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Abstract 

This Thesis Work will concentrate on a very interesting problem, the Vehicle Routing 

Problem (VRP). In this problem, customers or cities have to be visited and packages 

have to be transported to each of them, starting from a basis point on the map. The 

goal is to solve the transportation problem, to be able to deliver the packages 

- on time for the customers, 

- enough package for each Customer, 

- using the available resources 

-  and – of course -  to be so effective as it is possible. 

Although this problem seems to be very easy to solve with a small number of cities or 

customers, it is not. In this problem the algorithm have to face with several 

constraints, for example opening hours, package delivery times, truck capacities, 

etc. This makes this problem a so called Multi Constraint Optimization Problem 

(MCOP). What’s more, this problem is intractable with current amount of 

computational power which is available for most of us. As the number of customers 

grow, the calculations to be done grows exponential fast, because all constraints 

have to be solved for each customers and it should not be forgotten that the goal is 

to find a solution, what is best enough, before the time for the calculation is up. This 

problem is introduced in the first chapter: form its basics, the Traveling Salesman 

Problem, using some theoretical and mathematical background it is shown, why is it 

so hard to optimize this problem, and although it is so hard, and there is no best 

algorithm known for huge number of customers, why is it a worth to deal with it. Just 

think about a huge transportation company with ten thousands of trucks, millions of 

customers: how much money could be saved if we would know the optimal path for 

all our packages. 

Although there is no best algorithm is known for this kind of optimization problems, we 

are trying to give an acceptable solution for it in the second and third chapter, 

where two algorithms are described: the Genetic Algorithm and the Simulated 

Annealing. Both of them are based on obtaining the processes of nature and 

material science. These algorithms will hardly ever be able to find the best solution for 
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the problem, but they are able to give a very good solution in special cases within 

acceptable calculation time. 

In these chapters (2nd and 3rd) the Genetic Algorithm and Simulated Annealing is 

described in details, from their basis in the “real world” through their terminology and 

finally the basic implementation of them. The work will put a stress on the limits of 

these algorithms, their advantages and disadvantages, and also the comparison of 

them to each other. 

Finally, after all of these theories are shown, a simulation will be executed on an 

artificial environment of the VRP, with both Simulated Annealing and Genetic 

Algorithm. They will both solve the same problem in the same environment and are 

going to be compared to each other. The environment and the implementation are 

also described here, so as the test results obtained. 

Finally the possible improvements of these algorithms are discussed, and the work will 

try to answer the “big” question, “Which algorithm is better?”, if this question even 

exists. 
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1. The Vehicle Routing Problem (VRP) 

Basis of the VRP: The Traveling Salesman Problem (TSP) 

The VRP is based on a very simple optimization problem which is called the Traveling 

Salesman Problem. In this problem there are a given number of cities (n). A Traveling 

Salesman has to visit all of these (n) cities, each only ones and he should return to the 

city he was starting his tour from. The goal is to optimize this problem, so to be able to 

ask the question: “which one is the shortest – or cheapest, depending on the 

measure used – path for the Salesman?” 

Solving this problem with a small number of cities seems to be very easy. Increasing 

the number of the cities, the problem is more complex and complex. 

This work will not focus on solving the TSP, just as a basis of the VRP, the work will 

boundary discuss it. 

Short history of the TSP and TSP applications 

Later on it will be described that the TSP is a so called “Hamiltonian Circuit” which is 

related to graph theory. This problem was described by Sir William Rowan Hamilton in 

the 1800s, so it can be said, that TSP was “discovered” in the 1800s. 

In 1922 – about 100 years later! - Karl Menger published the TSP in its currently known 

form. Do notice that for about 100 years no studies and experiments had been done 

connected to this topic. Menger published his theory as the “Messenger Problem”: 

he wanted to find the shortest path for postmen and travelling businessmen. Until 

that the commonly used solution was choosing the nearest city for the salesman and 

going there. 

In the 1940s a few scientists published a study in this topic. The goal was to reduce 

the mayor costs of carrying man and equipment from one survey to the next in 

Bengal, through randomly chosen locations. In these years TSP became the 

“prototype” of a hard problem in combinatorial optimization. 

During the 1950s several solutions were published for TSP but they were quite far from 

the optimal one. For example I. Heller published an 88 page paper about a solution 

he has created for hundreds of cities. In 1956 he described a heuristic method which 

used the nearest-neighbor algorithm to solve the problem. In 1957 L. L. Barachet 
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published a graphical solution for small number of cities (around 10), that could be 

used manually and gave more optimal solutions than had been found before. 

In the 1950s the increasing number of computers made it easier to solve the problem. 

In these times, several algorithms were published and tested in the available 

computers, for example on IBM 650. 

In the 1960s the first solution with dynamic programming was described by R. 

Bellman. He was able to solve the problem for 17 cities. M. F. Dacey was able to find 

a heuristic algorithm which was able to solve the problem and the solutions were 

4,8% less effective than the optimal solution, which is a quite impressive result. Later 

on heuristics were used for 60 and more than 100 cities to solve the problem. In these 

years papers on branch and bound algorithms were published and implemented for 

the TSP (J.D.C. Little, K.G. Murty, D.W. Sweeney, and C. Karel on an IBM 7090). 

In the 1970s M. Held used minimum spanning trees to solve to TSP. Later on integer 

programming and “branch and cut” algorithms were also implemented. 

Mathematical background of TSP 

Describing the TSP in the language of mathematics, we can say, that the Traveling 

Salesman searches for the Hamiltonian circle of a complete weighted graph, whose 

edges are the roads and whose vertices are the cities. What’s more, the definition 

says that the weights of the edges are not equivalent. 

The problem with the TSP is that increasing the number of cities will increase the size 

of the solution space exponentially fast. The size of the solution space is )!1(
2

1
−n , 

where n > 2. Illustrating the equitation, the problem’s solutions space growth could 

be easily seen: 
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Solution Space growth of TSP in a logarithmic scale 

It can be clearly seen, that as the number of the cities increases, the solution space 

grows exponentially fast. Only with 10 cities – which is clearly not a large number for 

a Traveling Salesman – the available solutions are about 200000. 

The TSP path length 

Before solving the TSP it has to be known, how good our solution we can or we have 

found. For this, an approximation of the shortest path might be used. 

Considering a TSP with ‘n’ cities, where n >> 1, a simple lower bound for the path 

could be: n
2

1
. In this case, the points (cities) are distributed in one unit square and 

each point is connected to it’s neighbor with an average distance of 
N

2

1

. 

Another lower bound might be 
2

)
4

3

2

1
(

n
+  considering the facts that each point ‘j’ is 

connected to its nearest neighbor and j’s second nearest neighbor is connected to 
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‘j’. The nearest neighbor of ‘j’ is 
N

2

1

 far from ‘j’ (like before) and the second 

nearest neighbor of ‘j’ is 
N

4

3

 far from ‘j’ on an average. 

David S. Johnson calculated a lower bound by experiment of: 0,708 n + 0,522. 

A better lower bound is obtained by Christine L. Valenzuela and Antonia J. Jones: 

0,708 n + 0,551. 

Solving the TSP [4] 

There are several methods available to solve the TSP, but this work will not discuss 

them, because it focuses on solving the Vehicle Routing Problem (VRP) with Genetic 

Algorithm and Simulated Annealing. Thus, in this chapter some typical solutions will 

be mentioned. 

Brute Force 

The easiest way would be to find all of the possible permutations of the solution 

space and then selecting the best one. Because of the fast increasing number of the 

possible solutions, this is not the way to solve this problem, even with having 

supercomputers. 

Heuristics 

For solving TSP a good way of thinking is heuristic algorithms. These algorithms will 

give an approximate solution with an error around 2~3%, but they are the most 

effective solving this problem. Genetic Algorithm and Simulated Annealing is a very 

good choice. What more, these algorithms can solve the TSP with a solution space 

much larger then other algorithms (around some millions of cities!) in reasonable time 

and using reasonable computational power. 

There are several methods using heuristics, for example: 

- The nearest neighbor algorithm chooses the nearest not visited city. This 

method works well with small number of cities, and gives back a very good 

length of the path as result (Rosenkrantz, 1977). 
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- Random path change algorithms are very simple, thus very effective with a 

number of cities around 100000. This method creates a random solution for the 

tour and then swaps some of the nearby points to create the new path, while 

it decreases the upper bound for the path length. Because of this it will fail 

after a time, when a local minimum is likely to found. These are very similar to 

Simulated Annealing 

Genetic Algorithm and Simulate Annealing 

For solving the TSP, Genetic Algorithm and Simulate Annealing is a good choice. This 

Thesis Work will not concentrate on solving the TSP, but it will concentrate solving the 

VRP, which is a more complex – multi constrained – variant of the TSP. The described 

methods in VRP can be easily used also for solving the TSP. These methods are going 

to be described later.  

Example for a DNA based solution 

Here is an example for solving the TSP with DNA based methods. For 60 cities (n = 60) 

the solution space is n!, what means around 80
10 possible solutions, what is quite 

incomputable. The method uses a very simple theory: it reverses randomly a part of 

the solution path. If this reversed path contained a loop, the loop is opened and 

guaranteed to have a better solution.  

 

DNA based solution method 

This problem was simulated in MATLAB with 60 cities using 180 random solutions. In 

each new generation the best 60 were selected. The 2 figures below show the result 

of this simulation: the first and the 1500th generations are shown. The new length is 

about the 20% percent of the original one. This seems to be a very good solution, 

using only random numbers! 
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DNA based random solution with MATLAB in 1500 generations 

Ant colony optimization 

This method uses several agents to find the best solution for the tour. All of the agents 

are sent out and uses their own heuristics to find a route. All of the ants (agents) are 

depositing pheromones on the tour, until their tour has been completed. Then the 

agents deposit all of their pheromones on their tour (what they have found): it can 

be easily seen that the shortest tour will have the biggest amount of pheromones 

deposited (the length of the tour and the amount of pheromones deposited are 

inversely proportional). 

Dynamic Programming 

Although this method is not described here, it can be said, that a much better 

solution space exist for the TSP using Dynamic Programming. The solution space can 

be reduced into n
n 2

2 . Illustrating both solution spaces on one graph the difference 

seems to be very clear. 
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Solution Space growth of TSP with Brute Force and Dynamic Programming in a logarithmic 

scale 

Even this number is so huge, it is much better now, than the solution space of the 

Brute Force method. 

Exact algorithms 

Branch and bound algorithms and linear programming algorithms can solve the TSP 

effectively with a number of cities 50 ~ 200. These methods will give an exact solution 

of the TSP, but the computationally they are very time-, and resource consuming. 

Practical use of the TSP 

The TSP is a very good basis for understanding problems in connection with VPR and 

route optimization. It can be easily implemented and describes the problem itself 

very good.  
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Describing the Vehicle Routing Problem 

The VRP was published in1959 by Dantzig and Ramser. Nowadays there are several 

solutions are available. For example A. Haghani and S. Jung published a solution with 

Genetic Algorithm, what is hugely related to this Thesis Work. 

The basics of the VRP are very similar to the TSP that is the reason why it was said, that 

this problem is based on the Travelling Salesman Problem. The Vehicle Routing 

Problem is a Combinatorial Optimization problem, very similar to the TSP, but the 

biggest difference is that the VRP is a “Multi Constrained Optimization Problem”. 

What does multi-constraint means in this example? 

Describing multi-constraint problems 

As it could have been seen in the VRP, the problem we are facing with is having one 

constraint to solve: all the cities have to be visited. As it could have also been seen, 

this very simple constraint caused us a rather unsolvable, exponentially growing 

problem (See the chapter describing computational complexity). 

The VRP has much more complex solution space than the VRP. Let us assume the 

followings: 

- In the VRP we have a given number of customers and routes between them 

(the same as in TSP). 

- At the center point we have a depot, where we have a given number of 

trucks. Each truck has a capacity to transport a given number of packages. 

These trucks are moving along the edges (routes), like the agents in the TSP. 

- The customers can place their orders and can define their open-, and closing 

times, when they accept the number of packages, they ordered. 

- There is also an open time and close time for the depot: the trucks cannot 

leave before the depot is open, and must return before the depot is closed. 

The task now is to find an optimal solution, where we face with these constraints. It 

can be seen, that it is very hard, even when the number of trucks and customers are 

low. 
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VRP variations 

As for any problem, there are also several variables of the VRP. Without a complete 

list, here are some basic sub problems of the VRP: 

- the CVRP problem uses vehicles wit he same capacity (Capacited VRP), 

- the MDVRP uses more deposits increasing the overall complexity (More Depot 

VRP), making it closer to a “real world” application, 

- the VRPPD (VRP Pickup and Delivery) is a “pickup and delivery” service, which 

has also many more constraints then the basic CVRP, 

- the VRPTW have time windows (VRP Time Windows), when the customers are 

accepting the goods, 

- and at least these variations can be merged, for example a Pickup and 

Delivery VRP which uses Time Windows is a hugely rational transportation 

problem for logistic companies. 

Multi-constraints (MCP, MCOP) 

In a formal definition it can be said, that MCP means the followings: 

If we have a given directed weighted graph G(V, E) with a weight function, the goal 

is to find a path (P), which has a total cost (w), less than a previously given value (L) 

for each point (u, v) for the path. Describing with a formula:  

i

Pvu

i

def

i LvuwPw ≤= ∑
∈

),()(
),(

, where i = 1, … , m 

Do notice, that we assume, that the weights and metrics are additive. Further more, 

we can add several constraints which makes ours problem a multi-constrained 

optimal path problem, known as MCOP. This was described before, in the previous 

chapter. 
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In a formal definition it can be said, that the given path is feasible for all additional 

constraints not only for one. Expanding the previous equitation of the MCP problem: 

i

Pvu

i

def

i LvuwPw ≤= ∑
∈

),()(
),(

, where i = 1, … , m, and 

),()( QlPl ≤  

Where l() is the path cost function and for any feasible path (Q) between two points 

(s, t). 

Observations 

These definitions do not tell us too much in connection with the hardness of the 

problem. It only says, that the solutions must be feasible with the given constraints, 

but that is all we can see. 

Translating it into the language of computing it means, that before a route can be 

saved as a good solution, there are several constrains have to be checked. This 

increases time and space complexity hugely! 

In an informal language we can say, that this simple equation is the reason, why 

these problems are so hard to solve: as we had one component in constraints, we 

had a given size of a solution space, but as we face with more constraints, the 

solution spaces are expanding very fast. As the number of constraints are increased, 

the number of solutions are growing exponential, and do remember, that a problem, 

like the TSP had only one constraint and it is also hard to solve. 

Solving the VRP with different methods 

As it was described it is no use starting to solve the VRP with brute force, or linear 

programming. Better to do it with heuristics, like: 

- Genetic Algorithm, 

- Simulated Annealing, 

- Ant Colonies, 

- the combination of these, 

- etc. 
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Later on this work will focus on solving the VRP with Genetic Algorithm and Simulated 

Annealing, but let us here say a few words about these, in general. 

All of these methods are working in a huge solution space, and they are generating 

instances and examine the goodness of these instances. The “think” is here, that to 

generate a hugely random solution (as these methods are doing) is a very easy and 

fast thing, which does not consumes too many resources. What’s more, later on 

these solutions can be stored and from these, new solutions can be generated, 

refining the search in the part of the solution space, we are in. The following figure 

shows a two-dimensional example, which makes it easier to understand: 

 

A possible solution space for a (Series 1) 

Let us imagine that this figure shows a solution space. An instance’s goodness is 

measured in the Y-axis, for example instance “6” is having a measure of “21”. The 

goal is to find a good (low valued) solution. The question is: “how can we split the 

solution space and examine only the feasible parts?” 

Let us assume that we have now 3 solutions: 

- “3” �   value: “20” 

- “13” �  value: “21” 

- “16” �  value: “20” 

We can obtain that if we start working with solution “13”, we will waste a lot of time in 

a “plateau” between “11” – “15”, so it is not worth to work with this. But with “3”, as 
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we discover the space, it can be seen that solutions are going to be better and 

better as we are going to “2”, and “1”. This means that this part is more interesting for 

us. 

These algorithms are making it so, that they are searching for very good solutions or 

the best solution in the current time, and use it for further instances. This means, that if 

we “guess” that “there might be a good solution”, we explore that subpart and 

focusing on that part of the solution space. The only question is “which subpart is 

worth to explore?” For this question there is no exact answer: what we will try later on, 

is to make “directional” guesses. 

One more advantage we have is that we can stop our method any time we want, 

because we will have a solution in any time, just better or worse. Not like in a linear 

algorithm, that might not give us any solution within a known amount of time which is 

much larger, than the first solution of these methods (although it is possible, that it’s 

much better). 

Generally it can be obtained that the methods, described in the chapter “Solving 

the TSP” can be also used for solving the Vehicle Routing Problem. The reason for 

that is very easy. Let us assume that we have a VRP problem, which is an MCOP 

problem, containing “n” constraints. A TSP contains only 1 constraint for the given 

problem. As we start ignoring the constraints from the VRP, finally we are going to 

have a TSP problem. This means that the VRP can be solved as a TSP because if we 

add a new constraint to the TSP, the problem does not change its basics; there is one 

more constraint we have to check. To say it in other words: when we “validate” the 

solution we found, we have to apply one more validation rule: later on, as the 

number of constraints grows, we have to do “n” more checking of the rules, but the 

basic method is the same. 

VRP and „practical use” 

All methods are useless, until there is no practical use for them. So here is an example 

for the practical use of the VRP. 

Imagine a logistic company, having worldwide services with several trucks, and 

several customers and even with several depots. In this context it is very important to 

find a “relative” optimal solution, how packet should be delivered. 
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The problem comes from the fact that we are facing with several constraints: which 

one to take first, and which one second? 

In fact, the complexity caused by the multi-constrainity leads to that fact, that the 

solution space grows so fast, that there is no use to search for the best solution, so we 

have to find solutions, which are enough good for us in time and in cost. 

Describing combinatorial optimization 

What is the basis of all these problems that was described here? Why is it so hard to 

program these and why is it useless to start solving them only with brute force? 

In fact, combinatorial optimization problems are having a so huge solution space, 

that it is not possible to solve them with linear programming. Just imagine a problem, 

where for “n” possible inputs we have “n!” possible solution. Think it over, how fast 

solution space grows, or just take a look at the “solution space growth of the TSP”. 

These problems are believed to be so hard to solve, that instead of trying to solve 

them (remember the so huge solution space), we try instances of the solutions and 

we have a measure, which one is better of these (a “fitness” of the solution). The 

goal is to explore the solution space and try to reduce its size, so concentrating on 

sub-parts, which might contain a good solution. 

But we have to know, which problem is useful to start solving with linear programming 

and which is useless. For this problem, there is a classification for the completeness of 

the problems. This is described in the next chapter. 

Describing completeness 

In computer science, complexity theory describes the necessary resources needed 

for solving a problem, related to the increase of the size of the input space. In a 

practical way it means that is it beneficial trying to solve a problem with given 

resources and methods, or not. This theory uses complexity classes to classify the 

computational problems in computer science. 

Basically one complexity class contains the problems, which for the lower bound is 

the same, or the lower bound is in the same order. This classification saves a lot of 

work: how should we start solving a problem, and which problems can be solves. For 

example for a “C” or a “Lg n” (see chapter: “Growth of resources”) problem it is not 
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useful to create complex Genetic Algorithms. But for an “n!” grow rate problem it is 

no useful starting to search for the solution with brute force. 

The basic classification refers to 3 different classes, called P, NP and NP-C.  

 

Main classes of computational complexity – image from Wikipedia.org 

Nowadays, there are several questions in connection with these complexity classes, 

like if they are strictly separated or not, or P is equal to NP or not. This work will not 

focus on these problems, but on the questions in connection with VRP. 

Time complexity describes the growth of the time needed for solving a given 

problem as the input space grows: this is called the big “O” notation. For example 

O(n!) means, that for the given problem with the solution space of “n”, n! time is 

needed on a generalized, deterministic computer. 

Space complexity uses the same theory for measuring the space and memory needs 

for solving the problem. 

Growth of resources 

It is easier to understand the grow rate by using a graph or a table. 

Input N nlgn n2 n3 2n 

2 2 2 4 8 4 

8 8 24 64 512 256 

32 32 160 1024 32768 > 109 

100 100 664 104 106 > 1030 

Table of grow rates 
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Graph of grow rates 

It can be obtained, how the size of the possible solutions grows (vertical axis), as the 

size of the input grows (horizontal axis). In case of exponential grow, it can be seen, 

that the problem is quite intractable. 

Basically it can be said that exponential problems are intractable and polynomial 

solutions are tractable. We can create two main groups, one for tractable problems 

and one for intractable problems: 

- Tractable problems are: 

� C (constant) 

� Lg n 

� n 

� n Lg n 

� n k  

- Intractable problems are: 

� n
k  

� n! 

� n
n  

In practice, most of the polynomial solutions are relatively low ordered, e.g. smaller 

than 5
n . 
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About complexity classes 

A complexity class contains all problems, that can be solved with a know amount of 

time and space. Before describing these classes the “Turing Machine” has to be 

discussed. 

The Turing Macine (Alan Turing, 1936) 

For classifying problems into complexity classes, we use a Turing Machine. “The Turing 

Machine is a final-state machine with an external storage or memory medium” –  

(Minsky, 1967). The machine has a tape which from it can read and write onto. It has 

a finite control which can be moved near the tape. The machine starts from a given 

position (“>”), and on each step it reads the symbol under the head, then writes the 

symbol at the position, and moves the head left or right. The input can be accepted, 

rejected, or the machine can loop indefinitely. 

The goal of the Turing Machine is to simulate all of the computers which are possible 

to build. That is the reason, why do we use Turing Machines to describe the classes of 

complexity: all problems can be executed on an infinite Turing machine and each 

step is representable with this machine, and all the computers can be reduced to a 

Turing Machine. We can also assume that each step of the machine is executed in a 

“T” time. We can then define the total execution time and the total amount of 

space, used by a given problem. 

The non deterministic Turing Machine (NTM) differs from the deterministic Turing 

Machine (DTM). For a DTM the given symbol under the tape head specifies three 

things (the transition function): what to write, the direction to move and the 

subsequent state of its finite control. For example reading “X” on the tape in state 3 

might mean writing a Y, moving right and changing to state 5. In an NTM, many 

different actions can be applied for the same combination of state and symbol. Of 

course when a decision has to be made what action to be done on a given state, 

there can be several results. In this case an NTM copies itself into all possible solutions, 

so it builds a computation tree, while the DTM builds a simple computational path. 

Based on these facts a Turing Machine can be an abstraction for all machines, so 

these become comparable. 



Ákos Kovács Degree Project           May 2008 

E3683D 

Högskolan Dalarna 26 Tel: +46-23-778800 

Röda Vägen 3  Fax: +46-23-778850 

S-781 88 Borlänge  http://www.du.se 

P 

The members of the most fundamental complexity class P can be solved with a 

deterministic Turing machine in polynomial time. In general it can be said, that the 

members of class P can be solved effectively. This class contains lots of natural 

problems, for example determining, if a number is prime or not or for example the 

depth-first search is a polynomial algorithm. 

NC 

NC problems are decidable in polylogarithmic time on a parallel computer with a 

polynomial number of processors. These problems are tractable on a parallel 

computer and can be effectively solved. For example a sorting problem is in NC. It is 

not known yet, that including NC into P is mathematically correct or not. 

P-C 

P-C is a subpart of the class P. This class contains all decision problems, which are 

difficult to parallelize effectively and difficult to solve in limited space. These 

problems are complete for P and every problem in P can be reduced to it. 

Completeness means that these problems are as hard as any others in the class and 

we can reduce them to other problems in the class. 

A good example for a P-C problem is the CVP, where the outputs for a given circuit 

have to be calculated based on the inputs. The circuit contains logical gates, so the 

whole circuit can be represented as a graph (nodes as logical gates) (Proof is not 

discussed here). 

NP 

The problems in class NP can be solved with a non-deterministic Turing machine in 

polynomial time. These problems (all decision problems) are verifiable in polynomial 

time by a deterministic Turing Machine. All problems which are in P, are in NP. 

NP-C 

It is said, that a decision problem is in NP-C, if it’s in NP, and all other problems in NP 

are reducible to this given problem. For an NP-C problem, a polynomial-time 

algorithm does not known yet. NP-C is a subset of NP. These problems are hard to 

solve, thus using randomization or heuristics can give a good solution. 
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NP-hard 

The TSP and other optimization and search problems are NP-hard problems. An NP-

hard problem is a problem hugely related to NP and NP-C. 

TSP and complexity 

TSP is an NP-hard problem in computational complexity. It is also noticeable that 

removing the constraint “visiting all cities only once” does not reduce the complexity 

class of the TSP, because the optimal tour visits cities already only once. 

A nondeterministic Turing Machine can solve the TSP as follows: 

At each city it select randomly the next city to visit, until all of them are visited (when 

it gets stuck it stops). At the end, it verifies that the route cost less than “k” (a limit 

cost) in O(n) time. At each step a new copy of the Turing machine is created to 

follow all possible paths (this is the reason why the solution space grows so fast). At 

the end, if one of these machines has found a total cost, less then “k”, the input is 

accepted. 

VRP and complexity 

At the end of this chapter it can be seen now, that solving TSP is very hard. In the 

previous chapter it was described how TSP can be solved, and it can be clearly 

seen, how fast the solution space grows. 

Without saying anymore, VRP is an NP-hard problem, what is clearly intractable with 

the growth of the solution space. 

At a step a city is selected randomly, but we have to face here with multi-

constrainity: 

- Will the city/client be open, when we arrive (do not forget the travelling 

time!)? 

- Do we have enough packages or we just partly deliver them? 

- Has the city already been visited? 

- etc. 
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It can be seen, that before each step we face with several sub problems, which 

have to be solved. As we had a TSP problem, we had only one constraint before we 

selected a new city. Now we have “n” constraints for each city, which makes the 

complexity of a route to be selected “n” times larger for each city. 
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2. The Genetic Algorithm (GA) 

Introducing GA 

The Genetic Algorithm is a method, based on the example of the natural selection in 

the “real natural world”. GA uses several algorithms and methodologies to create 

better and better approximate solutions for a given problem, using the older solutions 

(parents) to create new ones (children). This will led to an approximate solution of the 

given solution space. It can be said, that – in the nature – over time it will lead to 

populations with individuals having better and better abilities of adaptation, and 

better chances of survivorship. 

The GA in the nature: evolutionary biology 

Evolutionary biology describes the methodology of adaptation of the different life 

structures and generations to their environment. To understand the method, some 

concepts have to be declared. 

Overview 

The population is a given sets of living beings (creatures) in the nature. The 

population contains organisms from the same kind, each one having different 

attributes. These attributes are specified by the chromosomes the organism has, and 

each organism has his own chromosomes. Chromosomes are built up from genes: 

these genes are responsible for the different attributes the organism has. Based on 

these genes all representative of the population have different attributes, excepted 

from the twins. This can be modeled very easily: 

• The population of tigers will represent all tigers around the World. 

• One organism or issue will be one exact tiger from this population (let us 

call it ‘T’). 

• Tiger ‘T’ have its own chromosomes, declaring its attributes, for example 

ability of fastness, eye color, leg length, etc. 

• All abilities are defined by a known gene in the chromosome, for 

example the 5th gene is responsible for eye color. 
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• Tiger ‘T’ will have an overall fitness, based on all of his properties, 

weighted by the importance of the given property. 

When tiger ‘T’ lives in a population, its overall fitness will determine its ability of 

success in the population. For example: if it is very strong – based on the genes it has 

– it will have more chance to hunt, and fight for mating. Let us notice two things: 

• The overall fitness does not necessarily mean that a given representative of 

the population will be one of the bests. For example if the individual is unlucky 

and injures, it will not be able to hunt and will be die because of the starving, 

although it was one of the strongest one in its population. 

• Based on this methodology, issues of a population with highest fitness will have 

highest chance – but only chance – of living and reproduction. 

Reproduction and selection 

Based on the genes of an issue, it will have more or less chance to live. This will lead 

to a simple thing: the one with better genes will live, the others will not. This is called 

“the selection” in the natural genetic algorithm. In computer science it can be 

modeled in several ways and going to be discussed later. The main goal of the 

Mother Nature is to select the individuals, based on their skills. 

These selected individuals are going to be able to reproduce themselves, while the 

others will not (e.g.: they will not find a partner for mating because of their bad 

overall fitness.). When the individuals are reproducing themselves, they child 

individuals will inherit their chromosomes and genes, and with this, the new children 

individuals will have a new set of chromosomes and with this, a new set of skills. This 

method contains two main steps: 

Crossover 

This means that the inherited chromosomes are going to be “mixed” by nature from 

the parent individuals into the children individual(s). This will result a new combination 

of gene set in the new individuals. Do notice that this does not necessarily means 

that the better genes will be selected; this only means that one of the parent genes 

will be selected in the child. This means that there is a possibility, that the child will 

have worse overall fitness than its parents. 
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The following picture shows an example for crossover in nature: 

 

The crossover method 

There are two parents are visible (upper side). The “bars” are the genes of these 

parents: Each rectangle represents a skill of the parent, e.g.: the first one is for hair 

color; the second one is for skin color, etc. When mating occurs, crossover will take 

place: the children will inherit one gene at each position from one parent. In this 

picture it can be seen, that child 1 (3rd bar) inherited the first gene from unknown 

parent, the second gene from the second parent (2nd bar), but child 2 (4th bar) 

inherited the first one from unknown parent (both genes are red) and the second 

one from the first parent (1st bar). 

Mutation 

Mutation is a very easily definable method: when mating takes place, some of the 

genes will not be inherited from the parents, but will be modified randomly. This will 

led to a new, but unknown result in the child individual, but will diversities the 

individuals in the following population: for example it is possible, that the mutated 

gene will be much better than the original ones, and this represents an important skill 

of the individual (e.g.: ability of fastness). In this case the overall fitness of the 

individual will be better. 

For example, it can be imagined as on the picture, child 1 would have a “blue” 

gene on the 2nd place (this cannot be found in none of the parents). 
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The GA in Computer Science 

The basic idea of genetic algorithms is coming from the methodology described 

previously. GA in computer science would like to create an artificial model for the 

previously written steps to be able to solve problems which could not be solved in 

the classical way of computing. Before introducing the GA in computer science, the 

basic methodology and definitions have to be described (like “What is a gene?”, 

“What is a population?” etc.). Based on this, we will be able to create a “Simulated 

nature” solving problems which seems to be unsolvable. 

Short history of GA 

(This chapter is a short extract of the chapter “History” found in [2].) 

In 1957, Alex Fraser published his method on simulating artificial selection. From this 

date, computer simulation of evolutionary biology started to become a new field of 

computer science. In the 1960s, several scientist published methods of genetic 

selection and the realized the usage of this methodology: they can be used for 

solving optimization problems with exponential grow in their solution space. In these 

years the basic definitions – like mutation, crossover – had already been published in 

computer science. From 1963, when Barricelli reported about a simple simulation 

“game” he was modeling, artificial evolution become a widespread method solving 

optimization problems. In the 70’s, scientist were able to solve engineering problems 

based on evolution strategies. 

Genetic algorithms become popular in the early 70’s, when John Holland published 

his book “Adaption in Natural and Artificial Systems”. Although GA was an interesting 

topic on those days, it remained theoretic until the mid 80’s. In these years, there was 

an explosion on computational power which allowed GA to become widespread, 

solving complex optimization processes. GE (General Electric) was the first, who have 

sold a GA based tool for planning industrial processes. In 1989 the first GA has been 

sold for desktop computers. 
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Basis of the GA 

The first step is to create an artificial environment for the specified facts of the natural 

genetic algorithm: “What is a population?”, “What is a gene?”, “How to mutate 

them?” The goal is to represent all previously described elements in an artificial 

environment, according to the need of the problem to solve. 

Representing the elements of evolutionary biology 

To be able to create the artificial evolutionary biology, we have to discuss, how 

natural parts are going to be represented in a genetic algorithm. This chapter will 

discuss this problem. 

Genes 

This is the basic metrics of the Genetic Algorithm. The gene has a metrics which 

somehow represents a part of the solution, for example a skill or „goodness” (weight, 

time, size, etc.) of an element. These genes are going to be inherited, when mating 

takes place. Genes are basic, mainly numerous elements of the GA. Mainly they are 

represented in someway of an integer or long, etc. 

Individual, issue, chromosome… 

An individual is a part of the population, containing one possible set of genes. 

Individuals are mainly different and individuals are defined through their genes. An 

individual has got an overall fitness function, which is calculated through some 

mathematical model. For example a weighted sum of all of the genes the individual 

has: 

i

n

i

iwk∑
=1

 , where ‘n’ is the number of the genes, ‘w’ is the weight of the genes, ‘k’ is 

the value of the current gene. 

An individual in computer science is one possible solution for the given problem, for 

example a route in the VRP. In this case the overall fitness is the total length of the 

route; the genes are the cities, which are visited in the given order (all of these 

variables might be integers and the individual can be stored in a set of elements, an 

array). 

When we build a population, these individuals are compared to each other. The 

selection and inheritance will also be executed on these individuals. Do notice, that 



Ákos Kovács Degree Project           May 2008 

E3683D 

Högskolan Dalarna 34 Tel: +46-23-778800 

Röda Vägen 3  Fax: +46-23-778850 

S-781 88 Borlänge  http://www.du.se 

this information have to be stored in a form, so they are comparable to each other, 

e.g.: some kind of structured array, or property set, having the same length and 

format: unless they are not comparable and it is no use using GA. 

Population 

The population is a list, containing all individuals. The population might grow or shrink 

based on the mutation and inheritance. Likely, the populations overall fitness is 

increased in time, as the better and better individuals (in the population) inherit their 

parent’s better and better genes. 

Selection and inheritance 

Selection is the method when we sort the individuals, based on their overall fitness 

calculated by a mathematical model (for example roulette wheel algorithm) and 

we select the best of them for inheritance.  If the list is too short, we will not be able to 

move enough big in the solution space. If it’s too long, we will waste capacity. 

When we combine the genes of the selected individuals it is called inheritance. 

There are several methods for inheritance and several variants of these methods. In 

this part, new children individuals will born with different gene combinations inherited 

from their parents. These will be discussed later, in chapter “Evaluation and 

selection”. 

Mutation and crossover 

Mutation and crossover are methods for selecting or combining the genes for the 

children. There are more variations for these methodss, so it will be described later in 

the chapter “Reproduction”. These are also mathematical models to model 

evolutionary biology. 
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Working scheme and main steps of GA 

Initialization 

The first step of a Genetic Algorithm is to initialize a population to start with. Basically 

this might be a totally randomly generated solution set. It is very hard to define the 

size of the population, but generally it can be said that it contains hundreds or 

thousands of solutions (individuals). Of course, the initial overall fitness of these 

individuals is very bad. The advantage of a randomly generated population is that it 

covers a huge parts of the solution space. As the size of the population grows the 

bigger part of the solution space can be covered, but the slower the solution will be. 

It is also possible to cover only a given subset of the solution space for example if we 

already know where to search for an optimal solution. 

It is an interesting question, that do bad solutions have to be dropped and 

regenerated or not. It might be possible that a very bad individual will led us to a 

good solution, but it is also possible, that it is just space and capacity wasting. This 

problem also occurs in individual selection. 

The following figure shows a possible solution space and the goodness of the 

solutions: we are looking for the lowest value. If we have two initial positions at ‘9’ 

and at ‘16’, it can be seen that ‘9’ has an overall fitness about ‘17’, which is clearly 

better than the other one at ‘17’ with fitness ‘20’. It can be seen, that although the 

first one was better, the second one might led us to a position in ‘19’ with a value of 

‘12’. If this solution would have been dropped, we would stuck with the other solution 

(fitness value of ‘17’). 
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A possible solution space for a GA (Series 1) 

Evaluation and selection 

When the given population is evaluated, the method calculates the overall fitness of 

all individuals using the same mathematical method. This can be the weighted 

average of the genes that the individuals are containing. It is also possible that we 

do not evaluate the individuals, but selecting randomly from them, but this method is 

time consuming. Do notice that this method does not care about the fitness of the 

individuals: it only deals with a “luck” factor, which does not represent the natural 

selection well. 

When evaluation is finished the goal is to select the parents for mating to create a 

new generation. Generally we use two methods: 

• The roulette wheel selection 

o The roulette wheel selection without weights 

o The roulette wheel selection with weights 

• Tournament selection 
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Roulette wheel selection 

The following figure shows the difference between the weighted and non weighted 

roulette wheel selection. 

 

Roulette wheel selection with and without weights 

Let us assume that we have selected the best 10 individuals (see right side of the 

figure). Each individual have different fitness values, this can be seen in the inner 

circle (e.g.: individual ‘1’ have ‘10’, individual ‘2’ have ‘40’, etc.). If we use this 

roulette wheel and start the ball it will stop after a while near an individual. It is clear, 

that for example if we have 5 rounds, individual ‘10’ will have the biggest chance, 

because it has the biggest fitness (‘100’). But if we use the outer wheel, which is not 

weighted, all individuals will have the same chances, independently from its fitness. 

Tournament selection 

In a tournament selection, ‘k’ individual is randomly selected. As the fitness of these 

individuals decreases, the chance for mating will be lower. An easily understandable 

method would be the following: we select the ‘p’ best individuals from the 

tournament size ‘k’. Each individual will have a chance to live by its position: position 

‘p’ will have a chance to be selected with 1/p. Do notice that the values have to be 

normalized to make computations easier. The following figure shows this example. As 

the position is decreased, the possibility, to be selected, decreases exponential fast. 

This will give much bigger chance for the good individuals in the selection part.  
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Tournament selection with 1/p of possibility 

Reproduction 

In the reproduction part of the whole process, new children individuals will be 

created: the best solutions from the old populations will be mated to create the new 

entities. This part of the GA is having two main methods: 

- Crossover and 

- Selection. 

Crossover 

It can be said, that crossover is the “heart” of the Genetic Algorithm. This is the 

method, which combines the genes of the parents to create the new individuals, the 

question is how. In a sentence it can be written, that crossover “cuts” the genes in a 

place and then puts them together, but mixes the parts up. As the new individual 

born, it becomes a mixture of the genes of the parents. Basically there are two main 

kinds of crossovers are used, but there are other methods also: 

- One point crossover and 

- Two point crossover. 

- Cut and splice crossover and 

- Crossover on continuous genes are further methods. 
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One -, and two point crossovers 

The following figures will show how these methods can be applied: 

Parent #1 genes:         

       

Parent #2 genes:         

       

One point crossover:         

Children #1 genes:         

      

Children #2 genes:         

       

Two point crossover         

Children #1 genes:         

       

Children #2 genes:         

Theoretical scheme of crossover 

We start from two parents. The method “cuts” the genes in a point, and it mixes them 

up for the children. The children will have then different properties. To make it easier 

to understand, let us have an example from the “real world”: 

  Hair color 

Eye 

color 

Hair 

type Nose 

Mother Brunette Blue Curvy Small 

       

Father Blond Brown Curvy Big 

       

One point crossover:         

Child #1 Brunette Blue Curvy Big 

       

Child #2 Blond Brown Curvy Small 

       

Two point crossover         

Child #1 Brunette Blue Curvy Small 

       

Child #2 Blond Brown Curvy Big 

Crossover example shown in a family 

In a “usual” family it can be seen, how the properties are mixed up by the crossover. 

Do notice that the “hair type” is the same by both parents: crossover does not have 

any effect. 
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Cut and splice crossover 

Parent #1 genes: a1 a2 a3 a4   

        

Parent #2 genes: b1 b2 b3 b4   

        

Cut and spilce crossover:         

Children #1 genes: a1 b3 b4    

        

Children #2 genes: b1 b2 a2 a3 a4 

Cut and splice crossover 

Applying this kind of crossover is very hard and might be not easy to implement. 

Crossover on continuous genes 

If the genes are representing a continuous solution, where e.g. all cities have to be 

visited, we cannot cut them on the same place: it would present duplicates and 

missing cities. Different cutting places have to be defined, for example as follows: 

Parent #1 genes: 1 9 2 8 6 7 3 4 5 

            

Parent #2 genes: 5 4 3 7 6 8 2 1 9 

            

Children #1 genes: 1 9 2 8 6 8 2 1 9 

            

Children #2 genes: 5 4 3 7 6 7 3 4 5 

Crossover with continuous genes 

In this case it is not so easy to define a crossover point. Several smaller “sub-parts” 

might be found which can be swapped with some kind of “multi point” crossover. 

The goal of the crossover is clearly to combine the old properties of the parents, so 

the new individuals will be placed in to another part of the solution space. If we are 

lucky, the overall fitness becomes better. The procedure is very easy to calculate 

and very effective. More crossover makes the calculation bit slower, but will take 

bigger effect and increase the randomness. Small crossover will decrease the 

populations overall fitness growth. 

Not using crossover is a bad idea: in this case randomness is the only thing we can 

work with. 



Ákos Kovács Degree Project           May 2008 

E3683D 

Högskolan Dalarna 41 Tel: +46-23-778800 

Röda Vägen 3  Fax: +46-23-778850 

S-781 88 Borlänge  http://www.du.se 

Selecting always the best gene from a gene pair is also not a good idea: we might 

get really fast into a local minimum. 

 

Crossover in a “theoretical” solution space 

If we are in place ‘7’, and the goal is to find a minima, and we select only the best 

genes, we are going to head to the ‘8’, ‘9’, ‘10’ region, what is clearly a local 

minima. To get out of this, extremely large mutation have to be applied after the 

crossover to jump to another part of the solution space, but this is also not good (see 

description in next chapter). 

Mutation 

Mutation is a very easy method to create a new individual. This method might be 

used after the crossover method. As a new individual “has been born”, mutation 

might take place in several positions – might be decided by the code. Mutation 

does a very simple thing: it replaces a gene ore more genes in the individual’s 

structure, chosen randomly. A very simple example will show this: 
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Individual "A", before Mutation 

Genes 

Speed Weight Eye sharpness Weight Hunting ability Weight Overall Fitness 

78 2,1 97 1,5 67 3,2 523,7 

       

Individual "A", after Mutation#1 

Genes 

Speed Weight Eye sharpness Weight Hunting ability Weight Overall Fitness 

78 2,1 100 1,5 67 3,2 528,2 

       

Individual "A", after Mutation#2 

Genes 

Speed Weight Eye sharpness Weight Hunting ability Weight Overall Fitness 

78 2,1 67 1,5 67 3,2 478,7 

Table of the effect of mutation 

The table makes it easy to understand what might mutation effect. After mating, the 

mutation randomly selected “Eye Sharpness” to be mutated: this gene is randomly 

replaced by another value. In the first case, the overall fitness “luckily” becomes 

better, because of the new gene. In the second case, the individual was not so 

lucky. 

So what does mutation effect? It may affect the individuals overall fitness in both 

directions. More mutation will have bigger influence in the overall fitness, but makes 

the method more random, which is not quite good, because it might decrease 

efficiency. Less mutation might have smaller or no effect, but the program might 

stuck in a local minima as it is shown: 
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Mutation in a “theoretical” solution space 

If we are in the position of ‘10’ (overall fitness ‘17’), a small mutation might effect only 

+- 1-2 (small modification) move left or right. The individual is stuck. If we use too 

much mutation, e.g.: a size of the move is +- 5, the script will “jump” quite randomly 

from one point to another in the solution space. This is one parameter which must be 

carefully tuned and tested. 
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Applying crossover and mutation 

The following chart shows both methods applied on an individual: 

Parent "A" 

Genes 

Speed Weight Eye sharpness Weight Hunting ability Weight Overall Fitness 

80 2,1 60 1,5 70 3,2 482 

       

Parent "B" 

Genes 

Speed Weight Eye sharpness Weight Hunting ability Weight Overall Fitness 

60 2,1 90 1,5 80 3,2 517 

       

Child "A", after crossover 

Genes 

Speed Weight Eye sharpness Weight Hunting ability Weight Overall Fitness 

60 2,1 60 1,5 80 3,2 472 

       

Child "A", after crossover and mutation 

Genes 

Speed Weight Eye sharpness Weight Hunting ability Weight Overall Fitness 

100 2,1 60 1,5 80 3,2 556 

Showing how crossover and mutation takes effect 

Parent “A” is marked with red, parent “B” is marked with green. The example method 

applies a two-point crossover. Child “A” is the result of the mating. Do notice that the 

overall fitness of the child is worse than both of the parents. This is an unlucky 

individual. 

After the crossover has been applied, a random mutation takes place. In the 

example, the first gene (“Speed”) is mutated from the value ‘60’ to ‘100’. This 

increases the overall fitness to a very high level, so the individual is better than both 

of the parents. 

Replacing 

Replacing guarantees that the individuals with worse fitness are replaced by the new 

individuals, likely having a better overall fitness. The number of the replaced 

individuals is declared by the solution, usually around ~10%, but this is also a 

parameter likely to be tuned in the test phase. Replacing works as followings: 
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  Fitness of individuals 

  First population   

New 

Individuals   

Second 

population 

85 87 85 

80 84 80 

79 80 79 
Best 20% 

79 

Mating 

76 

Replacing 

79 

75 75 

74 74 

73 73 

70 70 

69 69 

69 69 

67 67 

66 66 

65 65 

64 64 

64 64 

  

  

  

  

  

  

  

  

  

  

  

  

63 63 

63 87 

62 84 

61 80 
Worse 20% 

60 76 

Populations Fitness 1388 

  

  

  

  

  

  

1469 

Effect of replacing 

In this example the best 20% of the population is selected for mating and the worse 

20% is replaced by the new individuals (children). Do notice that replacing the old 

individuals, with the children is likely to affect an increase in the overall fitness of the 

population. But for example if the algorithm is stuck in a local minima, the new fitness 

will be worse than the old one. We would like to have a trend with always increasing 

overall fitness, until the best solution or the limit for the solution is reached, but 

sometimes there is a need to step back (to move out from a local minima) or 

impossible to have better solutions (we found the best, or we are stuck in a local 

minima). 

Termination 

Termination is a typically method in computer science. After an “enough good” 

solution is reached, or the time is up, the program have to be terminated. The 

following figure shows an example: 
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Termination 

Let us assume, this is a solution space and we would like to reach a minimum, but at 

least a limit with the value of ‘17’. We are starting from the position ‘14’, where the 

fitness is ‘21’, which is quite bad. Let us also assume very theoretically, that each loop 

of the Genetic Algorithm steps one left or one right, based on1 the crossover, 

mutation and replacing methods. We can have 10 steps to reach ‘17. 

If we are lucky, all step are going to the “left” direction, so ‘13’, ‘12’, ‘11’, ‘10’, and at 

‘10’ the value of ‘17’ is reached with only 4 steps. The program can terminate. If we 

are not we can stuck for example in the local minima at ‘15’ with the value of ‘19’. 

Then the program will terminate when the 10 step time is up, and we will have a 

result of ‘19’. Not good, but better than the starting position. Or, we can be 

extremely lucky, and going like so [13, 12, 13, 14, 15, 16, 17]. The limit is reached, and 

we still have 3 steps. We can run the script further, after the current solution is stored. 

So: [… 18, 19, 18]. Although we are in local minima, we have a very good solution 

with a value of ‘12’. Remember, the limit was ‘17’. 

Why to use limits? 

Time limit might be used, when a route has to be optimized, so the agents can start 

at 6:00 AM. After closing, at 10:00 PM, we have 8 hours to find an enough good 

solution for them. 

Or we can have a given amount of fuel, but we want a fast solution. As we reached 

this limit, the solution is ready. 
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Pseudo code 

The steps, which were mentioned before can be implemented easily: 

 Function GeneticAlgorithm() 

  Initialize_a_random_population_to_start_with(); 

  Evaluate_individuals() 

  Repeat 

   Select_parents_for_mating(); 

   Create_children_with_crossover_and_mutation(); 

   Evaluate_children_individuals(); 

   Replace_the_worse_of_the_population_with_children(); 

  Until(Criteria_is_not_reached)* 

* The genetic cycle loops, until the given criterion is not reached. This may mean, 

that we are looking for a solution, enough good for the given problem (a fitness of an 

individual is lower than a limit), or it might be also a time criteria: the task has ‘T’ time 

to run, and after T = 0, it is terminated. 

Problems and variations 

Error correction 

There is a big question when we use GA: how and when can we correct the errors 

occurring within the population? This is especially true in the case when we use GA 

for some kind of track or route optimization, when the genes are not separated, but 

representing a tour for cities or sites to visit, each one once: 

Parent #1 genes: 1 9 2 8 6 7 3 4 

           

Parent #2 genes: 5 4 3 7 6 8 2 1 

           

Children #1 genes: 1 9 2 8 6 8 2 1 

           

Children #2 genes: 5 4 3 7 6 7 3 4 

Error in crossovers 
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On this example we will see, that the two new tours are not valid in the children. This 

is a big problem, which has to be corrected. But how and when? 

- We might drop the children, which are invalid. This is rather easy, but imagine 

how many parents are needed to be able to create only valid solutions! This is 

time-, and resource wasting, although it is easy to program. 

- It would be better to drop or not mate parents together, which will not result a 

valid child. The problem is the same: we must have big population and a 

large number of parents. We also have to permutate the parents to find the 

fittings ones, and it is not sure, that we will find them. This is also rather time 

consuming and resource consuming. 

- The first two error correcting was not effective. Let us do the following: we 

replace all invalid genes, with valid ones by mutating randomly. This is not time 

consuming, easy to program, but mutation will effect huge randomness in the 

new individuals. 

- It would be better to apply some kind of “multi-point” crossover, which would 

only crossover those points which are valid. Not hard to program, rather 

effective, and does not makes a “too big jump” in the solution space, so does 

not increases randomness too much: take a small subpart, check if it is valid to 

crossover, if yes, do it, if not, go further. This will be described later. 

Validation after error correction 

When we finished crossover, there is still an existing problem: we still cannot be sure, 

that the errorless individuals are valid, this have to be checked. For example if a part 

of the structure is [… 5 9 1 …], and there is no route between 5 and 9, the individual is 

invalid. 

- We might correct this, by dropping the child and generate new ones, what is 

not quite good, as we saw. 

- We might start swapping elements, which is quite easy, but increases 

randomness, as we saw. 

- We might start to search for a “near valid” solution, which is not easy to 

program (some kind of local search) and still not too effective. 
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- Or we can make a little mutation, where these invalid genes are mutated with 

limitation to another one which is nearby and that is removed from the other 

part of the list (or swapped). This is quite easy, the mutation is not too much 

and not time consuming. 

Do not forget that we have the opportunity what nature also: we can keep invalid 

individuals and they will die later on, in the selection part. But then we have to take 

care not too have unreal huge number of these invalid individuals, only maximum 1-

2%. 

Summary of error correction 

This part is very important and quite hard to program. We have several opportunities, 

which can hugely effort the efficiency of our algorithm, but we have to be careful 

and think it over before applying any kind of correction. We have to have several 

points: 

- Do we need error correction, or all new elements are already valid? This 

question is very important! If the genes can be separated, more valid 

individuals are going to be created in each genetic loop. 

- How many resources (time, space, capacity…) do we have? 

- What is our goal? To keep invalid elements or not? 

- Which solution will lead us to a better solution? 

- Etc. 

Be careful, selecting these methods! 

Variations 

To make Genetic Algorithm widespread, there are several variables for the 

algorithm, optimized for solving specified problems. This means that as we take a 

closer look on the problem, we can define “sub-methods” as variants, which are 

quite better for the given problem. For example, Simulated Annealing will be better 

in case when there is a continuously decreasing limit of the modifications in the gene 

structure we might make. Ant colony optimization can be applied when no global 

best solution is known or the solution space is largely unknown. 

In [2] you may find variations for the Genetic Algorithm. 
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Why to use GA? 

Before answering this question, it has to be discussed, how computers solve 

problems. In the “traditional way” the problem could be well defined, mathematical 

equalizations could be written, and then solved. Then algorithms are created, which 

solves these equalizations, using the computational power of computers. There might 

be two main problems with these methods: 

- What happens in the case, when the given deterministic problems have a 

huge solution space, or the space grows too fast to be able to solve it in a 

specified time? 

- What happens if there is even no deterministic solution exists? 

- What happens, if we must have a solution in a given time, and it is not 

accepted (e.g.: above limit), that there is no solution? 

Mainly GA could be used in optimization problems, when the solution space grows 

too fast, or an exact solution is needed in time; like in the VRP. In this case no 

algorithm exists, which solves the problem in polynomial time. Do notice that GA also 

does not solve this problem in a given time, but it is not necessary to give a 100% 

perfect solution for this problem, but a solution that is better than a given limit. 

A big advantage of these heuristic algorithms is that they can be stopped in any 

time; they will give a result for the problem, while a linear algorithm might not give a 

solution before a time. 

Another big advantage is that they can be run parallel on separate machines, 

simulating more or bigger populations. The result can easily be combined or 

compared. It will not lead to a fatal error if one computer or thread runs to an error: 

the other populations or individuals can be executed without stop. 
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Why not to use GA? 

The advantages that makes GA a powerful tool, makes it also weak. 

The biggest problem might be, that we cannot predict if the solution will be good or 

not, or how fast will the solution be reached. We do not know how optimal our result 

will be. 

Another big problem, that a heuristic algorithm like the GA might found local 

minima, which is quite fast from the optimal solution. In this case it cannot move to 

another part of the solution space of the problem, so it will give a bad result. 

On the next figure you may see an example, what describes this problem. Let us 

assume, that the solution space of a given example problem is the following blue 

line, called “Series1”. As it is known, GA keeps better and better solutions as time 

passes by (in other words: the overall fitness of the population is better and better). 

Let us assume that we start 2 GAs on the same machine in the same time. The goal is 

– of course – to find a solution which is better than a given limit, e.g.: lower than ‘15’. 

We start GA1 in position ‘12’ and GA2 in position ‘17’. Of course, when we start a GA, 

we do not really know where we have started our GAs. It is possible that we are lucky 

and our GAs first solution is at position ‘19’. As time passes by, GA1 will move from 

position ‘12’ to ‘11’, ‘10’, ‘9’, and it will stuck on the plateau. Because of further 

crossovers and mutations, it will move between ‘8’ and ‘10’. GA2 will find a solution 

with a value of ‘12’ at the position of ‘19’. This means that GA1 will never find an 

solution, enough good for the limit at the value of ‘15’. We have to tune and test it 

again. 
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A possible solution space for a GA (Series 1) 

Tuning and testing a GA might be also a big and slow process. Because we solve the 

problem in a heuristic way, we do not exactly know what happens if we modify one 

or more parameters. This will lead to a simple fact: tuning and testing will take a long 

time, and have to be executed in “loops”. The problem is not that it will take a long 

time, but we cannot really predict how much time it will take! 

To avoid these problems, several methods may be applied, but this also does not 

necessarily means that we will not face the problems, mentioned before: 

- We may start our GA with bigger population (bigger scope of the solution 

space): this will decrease the possibility of stucking into a local minimum, but 

will increase running time, and tuning time. 

- Using more mutation and crossover might also provide us to stuck into a local 

minima, because the solution will make bigger “jumps” from one part of the 

solution space to the other. But in this case stability is decreased and the 

search will go to a more “randomized” way. 

- Creating more children will also gives us bigger possibility to find a good 

solution, but needs more computational power and time. 

- Using not heuristic subparts might avoid us to stuck into minimums but 

increases solution time exponentially. It is also good to give an approximate 

prediction for a good solution. 
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GA is also not useable in a case, when the solution cannot be represented in the 

way of individuals and genes. It can be imagined that there are problems, which 

cannot be represented in this way, so we cannot compare the objects and the 

algorithm cannot be defined. For example to find the factorial of a number ‘n’ there 

is no solution space exists in this definition. 

Summary of GA in Computer Science 

Genetic Algorithm is a very good tool to solve problems in computer science with a 

high computational complexity. These problems are mainly optimization problems, 

and there are some basic rules why and when is it worth to apply GA: 

- When the solution space is so big, that it is not possible to find a solution with 

linear programming in relevant time. 

- When we face with multi-constraint problems, with lots of constraints. 

- When there is a time limit or a resource limit of the problem. 

- When we are not looking for the best solution, just looking for an “enough 

good” one. 

- When there is no exact or known algorithm exists for the given problem. 

- When we have parallel computers and distributing the problem is hard with 

linear programming. 

It can be applied for example as followings. 

- Tour selection, tour finding and tour optimization. 

� E.g.: VRP and TSP are problems, where cost minimalisation is the 

goal for agents to visit cities with constraints. 

- With Neural Networks pattern selection and pattern identification, pattern 

classification. 

� E.g.: Selecting weather conditions from pictures or identifying 

faces and route signs based on previously inputted “typical” 

patterns. 
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- Multi-Constrained problems. 

� E.g.: The VRP is a classical MCOP, where finding a route depends 

on several constraints. 

� E.g.: Routing the Internet or forwarding packages with different 

priorities (E.g.: forwarding low-loss IP packages (IP telephone) 

and other packages together where a package loss is 

enabled). 

- Several kinds of optimization problems. 

� E.g.: Distributing packages, dealing with space optimization or 

traffic optimization… 

But we also have to be careful using GA: 

- When the representation of the problem is not possible or not worth for a given 

problem. 

- Chromosomes cannot be built, or if yes, they are not comparable. 

- We have known “low complexity” algorithms for the problem and/or 

developing a GA is not efficient. 

- When we are not sure that GA will give a good solution, or there is no 

reference about that problem solved with GA, because there is no exact way 

of the solution. 

- When randomness does not affect good solution. 

As a summary it could be said that GA is a very good method when carefully 

selected. When we face with problems, that are hard to solve or cannot be solved – 

theoretically – with linear programming, it could be a good choice. But we have to 

be prepared on the fact, that fine-tuning a GA is a continuous and long procedure, 

and do not forget that GA will hardly ever give you the best solution. When you do 

not need an exact solution for optimization problems but you face with time and 

resource limitation GA might be a good choice. 
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3. The Simulated Annealing (SA) 

Introduction 

In this chapter another method will be discussed which is also very good for solving 

optimization problems, in this special case, the VPR. Simulated Annealing is a rather 

fast and easily applicable method, the question is, that although it is so, is it also 

effective or not? This chapter will discuss the Simulated Annealing and the fields it 

can be applied, while later on a simulation is going to be solved with SA and 

compared to the same problem solved with Genetic Algorithm. 

“The Problem” with GA 

As we can see, the Genetic Algorithm is a rather effective and good method to 

solve optimization problems. The biggest problem comes, when the individuals have 

to be validated and mated, and this was also described in the previous chapter. It is 

a rather hard and ineffective method to solve the problem of invalid individuals, 

especially in a case, when the genes are not independent from each other. The VPR 

and other route finding methods are cases, when they are not: a gene section 

represents a tour from a point to another. Crossovering the subparts of this will cause 

invalid genes, and this is a problem, because: 

- it have to be corrected, which takes lots of resources, even to find out the 

method of correction or 

- it must not be corrected, but then we need a method which generates 

enough individuals and selects invalid individuals, which makes also the script 

not so effective. 

Just think it over, how many problems you will face, when you try to crossover 

individuals in this way. At first glance it seems to be very easy, but lots of problems will 

come with time. This was discussed already, and will be discussed in the program 

which solves the VRP with GA. 
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To avoid this problem, SA might be a good solution. In some way it is very similar to 

GA, but does not need so many resources because of the easiness of the error 

correction. The question is that is it going to be so effective, or less effective? And if it 

is not so effective, is it a worth to implement it or is it able to generate us enough 

good methods? 

Annealing in science 

As Genetic Algorithm, Simulated Annealing is also based on a method in the “real 

life”. Annealing is a method applied in metallurgy (this science describes metallic 

materials) and material science. As it is known, several industry uses “heat treatment” 

to develop different material properties, especially in metallic materials. Everybody 

knows the basic method, when a hot metallic part is put into cold water, and this 

method is repeated several times, the metal becomes harder and harder, but also 

becomes less flexible. But when flexibility does not count, this is a good method to 

create hard materials. A good example for this theory is the rail of the train: 

 

The rail 

The rail must have two properties: 

- Its surface must be hard, to be able to be used for several years. 

- Its body (web) must be flexible to be able to endure the weight of the trains. 

Because of this, the surface of the rail is a fine, hard coating: this can be achieved 

with annealing. 
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Theory of Annealing 

The basic method of annealing is very simple: 

- First, heat the metallic part. 

- Second: cool the metallic part. 

The theoretic part is not so simple. The main part is the cooling of the material: this 

method is a fine controlled cooling. As firstly the material is heated, atoms become 

unstuck from their positions, because the heat releases some of their connections. 

They start then moving, trying to find an optimal position for themselves. It can be 

illustrated in a very basic way: when we have a hot room, a cold room and a closed 

door between them. When we open the door, the temperature gets equalized in the 

too rooms, just like as the atoms are wandering around: looking for an optimal place. 

This is the so called “Entropy”, the 2nd law of thermodynamics: “The spontanic 

changes in an isolated system are always occurring in a way that entropy increases”. 

In a not so formal way entropy means, that the elements in the world are having an 

ambition to be “equalized”, so the entropy is heading to 1.  

The same happens with the atoms in the metal: they are heading to the place – or 

the material is heading to a state – what is closer to optimal or equalized (Just think 

of the air in the two rooms!). As time passes by and the controlled cooling is heading 

forward, the movements are getting smaller and smaller and at the end, the atoms 

are stucked again in a (hopefully) better place, than before: the internal energy is 

likely to be lower in this state, than before. 

  

Illustrating annealing: Simulating fast (left) and slow (right) cooling of the elements. 
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This sounds very good, but what does it result? If we are good enough, we can 

control the cooling of the system and arrange the atoms (nearly) as we want: we 

can restructure them in a way, that they become harder (like the surface of the rail), 

or they will loose some of their unwanted defects (Think it over: a defect is a place, 

where the material has a “different” structure, than it wants to have: an “unequal” 

state.). In a more formal way, we can modify the materials entropy as we want. We 

can build harder crystals: think about the diamond and the graphite, which is based 

on the same material (carbon) but have totally different properties (one is hard, one 

is smooth). 

Simulated Annealing terminology 

The Simulated Annealing method is a rather new method. In 1983 IBM scientists 

published this method on a scientific magazine. They idea was that they recognized 

that nature performs the optimization of the energy of crystalline solid when it is 

annealed to remove defects in the atomic arrangement. 

Form this date there were several cases when scientists used simulated annealing, for 

example in optimization problems, geological problems. 

Now, that we no what is the goal of annealing, we can use it in computer science. 

Before any methodology, we can obtain some things. It is clear, that annealing is 

works in the following way: 

- We have a material (the metal), 

- we apply a method (heating), 

- we apply another controlled method (cooling), 

- we have a restructured, “more optimal” material (the “harder metal”). 

Do notice that this is an optimization problem! A parallelism can be obtained now in 

annealing and global optimization problems in computer science, by using the facts 

and concepts from the previous chapters: 

- The metal we start with  � a solution. 

- The structure of the metal  � the fitness of the current solution. 

- The “wandering” of the atoms � optimizing the solution. 
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- The controlled cooling  � the time limit to solve the problem. 

- The restructured metal  � a new solution. 

Now we are facing with the known structure of solving an optimization problem. Just 

think about the Genetic Algorithm, which uses very similar steps when finding a 

solution. Now, the only thing left is to give a definition for the Simulate Annealing, and 

describe the method in details. 

How Simulated Annealing Works 

Let us start with a search space (s), which is so huge, we cannot solve it with linear 

programming. For the problem (P), we have to find a solution (what is clearly a 

subpart of the whole solution space) E(s), that is enough good for us, so it is above a 

previously given limit (Lim). The goal of the SA is (likely) to be able to reduce E(s) in 

each step, so E(s)1 > E(s)2 > … > E(s)N, and E(s)N < Lim. In other words, we are trying to 

reduce the internal energy of our current solution, before the time is up. Another 

constraint is to reduce it below the previously given limit. 

At each step, we are able to move from E(s) to a “neighbor” solution E(s)’ with a 

given probability. This change is the heart of the SA, and repeated until the time is 

up, or we are under the limit (Lim). The most important question is, who and how 

defines the “neighbor” state? 

The neighbor state is defined, by the user. This neighbor state is the “wandering of the 

atoms” in the metal. In computer science, this neighbor state might mean a city 

swapped with another one in a tour (so we have now an old tour and a new tour), 

within the given limits, so the new E(s)’ likely to be lower than the previous E(s). But this 

is not a must! 

Changing the state of the system is on several conditions: 

- A previously given “fitness” likely be better then the one before (E(s) < E(s)’). 

- What’s more, we have a global time parameter (T), which decreases with 

time: this is the “controlled cooling”. For example the difference between the 

two solutions must be within this limit. 
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Do notice, that “likely” means, that we are not always stepping to a lower energy 

state, so it is not a must. A higher energy state is also accepted, and the reason for 

that can be obtained in the image below: 

 

A possible solution space for a SA (Series 1) 

The goal is to find a global minimum. It was discussed several times, that if we always 

using the criteria E(s) > E(s)’, it means that we are always going “downhill”. If we start 

from position ‘13’, and we must meet the criteria E(s) > E(s)’, we are going to go to 

‘14’, ‘15’, ‘16’ and then we are stuck. We cannot go anywhere else, because there is 

no way down, only up. That is the reason for the criteria that we accept worse 

solutions also: then we can continue our tour to positions ‘17’, ‘18’, ‘19’, which is a 

clearly much better solution. This criterion avoids us to stuck in local minima. 

The second criterion was ‘T’ the global timing which decreases with time. This limits 

the “jumps upstairs”. Without this limit we might move to the “top” of the graph 

(position ‘12’), and this is very bad, especially when we do this in the last step before 

the time is up. This avoids us to give a very bad solution. Because it always 

decreases, in the end, we cannot make too big movements upstairs, so we cannot 

destroy our good solution in the end of the simulation, for example moving from 

position ‘19’ to ‘20’ is only one step, and we gave up our very good solution. 
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This two constraints allows us not to stuck in local minima but limits the movements 

we can have. In other words, it can be said, that when ‘T’ is huge, we are to find a 

relevant part of the solution space, and as ‘T’ decreases we can fine-tune our 

solution. 

Steps of SA 

Let us summarize the steps of the Simulated Annealing. 

1. Initialization: 

a. initialize the first E(s) solution, calculate it’s fitness, 

b. initialize ‘T’ for time and maximum size of “jumping” (max), 

c. initialize limit we accept (Lim). 

2. Start a loop, while there is time left and we are above the limit (Lim): 

a. with the “neighbor” function, find new E(s)’ solution 

b. and evaluate it’s energy. 

c. If this energy is better then the one before, save it as current E(s) and 

current energy. [This is the step downwards.] 

d. If it’s not, 

i. check if E(s)’ – E(s) < (max), and a given random value for 

moving. 

ii. If yes, we save E(s)’ as E(s), this is the current solution and 

calculate the new “fitness”. [This is the “limited” step upwards.] 

e. Finally we decrease time and the “jump size” (max). 

3. As time is up or we are under the limit, we return the solution E(s). 

“Tricking” the natural annealing 

Do notice that we can make a small, but quite useful trick, what we cannot proceed 

in annealing: storing the best solution found so far. It is like a move, that while we are 

annealing, we make a “copy” or a “snapshot” of the current state and put it into a 

storage place: we can rollback to this solution, when it seems that we are stuck. 
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Taboo Search 

We can go further in tricking the annealing. Not only the list of the previously best 

solution(s) can be stored, but we can have a “taboo” list also. This is a list containing 

the E(s) solutions, which where not quite reasonable, for example they are a local 

minimum or they led us very soon to a local minimum. If we are “close” to a solution 

like this, we can immediately drop it. 

Why and how to use Simulated Annealing 

The basic reason to use Simulated Annealing in optimization problems is mainly the 

same like in Genetic Algorithm. These methods can search for good solution in very 

huge solution spaces. 

What we have to be careful with, is the neighborhood function: it is not quite obvious 

which parts to exchange. For example in a route swapping the second element with 

some of the elements from the end of the tour will have drastic effect, and might 

give us very bad “fitness”. It is likely to have a limit for this “city distance in tour” also. 

There is another important question in connection with SA: the cooling schedule has 

to be very carefully scheduled, to be able to make enough big movements in 

modifications. 

Further more we can expand our SA, with functions, which are making local small 

greedy searches to explore the solution space nearby. This might avoid us to get 

stucked into minimums or to determine a way to go to. Then this result can be added 

to the taboo list, created in the taboo search. 

Simulated Annealing in VRP 

From our point of view, one of the most interesting questions is, how are we going to 

apply SA to solve the VRP? This chapter will give a basic description for solving the 

VPR, because the following chapter “Solving the VRP with GA” describes an existing 

solution for this problem. 

This is going to be rather similar to the way, we applied the Genetic Algorithm. We 

follow the steps and the algorithm through which were described in the chapters 

“Simulated Annealing Terminology” and “Steps of Simulated Annealing”. According 

to these the following procedure can be constructed: 
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A solution is going to be represented through a tour of the cities, e.g.: 1-4-5-3-2-1 is a 

possible tour. This tour is going to have fitness if, and only if it is a valid tour. The fitness 

(energy) might mean the length of the tour, which might be the weight of the edges 

of graph ‘G’, where the roads are the edges and the cities are the graph vertices. 

The validity of the tour must be checked, each time a tour is constructed. Based on 

the definition the tour must have an overall fitness, because it is valid (meets all of the 

MCOP criteria) and contains all of the cities, forwarding all the necessary packages. 

In a case when more trucks are needed and they have to return to the depot, it can 

be represented continuously, where ‘0’ means a truck is returned, e.g.: 0-1-4-3-0-2-5-

0. In this case two trucks are needed. Do notice that in case we have only one truck, 

the truck must go 2 rounds, 0-1-4-3-0 and 0-2-5-0. But if we have 2 trucks these two 

parts might b executed parallel. 

As the first possible route has been constructed, the energy is calculated and other 

constrains are defined (time, maximum size of jumps…), the annealing might start. It 

runs until the overall fitness in not enough good or we have time left. 

We modelize the “wandering of the atoms” through the neighborhood function. 

Based on it’s definition we swap some parts of the route strings, e.g.: E(s) : 0-1-4-3-0-2-

5-0 � E(s)’ 0-1-4-5-0-2-3-0. Now comes energy calculation and validation. 

Checking validity in this case is much easier than checking it in GA. We do not have 

to deal with invalid and duplicate records, what makes the checking easy and fast. 

What we only have to check is the constrains of the MCOP, for example: 

- Do the trucks have enough load to transport all packages? 

- Are the customers open in the given time? 

- The truck will be able to come back before the depot closes? 

- Etc. 

It can be seen that error checking and validation is much faster than in the GA. 
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After this is checked the new energy (the cost of the tours) can be calculated, and 

then it goes as it was described in the definition: 

- If the solution is better than before, we change E(s) to E(s)’. 

Do notice, that if we use taboo search and we store the best solution we must now 

actualize these. If we are applying local searches for “directing” our search, we can 

now make observations and store them. Now the new tour has been created. 

- If the solution is worse than before, we do not necessarily change E(s) to E(s)’, 

just only if we meet the time and jump constraints, as the method describes. 

In this case the previously described parts also have to be executed. 

At the end, we reduce the remaining time and the “jump size”. And if we are ready 

we return the tour we found. 

This is only a basic definition of the SA in VRP. We can have several fine-tuning 

modifications, to find more optimal solutions. For example 

- we can define when to go back to a previous “snapshot”, 

- it can be defined what a local minima is (e.g.: for ‘n’ steps or for a given time 

there are no better solutions) 

- we can apply local searches for better optimization, 

- we can define our taboo list, what to store into it, 

- etc. 

Do notice that there are several possibilities to optimize and fine-tune the algorithm, 

which must be think over before applying the method. 

Theoretical comparison of SA and GA 

Before one would say that SA is better or worse than GA, let us make a comparison 

of these algorithms. We will see that these algorithms are very similar in some way to 

each other. 
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Similarities 

The basic idea of these two methods is clearly similar: finding solutions and fine tuning 

them with a random or greedy search: this is what optimization is about. This makes 

these two methods a powerful “toy” in problems, which are intractable. But it should 

not be forgotten, that these methods will hardly ever gives us the best solution, but if 

we do not need the best solution, than we are not facing with this problem. Than we 

can find quite optimal solution is huge solution spaces, which are mostly intractable 

with other methods. Nearly all of the MCOP problems are so. 

It is a big advantage of both algorithms, that the can be stopped any time, and they 

will give result back: when we face problems with time limits, this is a good property! 

What’s more, we can run these algorithms in parallel systems, without any big 

modification. This is a huge advantage nowadays, when we have widespread 

networks with many computers. 

There was a very bad thing in Genetic Algorithm: we cannot say if it is going to be 

effective on a given problem or not. The same problem exists with SA also: before we 

implement it we can only “guess”, that it is going to find a good solution or not. So, 

we have to be very careful choosing the right parameters at start and in the “fine 

tuning” and “testing” phase of the algorithm. 

Advantages 

First, let us try to answer the question – if this question even exists -, when Simulated 

Annealing is better then Genetic Algorithm. 

A clear big advantage of SA compared to GA is the easiness of the implementation. 

The hardest part in Genetic Algorithm is to create an effective and fast error 

correction. It was described before, that there are several problems might occur, 

when we make crossover in Genetic Algorithm. Mainly it can be said, that without an 

effective error correction, we must create a huge number of individuals to be able to 

generate enough valid solutions, and this is clearly not so effective, so it is slow. So, 

we need a very good algorithm to be implemented for this part, and we have to 

think it over very carefully. Mainly this question might result two facts: 
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- SA is easier to implement than GA, because error correction is much easier. 

- SA might be much more effective, because the error correction is much 

simple, so it does not need so many resources (time and or computational 

power). 

� If we do not implement error correction in GA, we must create 

huge number of individuals, to be able to have enough valid 

solutions, which clearly needs more resource. 

� Or, we implement error correction in GA, so we do not have to 

generate so many solution, but the correction itself needs more 

resources, and the implementation of the correction is also 

much more time. 

It is clear, why this problem occurs. In Simulated Annealing, we only modify our E(s) 

solution, and we do not crossover or mutate subparts of it. This avoids us of duplicates 

and also avoids us to use complex methods for crossovers. The only thing to be 

checked is that E(s)’ is still valid or not, we do not have to deal with duplication, and 

correct it, or not to correct it, but drop it. Both of these need resources. This lead us to 

the fact, that we are much effective in generating new solutions, and this also 

means that less resources are enough, what’s more, the algorithm is easier to be fine-

tuned. 

Disadvantages 

Although we saw, that the SA is easier to implement, there are clearly some 

disadvantages when we compare it to Genetic Algorithms. What the strong point of 

SA was is the weak point of it also. Because of the simpler structure of SA, it does not 

search a so big part of the solution space than GA does. 

GA mainly uses mutation and crossover. Mutation allows us, to “jump” to another 

part of the solution space, depending of the amount of it. Crossover allows us to 

create new results from previously known good results. While GA operates with these 

two effective methods, SA only replaces some of its elements by the defined 

neighborhood() function. So if we have an E(s) solution, it can be seen, that the 

distance (d) of a new solution E(s)’ in SA is much smaller, than the distance of E(s)’ 

generated by a genetic algorithm: d[SA, E(s), E(s)’] << d[GA, E(s), E(s’)]. 
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It can also be seen, that GA operates with huge solution spaces while SA operates 

only with smaller ones: this results that the starting E(s)#1 solution influences the final 

result of the SA very much. 

 

A possible solution space for SA and GA (Series 1) 

It can be imagined as following: if we “drop” our SA and GA in a starting position of 

‘11’, SA will need much more steps to climb through the hill to reach position ‘18’, 

while GA is likely to “jump it over” with a mutation or with a crossover form the 

position ‘17’ or so. In one sentence GA searches the solution space in a more 

exhaustive way; therefore the result of GA is likely to be much better than SA. 

Genetic Algorithm or Simulated Annealing? 

Finally let us have an example here, taken from the “real life”. 

It can be said that Genetic Algorithm and Simulated Annealing is somehow like a 

tank (GA) and an overland car (SA). 

When we have “unlimited” resources, it is clear that we are taking the tank, because 

it can move on any kind of fields, while the overland car (SA) might stuck in the dirt. 

We do not have to care about time and fuel (time complexity and resources), our 

goal is to reach the position we need (to pass the limit). 

But when the resources are strictly defined, we have to think about this. If we do not 

have enough time or fuel, the tank might not be a good choice: with a given 

amount of time and fuel (time and computational power) the overland car can go 
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much farer and faster, but it is possible that it will stuck somewhere, where the tank 

could have gone further (this is a local minima). 

As the resources to solve the problem are growing it is likely to think about rather GA 

but SA, somehow like this: 

 

GA or SA? 

There are some clear facts can be obtained on this figure: 

- If we do not have a huge amount of computational resources, it is no matter 

how the solution space grows, it is better to use GA. 

- If the solution space is huge, but we have lots of computational power, it is 

clearly better to use GA. 

- It is not obvious, that if we have lots of resources, GA is better, because it is not 

necessarily important, especially when the solution space is “small”. 

Implementing the GA might take lot’s of time, and might not give us better 

result. 

- Tending from the bottom left corner to the upper right corner, GA is more likely 

to be used then SA, but there is a “boundary field”, where the decision is ours 

what to use. Be careful selecting the good algorithm. 
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This is clearly a hard question to answer. To select the better algorithm, we have to 

obtain the problem carefully, and answer some questions: 

- How big “might be“ the solution space? 

- How low “might be” the limit we have to reach? 

- What kind of resources do we have? 

- How complex the problem is? 

- How much time do we have? 

- Etc. 

What’s more, there is a third component, the time complexity of the problem, which 

makes it harder to classify the two algorithms. According to the fact we obtained, 

the final classification should look somehow like this: 
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Of course, this is not a classification which is a “must”; this is just a possible 

classification for this problem. It could be obtained, that there are lot’s of questions 

to be asked, and not to be obvious. You can only obtain a little amount of obvious 

things, what to use and what not to use. 

It could be said, that there is no “best” algorithm exists. For a given problem a 

carefully selected and written algorithm will be better. The hardest part is to select, 

which method to use in which case. 
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4. Solving the Vehicle Routing Problem with Genetic 

Algorithm and Simulated Annealing 

This part describes a simulation have to be done to solve the VPR problem. This 

problem is a carefully defined problem from the First Semester in the Artificial 

Intelligence course at Högskolan Dalarna, faculty of ‘MSc in Computer Engineering’. 

This VRP problem has already been solved with Genetic Algorithm, so the test results 

and descriptions are going to be used from that project. 

These results are going to be compared to the results reachable with a not previously 

written program that solves the same problem with Simulated Annealing. After the 

descriptions and methodology, the test results are going to be carefully compared 

to each other. The goal is to have a conclusion, that can helps us to decide, which 

algorithm is better in which case for this given problem, if there is a better algorithm 

exists. 

First, the description of these two simulation programs are going to be shown: how 

do they solve the VRP in theory. After that, the programs are going to be described. 

At the end the test results are going to be shown, and compared to each other. 

Before these programs are described, the problem is going to be defined. 

Describing the specified VPR problem 

In the followings, the VRP to be solved is going to be described. This is the problem 

which has been solved with GA and SA. This problem is a specified VRP, the 

‘Capacitated Vehicle Routing Problem with Time Windows’. 

Dataset 

The data is stored in a text file. Each data file’s syntax is strictly defined. It contains 

the name of the file (not so important), and the data of the Customers. The first 

Customer is always the depot where the trucks are starting from. Each truck has got 

a specified (and the same) capacity. 
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The Customers 

Each Customer has got a number, which is not so important. They have got a 

specified position (X and Y coordinates), so the distance could be calculated. These 

coordinates are given in simple integers: the unit is ‘1’. All customers have got a 

demand, which couldn’t be more than a truck can maximal carry. The demand is 

also specified with integers, where the unit is also ‘1’. Each Customer has got three 

time data: the time before the truck shouldn’t arrive (open time), the time after the 

truck shouldn’t arrive (close time), and a time for the service (packing out from the 

truck). These values are also represented in integers, and the time unit is also ‘1’, the 

counter starts from the value ‘0’. To perform ‘1’ unit of distance takes ‘1’ unit of time. 

This makes the problem easier to be written, because no conversions are necessary. 

For example: 

- The depot is placed at the position (0, 0), 

- the customer is placed at the position (0, 100). 

In this case the distance is ‘100’ units and to perform this takes ‘100’ time units. 

- If the customers opening time is ‘150’, than a truck must wait ‘50’ units of time, 

because it arrives ‘50’ units before opening time. 

- If the opening time was defined as ‘70’, the closing time was ‘130’ and the 

service time was ‘20’ then the truck arrives at time and have time for packing 

out the goods: 100 + 20 = 120, and 120 < 130, which is the closing time. 

- If the same ‘70’ is defined for open time, ‘130’ for closing time, but the service 

time is ‘50’, that the truck can also visit the customer, because it reached the 

customer after opening time. 

Other restrictions 

Each car is leaving from the depot, and going there back, if it has got not enough 

packages to deliver, or there is no Customer, to arrive on time. The capacity of the 

trucks and the number of trucks are also defined in the dataset. The measurement of 

the packages and the truck capacity is also one unit, represented on integers: ‘1’. 

Each package has the same size and dimension, exactly occupying a space ‘1’. 
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The aim 

The goal of this project is to implement a code, which solves the problem as good as 

possible, under the given circumstances. 

Example Dataset 

The given properties are formatted in the following way: 

C101 

VEHICLE 

NUMBER CAPACITY 

 2  2000 

CUSTOMER 

CUST NO. X Y DEMAND OPEN  CLOSE  SERVICE 

 0  10 20 0  0  10000  0 

1  30 40 100  300  450  40 

2  100 200 300  600  1200  120 

Solving the VRP with GA 

This chapter describes the Genetic Algorithm based solution for the given Vehicle 

Routing Problem. This terminology describes the solution of ho6bznag (Balázs Nagy), 

who did the course with the author of the Thesis Work. The reason, why this work is 

described here is very simple. 

- The main reason is that, the solution presented by this program is clearly better 

then the solution given by the author’s program. This makes it a more powerful 

implementation of the Genetic Algorithm, which is important in a comparison 

like this. 

- The other reason, that we improved our solutions together, when we 

developed our programs. 

I think in this context it is much more important to present the best possible results by 

the implementation. That is the reason, why I have chosen the work of h06bznag. 



Ákos Kovács Degree Project           May 2008 

E3683D 

Högskolan Dalarna 74 Tel: +46-23-778800 

Röda Vägen 3  Fax: +46-23-778850 

S-781 88 Borlänge  http://www.du.se 

The algorithm was implemented in Borland Delphi 7. 

The original documentation and solution can be found in the appendix of this Thesis 

Work. This is an extract of the original documentation. 

Structure and methodology 

Representation of the problem 

The solution uses indexed array to store the chromosomes and each chromosome 

contains a set of customers, to be visited by an associated vehicle (The associated 

vehicle is the number of the vehicle which will visit these cities from the vehicle set.). 

Do notice that as we go farer and farer form the beginning of the chromosome, the 

time, when the given customer is visited, increases. The depot is not included in these 

chromosomes. The fitness evaluated then for each chromosome, what is a very easy 

function in this case: the sum of the totally needed time (or distance). To make 

further calculations easier the fitness of the chromosome and the associated vehicle 

number is also stored in the chromosome. So a chromosome looks like this: 

Customer#1, Customer#2, … , Customer#N, FITNESS, ASSOCIATED VEHICLE. 

Initial population 

This is a repeatable step of the program, until it does not reach a maximum value of 

failed initialization, which is defined in the user interface. It chooses a random, non-

repeating permutation of the customers, which of course might not be valid. As it 

was previously written in the “definition of the VRP” chapter, if the truck reaches the 

customer after the closing time, the chromosome is invalid. Then a new chromosome 

has to be generated until the loop does not reach the allowed tries to generate 

chromosomes. Once a chromosome is valid (validity is checked after each 

generated chromosome), it is returned with its calculated fitness. It is also allowed to 

return invalid chromosomes if it is enabled on the User Interface. These chromosomes 

might fail later in the selection, but enables us to run the program faster. 
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Genetic Cycle 

The used structure of the program is very simple. First, the program generates the 

initial population and then it goes to a loop: this loop ends, when the maximum 

number of the generated population (value defined in the User Interface) is 

reached. Within this loop, all genetic methods (described later) are executed: 

- Selection of survivals (value defined in User Interface), 

- Creating children with crossover (value defined in User Interface), 

- Applying mutation on previously crossover children (value defined in the User 

Interface), 

- Adding children to the population. 

Fitness calculation 

The fitness is the total length of the chromosome, so as it becomes larger, the solution 

becomes worse. One chromosome is “visited” by one vehicle. 

Validation 

In the appendix, you max find the pseudo code of the validation method. It is no 

worth to write it down again, so a description of this method is given in this chapter. 

The program loops with all vehicles and for each vehicle it tries to satisfy all constrains 

on the chromosome elements (Customers) it is associated with.  The loop finishes 

after a given number of attempts are reached: if the vehicle can not visit one of the 

“next Customers”, the code tries to find another vehicle for that Customer. If it was 

unsuccessful (there are no more vehicles able to reach that Customer), the code 

results an unsuccessful result for the chromosome. If the validation was successful, it is 

marked as valid and the fitness is calculated. 

All vehicles are leaving from the depot, in the time unit ‘0’ with the possible max load 

on it. 
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The vehicle travels to the next customer in the chromosome (the first time it is the first 

customer from the depot, then second customer, etc.) and its metrics are being 

modified: 

- the vehicles travel time is increased by the distance. 

If the customer is not already open, then the vehicle waits, so the time is increased 

with this amount, and the current vehicle time is: Previous Time + Travelling Units + 

Waiting Until Customer Opens (might be zero). Then the vehicle unpacks the load, so 

the load is decreased (with the demand of the customer) and the time is increased 

with the packing time. 

If the vehicle fails at the position, the code tries to find another vehicle for the city, 

until there are vehicles left. Each vehicle also has a number (defined on the User 

Interface), which shows how many times a vehicle should fail, satisfying the 

constraints for a given city. If this number is reached, the vehicle goes back to the 

depot, and being uploaded by packages again, and able to travel again to satisfy 

other chromosomes. Do notice, that time is not reset in this case. 

A chromosome is accepted as valid if, and only if: 

- The Current Load of the vehicle is at least as many as the demand of the 

given Customer, and this is true for each Customer. 

- The Current Time of the vehicle is not more than the Closing Time of the 

currently visited Customer. This also includes the unpacking time for the 

vehicles at each Customer. 

- All vehicles must return to the depot, before the depot closes. 

If these constraints are satisfied, the current part of the chromosome is set to the 

given vehicle. If there are no more tries for the vehicle it goes back to the depot and 

reloaded but time is not reset! 

The fitness is given by the total amount of used times of each vehicle. 
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Survival Selection 

The survivals are selected by the biased roulette wheel algorithm, which was 

described in the chapter ”Roulette Wheel Selection”. The percentage of the survivals 

can be inputted from the User Interface. The selection ends, when the given number 

of individuals is reached. 

Crossover 

It is hard to create new individuals with crossover, which are not invalid, so no 

duplicate Customers appear. This was described in “Error Correction”.  

The method uses two parents for a new individual and goes through it gene by gene. 

For the children it selects the gene from the parent, where the distance of the 

current gene and the previous gene is less. In the ‘n’-th step it means the comparison 

of: 

- Distance(parent1.gene(n), parent1.gene(n-1)) and 

- Distance(parent2.gene(n), parent2.gene(n-1)) 

The child inherits the value, which is less. After the inheritance, the gene which the 

children inherited have to be found and replaced by the non inherited one in the 

parent from the children does not inherited. It then avoids us from having duplicates, 

because it is not going to be selected later again. 

Crossovers are applied on a given number of parents, defined in the User Interface. 

Mutation 

Mutation selects a random parent (even crossover parent and non-crossover 

parent), and swaps one of its genes, and recomposes and revalidates the fitness 

value of it. This might be then a new child. 
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User Interface 

The user interface of the program is quite simple and introduced in the following 

figure: 

 

User Interface of GA program by h06bznag – Balázs Nagy 

As a first step, files should be selected at the top left corner. Multiple files can also be 

selected, and then if the “Step Forward” – in the middle – is checked, the test might 

be run – pushing the “Run GA” button – on all of the files. The results and routes are 

also shown in the bottom left figure and in the top right status text box. In the 

“Settings” part, you can set up: 
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- the number of populations to be generated for each simulation, 

- the size of each population, so the number of individuals to be generated for 

each population, 

- the survival rate, 

- the rate of the best survivals, who always survive the selection method, 

- the rate of the crossovers and mutations and 

- the number of allowed vehicle fails and allowed chromosome fails, which was 

described before in the algorithm. 

Solving the VRP with SA 

As a part of this Thesis Work, a program is created, which solves the VRP with 

Simulated Annealing. What we are waiting, is that this program is faster than the 

solution with Genetic Algorithm, but not going to be able to give a so good solution. 

Later on the comparison is going to be done. 

Structure and methodology 

Representation of the problem 

This solution uses structured indexed arrays to store the solution of the Simulated 

Annealing. Do notice, that in this case only one solution exists in every time unit, and 

that is going to be improved with time. Each solution must contain all of the cities in 

the following way: 

- A section of the solution represents a route, visited by a truck. After a truck has 

no more load, or not able to visit further cities it goes back to the depot. This is 

represented as a ‘0’ in the gene section, for example: [0, 10, 4, 3, 0, 1, 2, 7, 8, 

0]. This means that the solution uses 2 trucks for the solution or if it’s a need one 

truck having 2 tours, and between these tours, it goes back to the depot to 

load packages. 

- If a truck goes more than one round, it is also stored in an indexed array. 

- Another indexed array contains the data for trucks (name, coordinates, 

current load). 
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Initial population 

Choosing an initial population for the SA is very similar, like creating one individual in 

the GA. The first population will result a string, written before, in the previous chapter. 

On the User Interface it can be defined how many times a truck may try to find the 

next (or the first) Customer. The first truck starts from the depot with ‘0’ time. As it is 

defined in the “tries to find a new Customer”, it tries to find a city before this “round” 

ends. 

If finding a Customer was successful, the truck moves there, unloads the needed 

packages and tries to find another Customer, until it has got packages. A “next 

Customer” is accepted if and only if, 

- There is enough load for the Customer on the truck, 

- the vehicle can reach the city on time (or earlier) and 

- it has time to go back to the depot, before the depot closes. 

It is the same as in the Genetic Algorithm. 

If an acceptable solution could not be found, the truck goes back to the depot (or 

does not even leaves it), it is loaded again (the current time of the truck is stored!), 

and the following truck tries to find a route for itself. If all the vehicles have finished, 

the program starts choosing trucks from the beginning again. This goes until all 

Customers have been visited or the time for the program is up. 

Pseudo-code 

While not all the Customers have been visited, and there is time left 

 Select the next truck, or if all were selected, select the first 

 While it has more “tries to find a next Customer” 

  Try to find a next customer, with the given constraints 

  If success, move, update data and try further with resetting “tries…” 

 End 

 Move back to the depot, reload and update truck data 

End 
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Annealing 

After the first generation is evaluated it is very easy to create further generations. On 

the User Interface it can be defined, how the annealing should work. The start value 

can be defined, and the annealing function can be inputted.  After the data from 

the User Interface have been set up, the annealing loop can start. 

The loop runs until the annealing is decreased to zero or the given number of 

generations is reached. In each loop, the neighborhood function replaces two 

customers in the current generations and then it tries to validate the new string as in 

the “Initial population”. If the new route is invalid (Going through gene by gene) the 

generation is immediately dropped and marked as unsuccessful (it is no use to 

check to other genes, because if one is invalid, the whole route is invalid) and the 

last generation is used again for further annealing. Do notice, that this is a new 

annealing loop, so annealing limit is decreased. 

If the route found is valid, than it is checked, that it can be accepted or not. This is 

done by calculating its fitness and comparing to previous generations. 

- If it is the best route found so far, it is stored as best-, and current generation. 

- If it is the same then the generation before, it is stored as a current generation. 

- If it is worse, it is checked that the generation is below the annealing limit or 

not. If yes, it is kept as a current generation, else it is dropped. 

After these steps, the SA loop is finished. The annealing is decreased, and the 

generation number is increased. The data is presented for the current generation 

and the annealing loop goes further. 

Pseudo-code 

Procedure Neighborhood() 

 Swap two random genes in the route() 

 Store the new route() 

End 
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Procedure Simulate Annealing() 

 Initial variables() 

 While the annealing limit is not zero do 

  Create a new route with the neighborhood function() 

  For all of the genes in the route step by step 

   If it’s a depot, try to move the truck there, and start the next one 

    bValidRoute = Check MCOP constraints 

   If it’s not try to move there 

    bValidRoute = Check MCOP constraints 

  If bValidRoute = True 

   Calculate Fitness() 

   If better or equal then before, store as current generation 

    If best store as current and best generation 

   If worse, check annealing limit 

    If limit is ok, store as current generation 

    Else, mark as invalid generation 

     bValidRoute = False 

    End 

   End   

  If bValidRoute = False 

   Restore last generation and do not store new one 

  Decrease Annealing limit, increase generations 

  Calculate time and necessary data, output data 

 End 

End 
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Fitness calculation 

The fitness calculation is the same as in the Genetic Algorithm. The total length of all 

routes is evaluated. If this value is lower, the fitness is better. The program keeps track 

of the best solution found so far. 

Validation 

Validation works as it was described in the “Initial population” part. The constraints 

are the same after each annealing cycle. After a cycle has been executed, and the 

current solution was changed, the program evaluates if it is valid or not. If not, it’s not 

accepted. 

Pseudo-code for the whole cycle 

Procedure Simulated Annealing() 

Reset necessary variables() 

Read file and update data for simulation() 

Create the first generation() 

If it cannot be created, then break() 

Else 

 Calculate Fitness() 

 Show generation on image and data on message box() 

 Store as a new best route() 

 Simulated Annealing() 

 Show generation on image and data on message box() 

 Show first generations small image() 

End 

End 
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User Interface 

The image below shows the User Interface of the program. 

 

User Interface of SA program by h06akoko – Ákos Kovács 

The User Interface contains six main blocks. Block 1, 2, 3 and 4 (top left corner) are 

block for inputting data, while the “image” (in the middle) and the “message box” 

(right part) are for data output. 

The first block is for choosing a file for the simulation. 

The second block is for choosing the “run mode” of the program. Currently there is 

only one run mode available. 

The third block provides us several possibilities to set up the runtime parameters for 

the simulation. In “Annealing limit” the annealing rate can be entered. It specifies 

that if the neighborhood function founds a worse solution than the last one, how big 

difference should be accepted. For example if the current fitness is 1000, and the last 

fitness was 900, but the annealing limit is 50, then the new solution (1000 – 50 = 950) is 
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not accepted. If the limit would have been set to 110, than the new solution would 

be accepted (1000 – 110 = 890). The “Decreasement” sets, how fast the annealing 

limit should decrease. In each 1000th annealing cycle the system decreases the 

annealing limit with the given value, until it becomes zero. There are 3 possibilities for 

the “Annealing decreasement” mode: 

- “No decreasement” uses the inputted “Annealing limit” for 4 million 

generations. It ignores the “Annealing decreasement” variable, no 

decreasement occurs. 

- “Linear decreasement” decreases the limit with the previously given 

decreasement in each 1000th annealing cycle, until annealing reaches 0. 

- “n/x decreasement” decreases the previously given “Annealing limit” with a 

formula n * 0,95 (This is a previously tested good constant). This method also 

ignores the “Decreasement”. This will result an exponential decreasing rate in 

the annealing as it can be seen in the following figure:  

0

10

20

30

40

50

60

70

80

90

100

1 5 9 13 17 21 25 29 33 37 41 45 49 53 57 61 65 69 73 77 81 85 89 93 97 101 105  

n/x annealing rate 

The “Tries to find a next city for trucks” is a percent variable. It sets up, that a truck 

how many times should try to find a new city for visiting, before giving up and going 

back to the depot (in the first generation). 

The “Show ‘X’ and ‘0’” and the “Show only “!” checkboxes have effect on the 

message box. This will be discussed later. 

The “Long end” checkbox enable to slow down the annealing, when the limit 

decreases under 10. After this value, around 400000 generations will decrease 1 unit 

in the annealing rate. This is previously tested and will be discussed in the test results. 
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The forth block enables us to run the algorithm. 

The image on the bottom shows the best generations plan currently found and on 

the top left corner it draws the first, initial generations map. The red dot is the depot, 

the black dots are the customers and the lines are the routes of the trucks. 

In the “message box” additional information will appear, like the name of the file, the 

number of the trucks, number of customers etc. This box also shows the generation 

data as simulation goes further, in the following form: 

“Modification”; “Generation number”; “Generation fitness”; “Annealing limit”; 

“Elapsed time”. 

The “Modification” shows the current state of the generation according to the 

previous solutions. It can have 4 values: 

- ‘!’ means, that the generation is the best, found so far. The image is also 

updated. 

- ‘0’ means that the current generation’s fitness is the same as the fitness of the 

previous one. 

- ‘-‘ means that the current generations fitness is worse than the previous one’s, 

but because it’s within the annealing limit, it is accepted as a current 

generation. 

- ‘X’ means that the annealing resulted an invalid generation or its overall 

fitness is so bad, that it is not accepted as a new generation. 
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5. Test results 

Test files 

There are about 100 test files. These test files can be classified into 3 groups: 

Group 1 contains absolutely randomly distributed Customers. These files are marked 

with the sign and structure “R” + [number] + “_” + [number] + “_” + [number]. 

 

Randomly distributed Customers 

Group 2 contains Customers in small groups. These files are marked with the sign and 

structure “C” + [number] + “_” + [number] + “_” + [number]. 

 

Customers in small groups 
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Group 3 contains randomly distributed Customers, but some group of Customers can 

be obtained. This is a mixture of the two other groups. These files are marked with the 

sign and structure “RC” + [number] + “_” + [number] + “_” + [number]. 

 

Randomly distributed Customers with small groups 

For all groups several files exist, the difference between them is the number of 

customers, and the restrictions in vehicle capacities, vehicle numbers, open-, and 

close times and demands of customers. These variables are unique for each test file, 

while the structure of the groups is the same. There is only one depot in the middle of 

the map in each file. 

Test results of Genetic Algorithm 

Test results with test files 

The guess, that generating valid solutions are lots of time, became here a fact. The 

first population takes a very long time to be generated. As the number of Customers 

in a file grows, this time becomes also larger, because the number of genes 

increased, so the possibility of invalidation is also larger. 

Several tests were executed, so the results are showing an average of these. All tests 

have used the same settings, so they can be easily compared to each other. All tests 

were executed with: 

- 100 populations, 

- 100 chromosomes in each population, 

- 30% of survivors, where the best 5 individuals always survived, 

- 35% of both crossover and mutation. 
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The results are shown below: 

Best fitness of 

Test name initial  
population 

final  
population 

Running time  
(sec) 

Improvement 
(%) 

C1_2_4 45 946 34 291 2.012 25.37 
C1_4_4 106 042 81 545 4.303 23.10 
C1_6_4 179 759 152 758 13.018 15.02 
C1_8_4 263 622 248 632 12.516 5.69 
C110_4 356 710 345 571 17.595 3.12 
C2_2_4 78 303 50 731 2.501 35.21 
R2_2_2 41 477 23 732 2.944 42.78 
R1_2_4 22 783 14 783 3.578 35.11 
RC1_2_4 20 045 12 674 3.047 36.77 
RC2_2_4 30 333 18 552 3.058 38.84 

Test results for GA solving VRP 

It can be obtained, that different file types are having different results, but same 

sized problems seems to have common in the improvement. As the size of the 

problem is enlarged, the improvement becomes worse and worse. The reason might 

be the fact, that as the number of Customers are growing, the possible permutations 

increases exponentially fast (for N customer, N! permutation), but the number of valid 

permutations does not follow this grow rate. Increasing the number of populations 

and the number of chromosomes in the populations, this problem might be solved, 

although the execution time becomes higher. 

The execution time difference between small and large problems might also be 

based on this fact. As it was mentioned, for large problems generating the first 

population gets harder and harder and this needs more and more time. 
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Fine tuning the algorithm 

This is a critical part of the algorithm, and takes a long time to execute, but it is 

necessary to be done. The file ‘C1_2_4’ has been used for the test with 200 

populations and 100 chromosomes for each population. The results can be obtained 

in the following table: 

Best fitness of Survival 
(%) 

Crossover 
(%) 

Mutation 
(%) initial 

pop. 
final  
pop. 

Running 
time  
(sec) 

Improvemen
t 
(%) 

100 0 0 46 038 46 038 2.942 0.00 
70 30 0 45 820 39 406 4.134 14.00 
50 50 0 45 962 36 416 4.601 20.77 
30 70 0 46 013 37 148 4.215 19.27 
70 0 30 46 039 36 148 2.192 21.48 
50 0 50 45 607 34 631 3.353 24.07 
30 0 70 45 936 33 791 3.461 26.44 
34 33 33 45 572 32 445 4.530 28.80 
40 40 20 45 525 33 225 3.365 27.02 
40 20 40 44 631 32 228 4.366 27.79 
20 40 40 46 281 33 489 4.737 27.64 
60 20 20 45 433 33 607 4.460 26.03 
20 60 20 45 844 32 976 5.528 28.07 
20 20 60 45 982 30 727 4.676 33.18 
15 20 65 45 521 30 746 3.485 32.46 

Test results for fine tuning GA solving VRP 

What can be seen here? The first row is just a “dummy” test row. If we let all 

individuals to live (only the selected ones) with no crossover and mutation, no 

improvement occurs, what is not a surplices. 

It can be seen, that if we use only crossovers or mutations, the best results are about 

20~27% of improvement. This is a quite good result, even when we compare it to the 

best result found, where the survival rate is 20%, the crossover rate is 20% and the 

mutation rate is 60%. 
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The interesting part is using only mutations and survivals. As it was described the 

crossover method is very complex, and increases computational time, what’s more, 

an error correction have to be executed, what is also lots of time. If we wouldn’t 

have used crossover, but only survivals and mutation we would reach a quite good 

result (~26%) if we compare it to the results of using crossover, mutation and survivals 

(~33%). It is not sure that in this case it is worth to implement crossovers, what is quite 

surprising! 

Do notice that the execution time for these two results: using only mutation and 

survival is about 3,5 s, while with crossover and survival is around 4,7 s, which is more 

than +33%! So the solution is increased by around ~25%, while the execution time is 

increased by ~33%. This means that if we have a tight time limit, this method is not 

effective, but only with crossover and survival it might be a good solution. 

Fitness evaluation 

As it can be seen in the following chart, the best fitness in the population becomes 

better in an 1/x way. The reason might be that in the beginning it is very easy to find 

better individuals, but as the individuals are replaced wit better ones; this 

improvement gets harder and harder. By increasing the number of crossovers and 

mutations this trend can be “speeded up”, but do not forget, that as it was 

described earlier, this increases randomness of the search and decreases the stability 

of the program. The reasons and possible solutions were described earlier in the 

”Mutation and Crossover” section of the Genetic Algorithm. It can be said, that here 

a trade-off have to be made between speed, increasement of populations, and 

possible good solutions to be reached. 
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Chart of fitness improvement in GA solving VRP 
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Test results of Simulated Annealing 

Before the test results are presented, there are some things that have to be 

discussed. 

Improvements made based on test results 

The biggest improvement was based on an observation while the algorithm was 

tested. The “Long end” part on the User Interface was implemented, because it was 

obtained, that the algorithm finds lot’s of solutions, when the annealing limit is very 

low, typically around 1% of the overall fitness. So, when the “Long end” mode is 

enabled, this part generates more generations, to find a better one. 

There might be a reason for this. As the annealing starts with a high value and 

decreases, the program goes to a part of the solution space where good minimums 

might exist. As the annealing limit becomes small – 1-5% of the population size is 

typical -, the new solutions might go more downstairs, not up (thanks to the 

annealing limit). In this case, if we make this part longer, it is likely to found a better 

solution than with a short time limit. This is some kind of fine tuning of the algorithm: as 

the annealing limit was high, we tune the algorithm, and as it decreases we are 

heading to the fine tuning part, and at the “long end” we make extra small, mainly 

downwards steps. And this gives a muck better result. 

Observations 

General observations 

It can be easily obtained that all models are starting with nearly a same fitness and 

at the end the models have nearly the same improvement after the same time. This 

means that the initial population doesn’t really influences the efficiency of the 

Simulated Annealing, what is quite good news! 
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Tries to find a next city for trucks 

From the test results it could be obtained that in both 3 types of files, tuning the “tries 

to find a next city for trucks” does not really have any effect on the generations 

found. Based on these observations, the followings can be said: 

- Modifying the variable does not show a reasonable result on solution quality. 

- Modifying the variable increases mainly the execution time about 20 - 25%. 

(This show, that the method works, but does not have reasonable effect on 

solution). 

Annealing decreasement mode 

As it is going to be described later, it is no use to generate more than 200000 

generations, so in this test, 200000 generations were used for all the three kind of 

typical files. 

When we do not use any decreasement, it can be obtained in both 3 file types that 

the best result can be reached, when the annealing limit is around 5-15% of the 

number of cities. In this case, in 200000 generations an average fitness growth is 

reached, based on the tables in the “Typical solutions” chapter. Below and upper 

this level, the increasement reduces. The elapsed time was about 5 seconds. 

With 200000 generations and linear annealing decreasement, the program was able 

to reach not so good results as before. The results were around ~4% lower compared 

to the ones with the no decreasement (it time, the same 5 seconds). In this case the 

decreasement was the possible minimum 1 units/cycle and the annealing rate was 

around 100% of the cities. 

With non-linear decreasement mode, good solutions can be very effectively found in 

short time. With a value of around 1,5 seconds and 50000 generations, the non-linear 

annealing reaches 1-2% worse fitness, than non-decreasementing annealing. This 

seems to be the best trade-off between fitness and time. The value of the annealing 

limit has to be set to 100% of the value of the customers. As we decrease or increase 

the starting annealing limit, the solution gets worse. 
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As a summary the following things can be obtained: 

- When we have a very few time, non-linear annealing brings the trade-off. 

- If we have lots of time, linear annealing produces the best results. 

- As a trade of between them, no decreasement might be a good choice. 

I would say, that is the goal is to present a good solution in short time, I would choose 

the “n/x” annealing mode. If the goal would be to present the “best”, I would 

choose linear annealing. 

Annealing limit and decreasement rate 

Annealing limit hugely effect the efficiency of the algorithms. In both 3 ways the 

following things occur: 

- The best result can be reached if we start with an annealing limit, 100% of the 

number of customers. 

- The decreasement rate should be set to around 5% of the number of 

customers. 

- At the end, it is worth to create a “long cooling”. If the annealing limit is very 

low (~10 units) is it worth to slow down the cooling as it was described. 

- Too low annealing limit (~10% of the number of cities) might not give good 

results possibly because of the local minimums. 

- Too low decreasement rate (~1 unit/1000 cycle) will give a good result, but 

wastes lot’s of time at the beginning. 

- Too high annealing limit will “jump around” in the solution space for a long 

time, what is no use. 

- Too high decreasement rate will ruin the solutions we have found so far. 
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Typical results 

In this chapter, typical annealing patterns will be discussed. 

The following figure shows typical solution pattern for an “RC” problem in ~3,3th 

million generations (execution time is ~80 seconds). It can be obtained that the 

algorithm tries to find as long routes as possible for each truck, and does not really 

care about grouping customers or not. On the top left corner the initial solution can 

be obtained. 

For these problem is can be said, that the typical improvement of a ~74% can be 

reached in ~80 seconds, and then the improvement nearly stops. The best solutions 

are mainly found in the ~3,3th million generation. 

 

Typical solution of an “RC” type file 

For “C” problems the algorithm shows a clearly different solution. As it can be 

obtained, it tries to create groups for the customers as a human being or any other 

creature would do. The increasement is around ~47% in ~3,3th million generation, the 

elapsed time is around ~90 seconds, what is not quite more than for “RC” problems. 

This is a rather effective and good solution, although it has some trucks “crosses” 

around. To solve this it would be nice to apply a “drag and drop” modification in 

some manual way (discussed later). 
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Typical solution of a “C” type file 

The “R” files are containing randomly distributed customers, what is clearly the 

hardest to solve. The following figure will show a typical solution for an “R” type file. It 

can be seen, that the algorithm tries to create some kind of grouping of the 

customers, but lot’s of long routes are also existing. This leads to the fact, that the 

improvement is quite good, although it is hard to solve these problems. The 

improvement is around ~61% in 90 seconds at the 3,3th million generation. 

 

Typical solution of an “R” type file 
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Let us summarize these typical patterns of the solutions in a table! 

Problem Type R C RC 
Nr. Of 

genrations 
Improvement 

(%) 
Improvement 

(%) 
Improvement 

(%) 
20000 38,14 41,00 55,86 
40000 43,73 43,53 59,34 
60000 47,19 44,73 63,55 
80000 49,11 45,58 65,04 

100000 52,11 45,61 65,78 
120000 53,73 45,62 67,34 
140000 54,75 45,64 67,74 
160000 54,81 45,69 68,39 
180000 55,23 45,71 69,10 
200000 55,56 45,73 69,30 
400000 58,49 46,27 70,59 
600000 58,97 46,45 71,44 
800000 59,07 46,61 72,04 

1000000 59,19 46,91 72,27 
1200000 59,29 47,01 72,71 

…       
3200000 59,86 47,73 74,02 

Typical improvements for solutions 

It can be obtained, that there is no use run the algorithm for more tan around 200000 

generations, because the improvement becomes very small. With the simulation files 

200000 generations can be executed in around 5-10 seconds. 

Comparing the results 

The most interesting part is to compare the GA results and the SA results together. For 

this, the already done tests by Balázs Nagy are going to be used. The newly created 

SA program will run on these files, with the time limits given by the execution of the 

GA. 

A table below will show the results for this test. All tests are based on average values. 

The SA was configured as in the followings: 

- n/x decreasement was used, 

- The annealing limit was 100% of the number of cities, 

- The “Long end” mode was enabled, 

- 10% was set for “Tries to find a next city”. 
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Best fitness of 

Test name 
SA GA 

Running time  
(sec) 

Difference 
(%) 

C1_2_4 25 310 34 291 2.012 19,54 for SA 
C1_4_4 57 805 81 545 4.303 22,39 for SA 
C1_6_4 95 827 152 758 13.018 31,67 for SA 
C1_8_4 165 112 248 632 12.516 27,9 for SA 
C110_4 248 509 345 571 17.595 27 for SA 
C2_2_4 28 723 50 731 2.501 28,1 for SA 
R2_2_2 28 512 23 732 2.944 3,9 for GA 
R1_2_4 10 067 14 783 3.578 20,7 for SA 
RC1_2_4 8231 12 674 3.047 22,2 for SA 
RC2_2_4 9989 18 552 3.058 28,2 for SA 

Test results of SA and GA. 

The second test was executed on ‘C1_2_4’, where the Genetic Algorithm reached 

and average improvement of 33,18% in ~4,68 seconds. 

With the same time value (4,77 seconds), the SA reached an increasement of 44,5%. 

This is better with 11,32%. 

The third test was a long test. The goal was to reach a best result for both GA and SA 

on the very complex C_110_4 environment. In this test SA reached an improvement 

of the given environment of 49,8%, while the GA reached only 24,5% in around 8 

minutes, based on three tests. 

Comparison if the results 

It can be easily obtained, that running the SA with the given parameters in the same 

environment gives better result then the GA. What we have waited in the beginning 

is that SA gives better results in short term solutions, which seems to be true. In long 

term mode, when the scripts are running for hours, GA might become better. As it 

could have been seen, it is no use to run SA in long term mode, because it does not 

really increases the result after some time (in around 200000 generations), while the 

GA can still increase the best fitness because of the huge solution space. 

To prove, that both algorithms and methods are using the correct way of generating 

solutions, let us compare here the result of the third test visually: 
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Result of GA in 8 minutes for environment ‘C110_4’ 

 

Result of SA in 8 minutes for environment ‘C110_4’ 
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It can be obtained, that both methods are heading to a state, where one group is 

visited by one (group of) truck. The reason, why GA is not so good is the higher 

number of the “cross paths” around these groups. Further more, let us show here an 

example starting solution for these algorithms: 

 

A possible initialization for problem ‘C110_4’ 
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6. Final Conclusion 

In this Thesis Work, two rather effective methods were described to solve Multi 

Constrained Optimization Problems. It seems like, that these methods can be 

effectively used for these kinds of problems. 

In the previous chapters, it was described, why to use and why not to use these 

algorithms. In this chapter a summary of these are going to be given. 

Improving the methods 

Both of these methods seem to be effective, but there are some “tricks” we can 

apply on both of them. What would be a rather good idea is to apply some kind of 

greedy local search (Dijkstra’s and Bellmann-Ford’s algorithm), when we select the 

next Customer for the vehicle. Both algorithms are using random searches, when 

they selecting the next Customer. When the number of customers is big, this is not a 

problem, with a random method a valid Customer can be selected very fast. But as 

the number of customers decreases, random selection might not be a so good idea, 

or it should be improved with a non-random search. This could highly improve the 

speed of the algorithms because helps us, which direction is better to start. 

What is also missing from both of the algorithms, is the previously described “taboo 

list” and the “snapshots” to roll back to, when the solution is stucked. Taboo list might 

also be applied for Genetic Algorithm, to avoid solutions seems to be local minimums 

or heading to a local minimum.  Then we can keep track of the bad solutions, so we 

must not examine the not feasible parts of the solution space. With the snapshots we 

can go back to a last feasible solution, when we are stucked or no improvement 

occurs. 

What’s more, the algorithms might be merged together. Then SA can be used for 

small solution spaces and GA for bigger ones. The solution space can be split up into 

several sub-parts, and the smaller parts might be examined with SA. It is also possible, 

to start a search with SA, and after it cannot improve itself any more, GA might go 

further. 
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It would be also effective, when the algorithm would run on two or more computers. 

One can create the new generations, while the other one might check the solutions 

validity. It would be also a good idea to create a “search tree”, and run the 

algorithms parallel on the same solution space, after the algorithm is split to two 

parts. This needs huge amount of resources, but increases effectivity too. 

A nice idea would be to implement some kind of “manual override” based on the 

graphs where the solutions are presented. There are some trivial facts that a human 

eye can point just in a few seconds, while an algorithm would calculate it for further 

minutes. It would be nice to modify some routes on the map (for example dragging 

with the mouse) and then recalculate the new fitness values for the new maps. 

Genetic Algorithm or Simulated Annealing? 

Previously it was described why to use GA and why to use SA. Both of them have 

advantages and disadvantages. Let us past here the figure from the previous 

chapter of comparing GA and SA: 

 

GA or SA in 3d 
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At the end it can be said, that no better algorithm exists. For a given problem it has 

to be carefully decided, which algorithm seems to be better. There are several 

constraints we have to face with, when choosing an algorithm. The goal of this is to 

make a good trade off between time, space and complexity: this is rather hard, but 

if we choose the good algorithm, we are going to be rather effective. It is no use to 

write down the things again, that have to be checked to select the good method. It 

was described before in the chapter “Genetic Algorithm or Simulated Annealing?” 

What is important, to find the good trade-off between the algorithms. 

Both algorithms are effective in their on way, but we have to be careful selection 

one of them. 

Final conclusion 

Solving MCOP problems are really hard, and there is no good algorithm is known for 

these. That is the reason, why Genetic Algorithm or Simulated Annealing can be 

used very well to solve these problems. As it could be seen, on a normal desktop 

computer GA and SA both run well and can be implemented in a couple of days. 

Than an effective solution has been create to solve optimization problems in a rather 

effective way. 

I hope, that it can be seen that the Vehicle Routing Problem and its basics, the 

Traveling Salesman Problem are problems, hugely related to problems from the real 

word. Nowadays, when the resources are expensive and optimization is very 

important, these methods might be a very good choice. 

It is cannot be said, that Genetic Algorithm or Simulated Annealing is better. It can 

be said, that both of them are effective algorithms, when carefully selected. Just 

think about the 3d figure shown in previously. It is worth to think both of these 

algorithms, when we face with these problems. 
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I would say, that Genetic Algorithm is muck more resource consuming then 

Simulated Annealing, and it could be seen, that it is not worth to implement it for 

long term simulations, like a couple of minutes, because it cannot show how good it 

can be. It could have been obtained, that within some minutes, Simulated 

Annealing was nearly always better then Generated Annealing in a nowadays 

desktop computer, with a small amount of MCOP constraints and relatively small 

amount of customers. For bigger problems and for stronger computers, I would still 

say, that GA is a better choice. But for this kind of small problems it seems like SA is 

easier and much better than GA. With nowadays supercomputers and so big 

optimization problems like routing the Internet, GA might be better. 

So as a conclusion I would say, that SA for small computers with small problems and 

GA is for huge amount of data with super computers. 
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