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ABSTRACT

At the end of 2005, the State Council of China passed ”The Decision on adjusting the Individual Account of Basic Pension
System”, which adjusted the individual account in the 1997 basic pension system. In this essay, we will analyze the adjustment
above, and use Life Annuity Actuarial Theory to establish the basic pension substitution rate model. Monte Carlo simulation is also
used to prove the rationality of the model. Some suggestions are put forward associated with the substitution rate according to the
current policy.
KEY WORDS: Individual Account, Substitution Rate, Basic Pension System, Gibbs Sampling, MCMC.

INTRODUCTION

China’s basic old-age insurance system is divided into
three pillars consisted of: a basic pension plan or

defined benefit PAYGO (pay as you go)1; a mandatory
defined-contribution pillar2; and a voluntary supplemen-
tary pension pillar3. The first pillar is a fund built by the
nation to guarantee the retirees’ necessary requirements. In
this essay, the point we are interested in is basic pension
substitution rate4 included by the basic pension plan.

Some of the scholars have discussed the relevant is-
sues. Hongmei Xiao (2006) put forward to build a Multi-
pillar pension system after an analysis of the pension sub-
stitution rate. Weibing Zhou (2005) proposed two optional
substitution projects to choose a better substitution project.
Chaxiang Wang (2005) investigated the balance relation-
ship between the final value of the pension payment and
the present value in an accounting perspectives. They built
a model to analyze the pension system. But the assump-
tions and models are different from each other. In gen-
eral, most of the research was based on the basic insurance

policy-1997 while the model of the basic insurance policy-
2005 is still a new thesis since the policy was modified in
2005 instead of policy-1997.

This essay analyzes the current policy in order to estab-
lish the basic pension substitution rate model by using life
annuity actuarial theory5. The aim of this essay is to estab-
lish the substitution rate in accordance with the new policy.
The essay is organized as follows. In the second section,
the actuarial model of basic substitution rate is built. In the
third section, we do simulation with the actuarial model
and discuss the result. Finally, in the discussion section, we
compared the result with current substitution rate as well
as some other countries’ and give some comments.

ACTUARIAL MODEL

As the number of the old-age people in China has in-
creased rapidly in this century, the basic pension sub-

stitution rate of the individual account becomes more im-
portant. The actuarial principle of the basic pension model
of the individual account is as follows:

1A basic pension plan or defined benefit PAYGO: an old-age pension system in accordance with national policies and regulations to protect the
basic needs of the retirees compulsively.

2A mandatory defined-contribution pillar: a compulsory old-age pension business for accumulating additional benefits by contributions via indi-
vidual accounts, jointly financed through individual contributions as well as from enterprises.

3A voluntary supplementary pension pillar: private insurance, which is a voluntary old-age insurance form managed by individual firms or private
insurance companies.

4Basic pension substitution rate of the individual account is the ratio of the monthly pension benefit to the monthly wage prior to retirement.
5The life annuity is a financial contract according to which a seller (issuer) - typically a financial institution such as a life insurance company - makes

a series of payments in the future to the buyer (annuitant) in exchange for the immediate payment of a lump sum (in the case of a single-payment
annuity) or a series of payments prior to the return payments.
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The present value of the future pension annuity-due
payment in the basic pension plan equals the accumulative
value of the annuity premium paid by the workers.

Assumptions:
w = the first year wage of individual
w̄ = mean of the workers’ first year wage
g = annual growth rate of the individual wage
ḡ = the average annual growth rate of the workers’

wage
c = pension annuity premium rate, c = 8%
m = payment period in years, m > 15
i = interest rate for savings (without inflation)
t = pension annuity payment period in years
In this essay, we assume that the first year wage of in-

dividual w equals to the mean of the workers’ first year
wage (w = w̄), and the annual growth rate of the individ-
ual wage equals to the average annual growth rate of the
workers’ wage (g = ḡ). Besides, we assume there is no in-
flation in our society. The premium is paid annuity-due.
At the end of the year m, the accumulative value S for the
individual account is

S =
m−1

∑
j=0

cw (1 + i)m− j (1 + g) j

=

{
cw

i−g

(
(1 + i)m+1 − (1 + g)m (1 + i)

)
if i 6= g

cmw (1 + i)m if i = g

According to ”The Decision on adjusting the Individual
Account of Basic Pension System”, when the worker re-
tires, he receives the average of the local workers’ monthly
wage of the previous year plus the average of the worker’s
monthly annuity payment. The number of years for pen-
sion annuity payment is calculated by the expected life mi-
nus the age of the retirement.

We use b to denote the worker’s monthly pension.
We define b as the average of the local workers’ monthly
wage of the previous year plus the average of the worker’s
monthly annuity payment. Then,

b =
1
2

(
S

12t
+

w (1 + g)m−1

12

)

where S
12t is worker’s monthly annuity payment, and

w(1+g)m−1

12 is the average of the local workers’ monthly
wage of the previous year.

Definition 1 Basic pension substitution rate of the individual
account is the ratio of the monthly pension benefit to the monthly
wage prior to retirement.

Therefore, the basic pension substitution rate T of the
individual account is

T = b/

(
w (1 + g)m−1

12

)

=

 T (i, g, m) = c
2t (1 + i) (1+i)m−(1+g)m

(i−g)(1+g)m−1 + 1
2 if i 6= g

T (i, m) = cm(1+i)
2t + 1

2 if i = g

The derivative of T (i, g, m) with respect to i, g, m,

∂T(i, g, m)
∂i

> 0 (1)

∂T(i, g, m)
∂g

< 0 (2)

∂T(i, g, m)
∂m

> 0 (3)

∂T(i, m)
∂i

> 0,
∂T(i, m)

∂m
> 0

As a result, three conclusions can be drawn:

1. The basic pension substitution rate of the individual
account increases with an increase of interest rate.

2. The basic pension substitution rate of the individual
account increases with a decrease of the growth rate
of worker’s wage.

3. The basic pension substitution rate of the individual
account increases with an increase of the period in
which the premium was paid.

Example 1 How the interest rate affects the basic pension sub-
stitution rate of the individual account?

Assume a male worker is 20 years old when he starts to work,
and that he will retire when he is 60. The growth rate of his
wage is 10%. It takes him 8% of his wage to pay for the pen-
sion premium. And he will receive his pension annuity for 18.64
years, which is the expected remaining life-time calculated from
National Mortality Table6 2005 of China. With different interest
rate, how will the basic pension substitution rate vary?

6In actuarial science, a mortality table is a table which shows, for a person at each age, what the probability is that they die before their next birthday.

Dong, B., Zhang, L. and Lu, X. (2008) 2/8
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Figure 1 Variation Trend of Basic Pension Substitution Rate. i, g and T
represent the interest rate, wage growing rate and individual pension

substitution rate, respectively.

From Figure 1, we see that the basic pension substitution rate
increases as the interest rate increases, we also see that the ba-
sic pension substitution rate of the individual account decreases
with an increase of the growth rate of workers’ wage. The results
are also the same to female workers.

SIMULATION

The substitution rate, as a function of t (pension annu-
ity payment period in years), is always calculated from

the expected remaining life-time. That is, we always let t
equals to the expected remaining life-time. From the mor-
tality table, we can obtain the expected remaining life-time
for a person who is 60-year-old. In actuarial science, we
calculate the expected remaining life-time for a 60-year-old
person as follows:

e60 = the expected remaining life-time for a 60-year-old
person.

t p60 = the probability that someone aged exactly 60 will
survive for t more years.

e60 =
40

∑
t=1

t p60

tq60 = the probability that someone aged exactly 60 will
die in the next t years.

t p60 = 1− tq60

We can see that the expected remaining life-time is calcu-
lated with the survival rate. And the survival rate can be
calculated from the mortality rate. However, the mortality
rates in the mortality table are empirical data. For exam-
ple, the mortality rates used in this paper are got from the
1% demographic sampling of China in 2005. Actually, for
every group of people, the mortality rates do not strictly
follow from the mortality table. So the expected remaining
life-time suitable for the group of people in our real life.

When we calculate the substitution rate of a person by
using the substitution rate function T, if we let t equals to
the expected remaining life-time which is got from the mor-
tality table, the result will not fit the reality. So, we want to
explore something more reasonable by simulating a group
of people. We will try to simulate a group of people whose
mortality rates are corresponding to the mortality rates in
the mortality table. If we know the mortality distribution
for every person in the group of people, we may assign a
remaining life-time value to each person. But the mortality
of every person is different and therefore the mortality dis-
tribution for this group is very complicated. So, we need to
find another method to simulate the remaining life-time.

Gibbs sampling is a specific method of the Markov chain
Monte Carlo (MCMC)7 algorithm. It is an algorithm to gen-
erate a sequence of samples from the joint probability dis-
tribution of two or more random variables, and it always
requires that all the conditional distributions of the target
distribution can be sampled exactly. We will use Gibbs
sampling method to simulate the remaining life-time of a
group of people. We can view the simulation process as
two steps. The first step is to simulate the number of peo-
ple that die in each year. The second step is to simulate the
remaining life-time under the uniform distribution of deaths
(UDD) assumption.

We assume that there are N60 = 1, 000, 000 60-year-old
men who retired just now. For this group of people, ac-
cording to the mortality table, there will be 1.215% people
less when they are 61-year-old. But for each person in the
group, there are two definite outcomes either he is dead be-
fore his 61st birthday or he is still alive after his 61st birth-
day. So, the number of people died during the year has
a binomial distribution with parameters N60 = 1, 000, 000
and p60 = 1.215%. We can simulate the number of dead
people n60 by generating random numbers from the bino-
mial distribution with the parameters above.

n60 ∼ Binomial (N60, p60)

When we got the number of dead people n60, we may sim-
ulate the remaining life-time ri. Under the UDD assump-
tion, the remaining life-time will be uniformly distributed
on [0, 1]. We can generate these numbers. After simulating
the remaining life-time between 0 and 1 for people who

7Markov chain Monte Carlo (MCMC) methods are a class of algorithms for sampling from probability distributions based on constructing a Markov
chain that has the desired distribution as its equilibrium distribution.

Dong, B., Zhang, L. and Lu, X. (2008) 3/8
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died before 61, we can go on simulating the remaining life-
time of the rest people and then we get all the people’s re-
maining life-time in the group as

ni+1|ni ∼ Binomial

(
N60 −

i

∑
k=1

nk, pi

)
, i = 60, 61, · · · , 99.

In the end, the mean mr j and the variance s2
j of the remain-

ing life time r ji can be calculated as

mr j =
1

N60

N60

∑
i=1

r ji

s2
j =

1
N60 − 1

N60

∑
i=1

(
r ji −mr j

)2

By comparing the mean of the simulation mr j and the ex-
pected remaining life-time e60, we can find the difference
between them. But the result from one simulation process
is not sufficient, since we don’t know whether the simula-
tion result is stable for each simulation. We need to find out
the variance of the remaining life-time V.

In order to test whether the simulation result is stable,
we should do the simulation for several times. We will re-
peat the simulation process for M = 100 times, and cal-
culate the mean and the variance of the mean remaining
life-time. V may be split into two parts. One is the variance
within each simulation result W, the other is the variance
between different simulation results B.

W =
1
M

M

∑
j=1

s2
j

mr =
1
M

M

∑
j=1

mr j

B =
1

M− 1

M

∑
j=1

(
mr j −mr

)2

V = W + B

By using the substitution rate function T, we can calculate
the substitution rate and if we have got the remaining life-
time for each person, we can also calculate the substitution
rate for each person, and study the distribution of the sub-
stitution rate. In the same way, we can get the mean msr

and the variance Vsr of the substitution rate.

msr =
1
M

M

∑
j=1

msr j

msr j =
1

N60

N60

∑
i=1

sr ji

s2
sr j =

1
N60 − 1

N60

∑
i=1

(
sr ji −msr j

)2

Wsr =
1
M

M

∑
j=1

s2
sr j

Bsr =
1

M− 1

M

∑
j=1

(
msr j −msr

)2

Vsr = Wsr + Bsr

Now, both the substitution rate calculated with the mean
of the remaining life-time T(mr) and the mean of the sub-
stitution rate msr are shown to us. From the simulation in
R, we got those results:

T (mr) = .5220; T (e60) = .5248; e60 = 18.6536

mr = 19.1530 msr = .5257
B = 7.2154× 10−5 Bsr = 7.2154× 10−10

W = 79.29 Wsr = 1179.32
V = 79.29 Vsr = 1179.32√

V = 8.9047
√

Vsr = 34.341

We see that the difference between e60 and mr is small.
V is the variance of the remaining life-time. Its value is
79.29. We have known that V contains two parts: the
variance within each simulation result W is 79.29 and the
variance between different simulation results B is 7.2154×
10−5. We see that B is very small, which reflects that the
simulation process is stable. We can obtain the same con-
clusion from the variance of the substitution rate simula-
tion. That is, the variance between different simulation
results Bsr = 7.2154 × 10−10 is small. Both of the results
demonstrate that the simulation process is stable.

DISCUSSION

In the simulation part, we generate the remaining life-
time for a group of people based on the mortality table.

Then we use the remaining life-time to calculate the sub-
stution rate.

8Jensen’s inequality, named after the Danish mathematician Johan Jensen, relates the value of a convex function of an integral to the integral of
the convex function. In its simplest form the inequality states, ”the convex transformation of a mean is less than or equal to the mean after convex
transformation.”

Dong, B., Zhang, L. and Lu, X. (2008) 4/8
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From the simulation results, we may find that T (mr) 6
msr. Actually, we can prove that in a theoretical way. It is
obvious that the substitution rate function is convex. From
Jensen’s inequality8, we get that T (mr) 6 msr. As shown
in Figure 2, both the mean of the substitution rate msr and
the median of the substitution rate are less than the substi-
tution rate calculated with the mean of the remaining life-
time T (mr). So, the simulation results show that choosing
msr to represent the society’s substitution rate may be also
reasonable and that’s why we do the simulation of msr. We
also find that the difference between T (mr) and msr is very
small. It demonstrates that the simulation process is rea-
sonable.
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Figure 2 Empirical density curves of substitution rate from 100 simulated
substitution rate datasets. The 100 curves are quite close to each other.

Subtitution rate value calculated directly from the mortality table as well
as the mean and median substitution rate from our simulation are

marked in the figure.

The substitution rate is 52.48% according to our simula-
tion, smaller than regulated pension substitution rate 60%.
However, China’s actual level of pension substitution rate
is a little higher in terms of all enterprises. The actual
pension substitution rate of all enterprises remained at the
range of 76% - 85% in which the highest level is 84.84%
and the average level is more than 80%. While in the state-
owned enterprises, the actual pension substitution rate is
even higher, sometimes may be up to 87.3%.

In line with international practice, the pension received
by retirees should not be equal to the wage of employees.
In general they should account for up to 60% of the total
revenue. In the western countries, the majority of the coun-
try’s basic old-age pension substitution rate is 40% - 60%
which is lower than China.

Pension Insurance standards should not be too high if
we want to broaden insurance coverage. The rate should
be able to guarantee the basic needs of the citizens, and
the level of social security should be in accordance with
economic development. From China’s actual situation, the
basic pension insurance level organized by government is
obviously too high. This phenomenon will result in heavy
pressure on the government and can not mobilize the en-
thusiasm of enterprises and individuals. Therefore, the
pension substitution rate should be reduced appropriately.

Evolution of Basic Pension Substitution Rate

Considering the relationship between average pension and
average wage substitution rate shown in Figure 3, the ac-
tual Pension Substitution Rate has declined rapidly. This
trend of the evolution has influenced both on the income
distribution structure and on the old-age insurance system.

Figure 3 Yearly Trend of Basic Pension Substitution Rate (%)

From a realistic point of view, the rapid decline of the pen-
sion substitution rate, to a certain extent, has weakened the
distribution effect of old-age insurance, and speeded up the
level of differentiation between the rich and the poor. From
a long-term point of view, the rapid decrease of the pension
substitution rate is not consistent with the goal of harmo-
nious society and may lead to a conflict between employees
and retirees. The basic purpose pursued by the old-age so-
cial insurance is to protect retired people to enjoy the fruits
of economic and social development fairly. From the over-
all point of view, the rapid decrease of the pension substi-
tution rate will bring a lot of difficulty to old-age insurance’
implement as well as its reform. All in all, the substitution
rate must be in a reasonable range to make sure our society
harmonious.
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APPENDIX

Proof of Equation 1

∂T (i, g, m)
∂i

=
c
2t

1

(1 + g)m−1
∂

∂i

[
(1 + i)

(
(1 + i)m − (1 + g)m

i− g

)]

∂

∂i

[
(1 + i)

(
(1 + i)m − (1 + g)m

i− g

)]
=

1

(i− g)2

[
(m + 1) (1 + i)m (i− g)− (1 + i)m+1 + (1 + g)m+1

]
=

1

(i− g)2

[
m (1 + i)m (i− g)− (1 + g) (1 + i)m + (1 + g)m+1

]
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Assume f (i) = m (1 + i)m (i− g)− (1 + g) (1 + i)m + (1 + g)m+1. When i = g, we have f (i) = 0.

f ′(i) = (1 + i)m−1
[
m (1 + i) + m2 (i− g)−m (1 + g)

]
f ′(i) > 0 if i > g
f ′(i) < 0 if i < g

}
⇒ f (i) > 0⇒ ∂T(i, g, m)

∂i
> 0

Proof of Equation 2

∂T (i, g, m)
∂g

=
c
2t

1 + i

(i− g)2 (1 + g)2(m−1)(
−m (1 + g)m−1 (i− g) (1 + g)m−1 −

[
(1 + i)m − (1 + g)m] [− (1 + g)m−1 + (i− g) (m− 1) (1 + g)m−2

])
=

c
2t

1 + i

(i− g)2 (1 + g)2(m−1)

[
(1 + i)m (1 + g)m−1 − (1 + g)2m−1 − (i− g) (m− 1) (1 + i)m (1 + g)m−2 − (i− g) (1 + g)2m−2

]
=

c
2t

1 + i

(i− g)2 (1 + g)m

[
(1 + i)m (1 + g)− (1 + g)m+1 − (i− g) (m− 1) (1 + i)m − (i− g) (1 + g)m

]
Let f (g) = (1 + i)m (1 + g)− (1 + g)m+1 − (i− g) (m− 1) (1 + i)m − (i− g) (1 + g)m,

∂ f (g)
∂g

= (1 + i)m − (m + 1) (1 + g)m + (m− 1) (1 + i)m −
[
m (i− g) (1 + g)m−1 − (1 + g)m

]
= m (1 + i)

[
(1 + i)m−1 − (1 + g)m−1

]
If i > g, ∂ f (g)

∂g > 0, f (g) is increasing, and f (g) < f (i) = 0, so ∂T(i,g,m)
∂g < 0. If i < g, ∂ f (g)

∂g < 0, f (g) is decreasing, and

f (g) < f (i) = 0, so ∂T(i,g,m)
∂g < 0.

Proof of Equation 3

∂T (i, g, m)
∂m

=
c
2t

(1 + i)
∂

∂m

(
(1 + i)m − (1 + g)m

(i− g) (1 + g)m−1

)

∂

∂m

(
(1 + i)m − (1 + g)m

(i− g) (1 + g)m−1

)
=

1[
(i− g) (1 + g)m−1

]2

([
(1 + i)m ln (1 + i)− (1 + g)m ln (1 + g)

] [
(i− g) (1 + g)m−1

]
−
[
(1 + i)m − (1 + g)m] [(i− g) (1 + g)m−1 ln (1 + g)

])
=

(1 + i)m (i− g) (1 + g)m−1 ln 1+i
1+g[

(i− g) (1 + g)m−1
]2

If i > g, ln 1+i
1+g > 0, i− g > 0, ∂T(i,g,m)

∂m > 0. If i < g, ln 1+i
1+g < 0, i− g < 0, ∂T(i,g,m)

∂m > 0.

R Code for Simulation9

qm <- read.table("mortality2005cn.dat",header=T)
simu <- function(M,pop,qm=qm,c=0.08,g=0.1,x=20,i=0.0072) {
final <- srfinal <- s2 <- srs2 <- NULL
m <- 60-x
for(j in 1:M) {

N <- pop
em <- NULL

9Responsible Programmer: Zhang, L.. Referred to Shen, X. (2007).
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for(k in 1:41) {
n <- rbinom(1,N,qm[60+k,1])
N <- N-n
em <- c(em,runif(n,k-1,k))

}
t <- em
sr <- (c*((1+i)ˆ(m+1)-(1+i)*(1+g)ˆm))/(2*t*(i-g)*(1+g)ˆ(m-1))+0.5
srs2 <- c(srs2,var(sr))
srfinal <- rbind(srfinal,sr)
s2 <- c(s2,var(em))
final <- rbind(final,em)
print(paste("Simulation",j,"Accomplished!",sep=" "))

}
t.. <- mean(final)
B <- var(rowMeans(final))
W <- mean(s2)
T <- B+W
sr.. <- mean(srfinal)
srB <- var(rowMeans(srfinal))
srW <- mean(srs2)
srT <- srB+srW
return(list(t..=t..,B=B,W=W,T=T,sr..=sr..,srB=srB,srW=srW,srT=srT,srfinal=srfinal))
}
result <- simu(M=100,pop=1e+6,qm=qm,c=0.08,g=0.1,x=20,i=0.0072)

R Code for Expected Remaining Lifetime10

qm <- read.table("mortality2005cn.dat",header=T)
# Calculate the expected remaining life time in the mortality table
# e is the expected ramaining life time
pm61 <- 1-qm[61,1]
e <- pm61
for(i in 2:40){

pm61 <- pm61*(1-qm[60+i,1])
e <- e+pm61

}

Mortality Table from 1% Demographic Sampling of China in 2005

This mortality table can be downloaded at http://www.du.se/˜xsh/files/mortality2005cn.dat 11.

10Responsible Programmer: Zhang, L.
11Link at Shen, X.’s homepage.
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