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Abstract:
In this work, design of damping controller for Power System based on state observer is studied.
The linearized state equation model of multi-machine power system is built, which includes
four-order generator model and three-order excitation model. The power system damping
characteristic is improved using feedback control based on the states that are estimated by
full-order and reduced-order observer. The simulation results using a four-machine two-area
system is utilized to validate the effectiveness of the proposed method.
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1. INTRODUCTION

To improve the small signal stability and dynamic quality of power system, in 1969 F. D. Demello
and C. Concordia proposed PSS excitation control [1]. The stabilizer produces a component of electrical
torque in phase with the rotor speed deviations, making the eigenvalues of the whole closed-loop system
shift left, and improving the damping characteristics and small signal stability [2].

In the early 70s, to further improve the small signal stability and dynamic quality of power system,
international researchers have proposed linear optimal excitation control (LOEC), and Chinese researchers
have conducted further studies [2, 3]. Power system is a typical large-scale system. Considering the
communication transmission, cost, reliability and other reasons, it is very difficult to realize full-state
optimal control. Therefore, decentralized and coordinated optimal control based on output feedback are
required that only the measurable state variables or output variables of the local power plant are feedback
in the controllers [4]. However, output feedback is weaker than state feedback. The eigenvalues of the
matrix A-BKyC cannot be arbitrarily configured when the number of output variables is small. This is
the main disadvantage of output feedback. The structure of observer feedback control does not require
measuring all the system states (onl the system input and output needed), and can realize (generalized)
state feedback control that much stronger than static output feedback. Therefore, this structure can offset
the main shortcomings of full-state feedback and output feedback control structures [5].

The basic concept of state observer was firstly proposed byLuenberger [6], resolving the reconstruction
9
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of controlled system states under certain condition, making the state feedback of controlled linear system
be a feasible feedback control law. The author in [7] described the output feedback controller design based
on reducing-order observer in details. For applying observer methods to power system damping control,
the authors in [8] proposed reduced-order observer-based variable structure power system stabilizer for
unmeasurable state variables. However, it was designed based on single machine infinite bus system,
without taking into account the situation of multi-machine power system.

In this paper, the observer method is applied to design the damping controller for the multi-machine
power system. the linearized model for power system is developed and the state equation of multi-
machine system were obtained. The full-order state observer and reduced-order state observers based on
the entire multi-machine system model are designed, respectively. Finally, the zero-input responses of
a four-machine power system are analyzed to test the effectiveness of the two designed full-order and
reduced-order observer and the controller, which has shown that the stability of the designed control
system.

2. OBSERVER DESIGN

2.1 Full-order Observer

The state observer controller designed by pole placement is generally composed of two parts. The first
part is the state observer, which reconstructs all unmeasurable states by measuring the output, the other
part is control law, which feedbacks all the reconstructed states directly. By the separation principle, the
controller can be designed into state observer and control law separately.

The system state equation model is

ẋ(t) = Ax(t)+Bu(t)
y(t) =Cx(t)

(1)

Where x is n dimensional state vector, u is m dimensional control input, y is r dimensional output vector.
A full-order observer is designed to estimate all states x(t) and the observer is in the following form [7]

˙̂x(t) = Ax̂(t)+Bu(t)+L[y(t)− ŷ(t)]

ŷ(t) =Cx̂(t) (2)

Defining the error state e(t) as the difference between the estimated state and the actual state in the plant

e(t) = x̂(t)− x(t) (3)

From (1)(2)(3), the dynamics of the error is

ė(t) = (A−LC)e(t) (4)

From the above equation (4), the gain L must be selected to guarantee the real part of the eigenvalues of
the matrix (A+LC) are negative, such that

lim
x→∞

e(t) = 0 (5)
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Usually in practice, to ensure that the error decays rapidly compared to the dynamics of the system, the
eigenvalues of the matrix (A-LC) are selected above three times of the poles of the system. The calculation
of the matrix L can be performed with the same pole assignment method as the calculation of the state
feedback K.

With the system state feedback is given as

u(t) =−Kx̂(t) (6)

Substituting (6) into (1)(2) , the closed-loop system of the composite system is

[
ẋ
˙̂x

]
=

[
A −BK

LC A−LC−BK

][
x
x̂

]
(7)

2.2 Reduced-order Observer

The problem with the full-order observer is that it estimates all n states of x(t), while the output y(t),
if the matrix C has full rank r, already contains r states of the information about x(t). A reduced-order
observer can be used to estimate the unavailable states using the output y(t). By the transformation matrix
T, let the state-space model defined in equation (1) be partitioned as [7]

[
ẋ1(t)
ẋ2(t)

]
=

[
A11 A12

A21 A22

][
x1(t)
x2(t)

]
+

[
B1

B2

]
u(t)

y(t) =
[

I 0
][ x1(t)

x2(t)

] (8)

Where x1(t) is r dimensional state vector, x2(t) is n-r dimensional state vector. The computation method
of the transformation matrix T is described in [7]. From (8), it can be known that the lumped states in
x1(t) are available for measurement, and the objective of the observer is to estimate the rest of the states
lumped in x2(t), which are not available for measurement.

Assuming the state-space model is in the form of equation (8), the equation of the x1(t) dynamics can
be arranged as

ẋ1(t)−A11x1(t)−B1u(t) = A12x2(t) (9)

The dynamics of the observer is based on the estimated x2(t) states [7]

˙̂x2(t) = A22x̂2(t)+ [A21x1(t)+B2u(t)]
+Fe [ŷd(t)− yd(t)]

(10)

Where Fe is (n-r)×r dimensional matrix. The r dimensional dummy output and its estimated value are
defined by the rearranged x1(t) dynamics

yd(t) = ẋ1(t)−A11x1(t)−B1u(t) (11)

ŷd(t) = A12x̂2(t) (12)
11
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The observer’s state z(t) is defined as

z(t) = x̂2(t)+Fex1(t) (13)

The dynamics of the reduced-order (n-r) observer implemented in the open-loop system is given as:

ż(t) = Âz(t)+ B̂u(t)+Ĉy(t) (14)

Where,Â = A22 +FeA12, B̂ = B2 +FeB1,

Ĉ = A21 +FeA11−A22Fe−FeA12Fe.

The error of the estimated state x2(t) is

e(t) = x̂2(t)− x2(t) (15)

From (8)˜(12), it yields
ė(t) = (A22 +FeA12)e(t) (16)

So the gain Fe must be selected to guarantee that the real part of the eigenvalues of the matrix (A22+
FeA12) are negative.

With control input u(t) is defined as

u(t) = F

[
x1(t)
x̂2(t)

]
=
[

F1 F2

][ x1(t)
x̂2(t)

]
(17)

The closed-loop system of the composite system is

Ac =

[
A+BFx BF2

ĈC+ B̂Fx Â+ B̂Fe

]
(18)

Where, Fx =
[

F1−F2Fe 0m×(n−r)

]
.

3. LINEARIZED MODEL FOR POWER SYSTEM

3.1 Synchronous Machine

The transient voltage of synchronous machine for q axis and d axis are E’qand E’d , respectively. The
direct axis internal transient voltage E’d is very small comparing with the quadrature axis internal transient
voltage E’q. Normally, the E’d can be neglected for the simplicity of analysis due to its trival effect.
However, in this paper the E’d is considered [9].

∆Ė
′
q =

1
T ′d0

[
∆E f d−∆E

′
q +(xd− x

′
d)∆Id

]
(19)
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Figure 1. Block diagram of IEEE AC-4 exciter model

∆Ė
′
d =

1
T ′q0

[
−∆E

′
d− (xq− x

′
q)∆Iq

]
(20)

In the dq-axis model, the electrical torque Te is expressed as

Te = E
′
dId +E

′
qIq− (x

′
q− x

′
d)IdIq (21)

It is known that the relation between the speed and torque is

2Hω0ω̇ = Tm−Te−Ddω (22)

It is assumed that the mechanical torque Tmis constant, then [10, 11]

∆ω̇ = 1
2Hω0

[−(Id0∆E
′
d + Iq0∆E

′
q)+

(−E
′
q0 +(x

′
q− x

′
d)Id0)∆Iq+

(−E
′
d0 +(x

′
q− x

′
d)Iq0)∆Id−Dd∆ω/ω0]

(23)

It should be noted that the unit of the rotor speed deviation in Equation (23) is not in per unit, but rad/s.
In an interconnected power system, the rotor angle of each generator is often defined as a relative angle.
Suppose Generator 1 is chosen as the reference bus, then

∆δ̇i = ∆ωi−∆ω1 i 6= 1 (24)

Where ω1 is the rotor speed of the reference bus. Equations (19), (20), (23), and (24) are used to model
the generator stator and rotor dynamic behavior.

3.2 Excitation Model

The exciter model used in TEST4 system is an IEEE AC-4 type as shown in Figure 1 [10]

The following equations are derived from this AC-4 exciter model

∆Ė f d =
Ka

Ta
∆Xe2−

1
Ta

∆E f d +
TcKa

TbTa
(∆Vre f +∆Vstab−∆Xe1) (25)

∆Ẋe1 =−
1
Tr

∆Xe1 +
1
Tr

∆Vt (26)

∆Ẋe2 =−
1
Tb

∆Xe2 +
Tb−Tc

T 2
b

(∆Vre f +∆Vpss−∆Xe1) (27)
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3.3 Network Modeling

For any multi-machine system, generators are interconnected through the transmission network. The
terms Vt , Iq, and Id in previous equations are usually grouped as network variables. It will simplify the
system model to eliminate these network variables from the above differential equations by the following
three expressions [10, 11]

Vti =
√

V 2
tqi +V 2

tdi =
√
(E ′qi + x′diIdi)2 +(E ′di− x′qiIqi)2 (28)

Iqi =
n

∑
j=1

[(Gi j cosδi j +Bi j sinδi j)E
′
q j− (Bi j cosδi j−Gi j sinδi j)E

′
d j] (29)

Idi =
n

∑
j=1

[(Gi j cosδi j +Bi j sinδi j)E
′
d j +(Bi j cosδi j−Gi j sinδi j)E

′
q j] (30)

Where, the subscript i represents the ith generator.

3.4 State equation of Multi-machine System

The system starts to be modeled including

x =
[
∆E

′
q(1−n) ∆E

′

d(1−n)
∆ω(1−n) ∆δ(2−n) ∆E f d(1−n) ∆Xel(1−n) ∆Xe2(1−n)

]T

Where n is the number of generators. Since the generator angle in a power system is defined as a
relative angle, only n-1 independent angles are considered. The terms ∆E

′
q and ∆E

′
d are associated with

the stator, ∆ω and ∆δ with the rotor, and the remaining states variables are for the exciter.

After the model was developed, the next step is to derive the matrices of A, B, and C for the system
state space expression. The dimensions of B, and C matrices will depend on the observed and controlled
generator numbers. In the TEST4 system, all the generators are observed and controlled.

The final form of the matrix A for the TEST4 system is given as [10]

A =



a11 a12 04×4 a14 a15 04×4 04×4

a21 a22 04×4 a24 04×4 04×4 04×4

a31 a32 a33 a34 04×4 04×4 04×4

03×4 03×4 a43 03×3 03×4 03×4 03×4

04×4 04×4 04×4 04×3 a55 a56 a57

a61 a62 04×4 a64 04×4 a66 04×4

04×4 04×4 04×4 04×3 04×4 a76 a77


27×27

(31)

Where A is 27×27 matrix. The dimension of submatrix ai j is 4×4 except that the dimensions of matrix ai4

(i4) and a4i (i4) are 4×3, 3×4, respectively. The bold 0 represents zero matrix with dimensions indicated
in the matrix A. The a15, a33, a55, a56, a57, a66, a76, a77 are diagonal matrices.
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From Equation (25) and (27), the matrix B can be derived as



B =



04×1 04×1 04×1 04×1

04×1 04×1 04×1 04×1

04×1 04×1 04×1 04×1

03×1 03×1 03×1 03×1

b51 b52 b53 b54

04×1 04×1 04×1 04×1

b71 b72 b73 b74


27×4

(32a)

[
b51 b52 b53 b54

]
=


Tc1Ka1
Tb1Ta1

0 0 0
0 Tc2Ka2

Tb2Ta2
0 0

0 0 Tc3Ka3
Tb3Ta3

0
0 0 0 Tc4Ka4

Tb4Ta4


4×4

(32b)

[
b71 b72 b73 b74

]
=


Tb1−Tc1

T 2
b1

0 0 0

0 Tb2−Tc2
T 2

b2
0 0

0 0 Tb3−Tc3
T 2

b3
0

0 0 0 Tb4−Tc4
T 2

b4


4×4

(32c)

The bold 0 represents zero matrix with dimensions indicated in the matrix B. Since speed deviation ω

is the measured signal and it is also modeled as a state variable, the matrix C can be easily formed as



C =


01×4 01×4 c31 01×3 01×4 01×4 01×4

01×4 01×4 c32 01×3 01×4 01×4 01×4

01×4 01×4 c33 01×3 01×4 01×4 01×4

01×4 01×4 c34 01×3 01×4 01×4 01×4


4×27

(33a)


c31

c32

c33

c34

=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


4×4

(33b)

Where the bold 0 represents zero matrix with dimensions indicated in the matrix C. From the above
analysis, the matrices B and C are constant matrices since all the entries are derived from fixed parameters.
In other words, the matrices B and C will not change with different operating conditions.

4. TEST CASE

In this work, the stability of both of the two composite systems designed basd on full-order observer
and reduced-order observer are tested using the zero-input resposes. In a dynamic sytem, the complete
response is due to the initial state and to the inputs. Some systems in practice may get driven by the
initial conditions, without any input applied to it. For this kind system, the stability which is under zero

15
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Figure 2. Impedance model for the TEST4 system

input condition but operated under initial condition is called zero input stability of the system. zero input
stability can be defined as:

If the zero input response of the system subjected to the finite intial conditions, reaches to zero as time t
approaches infinity, the system is said to be zero input stable otherwise it is called zero input unstable.

The test results are presented in two parts according the full-order and reduced-order observer.

4.1 Full-order Observer Test

The parameters of four machine two areas TEST4 system are from [10], as shown in Figure 2. The
reference frequency f 0=50Hz; the generator parameters: xd=0.2, xq=0.189, x’d=x’q=0.0333, T’d0=8s,
T’q0=0.4s; the inertia constant H=38, the damping coefficient Dd=0; the excitation parameters: Ka=200,
Ta=0.01, Tb=10.0, Tc=1.0, Tr=0.01.

The generator power are: Sg1=790+j77, Sg2=790+j218, Sg3=700+j70, Sg4=740+j158, and the demand-
ing power of load are: Sl1=1340+j100, Sl2=1599+j100.

Firstly, the power flow distribution of the system network is computed, and the calculated initial value
of all state variables are: 0.9, 0.9, 0.9, 0.9, -0.7, -0.6, -0.6, -0.6, 0, 0, 0, 0, 0.3, -0.5, -0.7, 1.9, 2.1, 1.8,
1.9, 1.03, 1.01, 1.03, 1.01, 0.009, 0.01, 0.008, 0.009. Secondly, the coefficient matrices A, B, C of state
equation for TEST4 system are computed according to the formulas in section II. Thirdly, the eigenvalue
of matrix A is computed, and then the damping ratio and corresponding frequency are calculated. It is
found that there are two local oscillation modes, whose damping ratios/frequencies are 0.758/0.25Hz,
0.646/0.14Hz, respectively, and ther is one inter-area oscillation mode, whose damping ratio /frequency
are 0.0193/0.64Hz. It is shown that the system is in weak damping mode. To enhance the system damping,
the damping of inter-area oscillation mode is assigned to 0.05. For those poles whose real parts are smaller
than 1, the observer poles are assigned to its 5 times.

According to the design of full-order state observer in section II, the matirces of K and L are calculated.
From equation (7) the closed-loop system of the composite system is derived. Furthermore, the zero-input
response is obtained, the estimated value of E’q,E’d , ω in the 1st generator, and δ in the 2nd generator are
compared with the corresponding actual value, which are shown in Figure 3. (a), (b), (c), and (d).

From Figure 3, it can be seen that all the variables gradually reach the value zero, which means the
composite system designed based on full-order observer is zero-input stability. The results have also
shown that all the estimated state variables have similar trendency with the real state variables while
oscillated with higher amount of amplitude. It can be seen that the zero-input response stability can be
reached for all the variables in 20 seconds.
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(a) E’qof first generator (b) E’dof first generator

(c) ω of first generator (d) δ of second generator

Figure 3. Comparison of zero-input response between real state variables and estimated state variables with full-
order observer

4.2 Reduced-order Obser Test

As the rotor speed ω is known variables, only the remaining state variables are estimated. According to
the design of reduced-order state observer in section II, the matrices of F and Fe are calculated. From
equation (18) the closed-loop system of the composite system is derived. Furthermore, the zero-input
response is obtained. The estimated value of E’q in the 1st generator, and δ in the 2nd generator are
compared with the corresponding actual value, which are shown in Figure 4. (a) and (b). It can be seen
that both of the two state vabiables finally reached the zero, which indicated the zero-input stability of the
composite system designed based on the reduced-order observer.

By comparing Figure 3 and Figure 4, it can be clearly seen that the initial oscillation amplitude state
variables estimated by reduced-order observer is obviously larger than that of variables estimated by
full-order observer, which indicated the composite system designed bsed on reduced-order observer
requires more time to achieve stability than the system designed based on full-order observer. However, it
can be concluded that the reduced-order observer performs better on damping the estimated state variables.
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(a) E’qof first generator (b) δ of sedond generator

Figure 4. Comparison of zero-input response between real state variables and estimated state variables with
reduced-order observer

5. CONCLUSIONS

In this work, design of full-order and reduced-order state observer and its state feedback controller were
studied in details. The linearized state equation model of multi-machine power system was developed,
including four-order generator model and three-order excitation model. The calculation of the observer
gain and system feedback gain are performed according to the two observer designing methods. Via
the simulation of the zero-input response of a four-machine two-area system, the effectiveness of the
proposed control methods was validated.
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