a new feasible configuration or not. If the current configuration is
feasible and ∆v<0, or ∆v>0 but exp(-∆v/(kt))>r, the new generated configuration could be instead
of the current one, where k is the Boltzmann constant, r is a random number between 0 and 1.

10. Update temperature t according to tk+1=β tk. If t<t f , then go to step 5, else, terminate the searching
progress.

4. ILLUSTRATIVE EXAMPLES

4.1 Garver 6-bus System

This system was originally used in [4], and since then has become the most popular test system in
TENP. It has 6 buses and 15 branches for the addition of new circuits. The demand is 760MW, and a
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Figure 1. The simulated annealing searching process of Garver 6-bus system

maximum of 4 lines can be added per branch, so the size of searching space is 515 ≈ 3.05×1010. In the
Garver 6-bus example, the initial solution is zero. The relevant data are given in [4]. The computation is
set without generation rescheduling.

By programming on MATLAB using the improved SA, it is obtained that the minimal cost of configu-
ration is 200, and additions: n2−6=4, n3−5=1, n4−6=2, and voltage phase angles: 0.11, 0.33, 0.20, 0.32, 0,
0.62. In the case the algorithm has found the same optimal solution originally given by Garver [4], and
the computation time is about 1s. The searching process is as Figure 1.

4.2 IEEE 24-bus System

The IEEE 24-bus system network contains 24 buses, 41 lines, a total demand of 8550MW, and a
maximum of 3 lines can be added per branch, so the size of searching space is 441 4.84×1024. The initial
numbers of all new circuits are all set to one. The number of changed element in the coefficient matrix is
set as 4. The data of the network can be accessed in [14, 17]. The computation is set without generation
rescheduling.

This case belongs to a median scale system, and the sparse matrix technology is used to reduce
the computation time and storage space. It is obtained that the minimal cost of configuration is 422,
and additions: n1−5=1, n6−10=1, n7−8=2, n10−12=1, n11−13=1, n12−13=1, n14−16=1, n16−17=2, n17−18=1,
n15−16=1. The solution 425 is obtained using computation time about 70s. The results are better than [14]
in which the solution of generation plan G1 is 438. The searching process is as Figure 2. The values of
first thirty points are very large, so they are omitted in the figure.

4.3 Computation Using LINGO

From the nonlinear integer programming model of TNEP, it can be seen that in the Garver 6-bus
example, it has 15 integer variables, 6 non-integer variables, and 21 constraints. In the IEEE 24-bus
system, it has 41 integer variables, 24 non-integer variables, and 65 constraints. These constraints not
include 8 limiting the scope of the number of new lines in a branch.

The nonlinear programming models are established using math software LINGO 8.0. The modeling
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Figure 2. The simulated annealing searching process of IEEE 24-bus system

language of LINGO is divided into three parts: 1) the definition of set (from “set:” to “endsets”); 2) the
definition of data input (from “data:” to “enddata”); 3) the definition of objective function and constraints.
The function “@bnd” can be used to specify the scope of variables; “@gin” is limited for integer variables;
“#lt” represents “less than” [18]. The nonlinear programming optimization model is:
sets:
bus/1..6/:Pg,delta; !Pg equals Pgi -Pdi, delta is voltage phase angle
link(bus,bus)|&1#lt#&2:C,x,b,x0; !C is cost, x is the variable
endsets !b is susceptance, x0 is original circuit configuration
min=@sum(link(i,j)|i#lt#j:C(i,j)*x(i,j)); !objective function
@for(bus(i): ! constraint 4, 5
@sum(bus(j)|i#ne#j: (x0(@smin(i,j),@smax(i,j))+x(@smin(i,j),@smax(i,j)))*b(@smin(i,j),@smax(i,j))*(delta(i)-
delta(j)))*100 = Pg(i););
@for(bus(i): ! constraint 9
@for(bus(j)|i#lt#j: @abs(b(i,j)*(delta(j)-delta(i))) <= 1; ););
@for(link:@gin(x)); !x is integer
@for(link:@bnd(0,x,4)); !constraint 8

LINGO solves integer models based on the branch-and-bound method. The branch-and-bound method
is enumerative in nature and cannot solve such a hard combinatorial problem in polynomial time. Our
computational experience also shows that LINGO stops search after locating the first local optimum. The
optimal solution of the Garver 6-bus system using LINGO for computing is the same as the improved SA
approach, but the computation time is about 4s. The optimal cost of IEEE 24-bus system using LINGO
for computing is 419, and additions: n5−10=1, n6−10=1, n7−8=2, n10−12=1, n11−13=1, n12−13=1, n14−16=1,
n16−17=2, n17−18=2, and the computation time is about 160s. It shows that the solution computed by
LINGO is a little more optimal, but the improved SA approach can get some optimal solution in a shorter
time.

5. CONCLUSIONS

A mathematical model using DC power flow model and a simulated annealing optimization technique
for solving the TNEP problem were presented in this paper. The primary course is that substituting
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new circuit configuration in the constraints of the bus power balance equality, and solved by Gaussian
elimination with partial pivoting. If the computed angles satisfy the inequality constraint of maximal
transmission power limit, the configuration is feasible. Then, the Metropolis rule is used to judge whether
accepting this new feasible configuration.

The improvements of SA are as follows: 1) have simplified the transition mechanism; 2) calculate the
objective value by increment; 3) generate the coefficient matrix of the linear equations by increment;
4) tune the parameters of cooling scheme according to many tests; 5) utilize sparse matrix technology
when the scale of system is median or great; 6) store the current optimal solution at the time of accepting
deteriorated solution.

Results of two systems, the Garver 6-bus system and IEEE 24-bus system, are presented, which have
shown the performance and robustness of the proposed improved SA approach. After comparing the
results obtained by improved SA approach with results found using LINGO, it is concluded that the
improved SA approach could be used for solving hard optimization problems like TNEP, although its
convergence toward the global optimal solution of a large sized system can not be guaranteed. The
algorithm has more chance of finding better solutions than mathematical optimization techniques, and
searches local optimal solution faster.

References

[1] W. Xifan, Element to power system planning. Hydraulic engineering and electric power press, 1994.
[2] D. T. Connolly, “An improved annealing scheme for the QAP,” European Journal of Operational

Research, vol. 46, no. 1, pp. 93–100, 1990.
[3] R. Romero, A. Monticelli, A. Garcia, and S. Haffner, “Test systems and mathematical models

for transmission network expansion planning,” IEE Proceedings-Generation, Transmission and
Distribution, vol. 149, no. 1, pp. 482–488, 2002.

[4] L. L. Garver, “Transmission network estimation using linear programming,” Power Apparatus and
Systems, IEEE Transactions on, no. 7, pp. 1688–1697, 1970.

[5] R. Villasana, L. Garver, and S. Salon, “Transmission network planning using linear programming,”
Power Apparatus and Systems, IEEE Transactions on, no. 2, pp. 349–356, 1985.

[6] S. Binato, M. V. F. Pereira, and S. Granville, “A new benders decomposition approach to solve power
transmission network design problems,” Power Systems, IEEE Transactions on, PAS-104, vol. 16,
no. 2, pp. 235–240, 2001.

[7] R. Romero, R. Gallego, and A. Monticelli, “Transmission System Expansion Planning by Simulated
Annealing,” Power Systems, IEEE Transactions on, vol. 11, no. 1, pp. 364–369, 1996.

[8] E. L. da Silva, H. A. Gil, and J. M. Areiza, “Transmission network expansion planning under an
improved genetic algorithm,” IEEE Trans. Power Syst., vol. 15, no. 4, pp. 1168–1175, 2000.

[9] I. d. J. Silva, M. Rider, R. Romero, A. Garcia, and C. Murari, “Transmission network expansion
planning with security constraints,” IEE Proceedings-Generation, Transmission and Distribution,
vol. 152, no. 6, pp. 828–836, 2005.

[10] F. Wen and C. Chang, “Transmission network optimal planning using the Tabu Search method,”
Electric Power Systems Research, vol. 42, no. 2, pp. 153–163, 1997.

[11] H. Guoqin, “Transmission network expansion planning based on improved ant colony algorithm,”
2007.

[12] G. Oliveira, A. Costa, and S. Binato, “Large scale transmission network planning using optimization
and heuristic techniques,” Power Systems, IEEE Transactions on, vol. 10, no. 4, pp. 1828–1834,
1995.

7



SOP TRANSACTIONS ON POWER TRANSMISSION AND SMART GRID

[13] R. A. Gallego, A. Monticelli, and R. Romero, “Comparative studies on nonconvex optimization
methods for transmission network expansion planning,” in Power Industry Computer Applications.,
1997. 20th International Conference on, pp. 24–30, IEEE, 1997.

[14] R. Romero, C. Rocha, J. Mantovani, and I. Sanchez, “Constructive heuristic algorithm for the DC
model in network transmission expansion planning,” IEE Proceedings-Generation, Transmission
and Distribution, vol. 152, no. 2, pp. 277–282, 2005.

[15] X. Xinyin and W. Yaowu, “Genetic algorithm and its applying in power sytem,” 2002.
[16] K. Lishan, “Non-numeric parallel algorithm (Book I: Simulated annealing algorithm),” 1994.
[17] R. Fang and D. J. Hill, “A new strategy for transmission expansion in competitive electricity markets,”

Power Systems, IEEE Transactions on, vol. 18, no. 1, pp. 374–380, 2003.
[18] X. Jinxing and Z. Yi, “Optimal modeling and LINDO/LINGO software,” 2005.

8


	INTRODUCTION
	 THE MATHEMATICAL MODEL OF TNEP
	THE PROCESS OF IMPROVED SIMULATED ANNEALING
	ILLUSTRATIVE EXAMPLES 
	Garver 6-bus System
	IEEE 24-bus System
	Computation Using LINGO 

	CONCLUSIONS
	References

