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Abstract The FE (’fixed effects’) estimator of technical inefficiency performs
poorly when N (’number of firms’) is large and T (’number of time obser-
vations’) is small. We propose estimators of both the firm effects and the
inefficiencies, which have small sample gains compared to the traditional FE
estimator. The estimators are based on nonparametric kernel regression of
unordered variables, which includes the FE estimator as a special case. In
terms of global conditional MSE (’mean square error’) criterions, it is proved
that there are kernel estimators which are efficient to the FE estimators of
firm effects and inefficiencies, in finite samples. Monte Carlo simulations sup-
ports our theoretical findings and in an empirical example it is shown how the
traditional FE estimator and the proposed kernel FE estimator lead to very
different conclusions about inefficiency of Indonesian rice farmers.

Keywords Technical output inefficiency · Nonparametric kernel estimation ·
Panel data (JEL Classification: C13, C14, C23)

1 Introduction

Schmidt and Sickles (1984) proposed the FE estimator of technical inefficiency.
The benefit of the FE estimator compared to frequently applied maximum like-
lihood estimators is two-fold: no distributional assumption of the inefficiencies
and no random-effects assumption. The latter means that the selected input
quantities of a specific firm may depend on the firm’s lack of being technical
efficiency, which to us appears very plausible. We think the random effects
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2 Daniel Wikström

assumption is overly restrictive and regard it foremost as a ’statistical’ as-
sumption in contrary to ’economic’. That is, the random effects assumption is
imposed on the economical model to make the likelihood function handleable,
i.e. to simplify statistical estimation.

However, the FE estimator has its flaws too, of course. Consistency of the
inefficiencies relies both on large number of firms, N and on a large number of
time observations, T , where the latter condition usually is poorly satisfied in
empirical applications (see Park and Simar 1994, on details of consistency).1

The ML estimators, on the other hand are consistent as T grows given the
random effects assumption and the assumed marginal distribution of the inef-
ficiencies are correct.

Furthermore it is well-known that estimates of technical inefficiency based
on the FE estimator can be seriously upward biased due to random error (Kim
et al 2007; Wang and Schmidt 2009; Satchachai and Schmidt 2010), mainly
in the context of comparison to the best firm measure. Much attention has
been paid to reducing this bias by using bootstrap and jackknife estimators.
Although jackknife estimators seem to effectively reduce the bias this is at
the expense of larger variance and MSE. However, the bootstrap approach
appears more promising since some results have shown reductions in both bias
and MSE.

Additionally, the FE estimator is an unbiased estimator of the firm effects
but works poorly in MSE terms if data is affected by random error.2 In this
case the variance of the estimator is large, which is transferred to the inefficien-
cies. Bias reduction of the FE estimator inherits this problem, since this only
reduces the bias of the maximum firm effect, i.e. only shifts the distribution
of the estimated inefficiencies.

Thus, the FE estimator of inefficiency works poorly in situations when the
data is influenced by random error, in which case both the bias and the variance
are relatively large. The bias can be handled quite well by bias-reduction
methods but not the variance.

The purpose of this paper is to investigate the merits of kernel estima-
tion of firm effects and of the inefficiencies. We prove that kernel estimation
of firm effects and of the compared-to-the-best-firm-in-the-sample inefficiency
measure are efficient compared to traditional FE estimation in terms of global
conditional MSE-criterions.

In Monte Carlo simulations the theoretical results are supported. Kernel
estimation outperforms the traditional FE estimator in most cases, in partic-
ular when the random error is influential.

We also show that kernel estimation has similar asymptotic properties as
the FE estimator of the firm effects. The kernel estimator like the FE estimator
is consistent as T → ∞ and in fact asymptotically

√
T−equivalent to the FE

1If one consider the measure of inefficiency compared to the ’best’ firm in the sample,
consistency only relies on a large T . And this is the measure we primally will consider in
this text.

2Throughout this paper, the individual effects of the fixed effects model are referred to
as ’firm effects’.
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estimator. This implies that the kernel estimator has the same asymptotic
distribution as the FE estimator, i.e. normally distributed as T goes to infinity
(and N is either bounded or unbounded).

The bias-reduction methods for the FE estimator are based on presumed
convergence rates for the bias of the maximum firm effect estimator as T → ∞,
which in turn are based on the consistency and asymptotic normality of the
estimator of the firm effects. Because the asymptotics of the kernel estimator
and the FE estimator are so similar we conjecture the bias-reduction methods
for the latter estimator also are appropriate for the former estimator. This
also works very well in the simulations if there is not too much random error,
or analogously, not too much of a ’finite sample situation’. If there is a lot of
random error influencing the estimation, bias reduction does not work very well
for any of the estimators and we recommend using kernel estimation without
bias-reduction in this case, which is shown to be superior both in terms of bias
and ASE (’average square error’).

For estimating cell-probabilities of categorical data, it has been shown the-
oretically that gains can be made by kernel estimation, compared to maximum
likelihood, in the sense of reducing cell-global MSE (see Hall 1981; Brown and
Rundell 1985, and references therein). In the present study, we show that es-
timating firm effects by unordered kernel regression leads to similar gains in
efficiency when estimating firm effects and inefficiency. For cross-section data,
Ouyang, Li, and Racine (2009) presented asymptotical properties as well as
promising Monte Carlo simulations that compare kernel regression using dis-
crete regressors with the cell-average estimator.3 Li, Racine, and Wooldridge
(2009) partly use these findings to construct a nonparametric average treat-
ment effect estimator.

A branch of the literature on panel data modeling also related, directly or
indirectly, to stochastic frontier modeling is Park and Simar (1994) and Park,
Sickles, and Simar (1998, 2003, 2007). In these papers the aim is to estimate
the parameters of the parametric (frontier) function as efficiently as possible.
Park and Simar (1994) recognized that the random and fixed effects models
are actually semiparametric models and derive an efficient semiparametric
estimator of the slope coefficients of the random effects model. In the following
studies, Park et al (1998, 2003, 2007), results for several other panel data
estimators are derived in the same fashion. Nevertheless this is a different focus
compared with ours; we instead focus on estimating the firm effects efficiently.
Usually the main interest in panel data modeling is the slope parameters,
however, for estimation of technical efficiency the firm effect are at least as
important. We especially focus on large N and small T cases, for which the
estimation error in the slope coefficients is small (while it is large in the firm
effects) and thus has little influence on the firm effects and the inefficiencies.

3Ouyang et al (2009) call it a ’cell-frequency’ estimator, however, we find it more ap-
propriate to call it a ’cell-average’ estimator. The sample is split according to one or more
grouping variables and the averages of a continuous dependent variable are computed for
each group or ’cell’.
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Henderson and Simar (2005) is the only study we know of where a similar
categorical kernel, as we use, is employed to estimate technical inefficiencies
with a fixed effects type of estimator. However, in this case Henderson and
Simar (2005) model the production frontier and time-varying inefficiencies in
a joint unspecified function. Thus, fully nonparametric estimation. Our esti-
mator is instead an extension of the traditional fixed effects estimator, where
the production function is parametrically specified. The problem with a fully
unspecified production function is of course the efficiency loss, when there
are several continuous input variables. The so called ’curse of dimensional-
ity’.4 Henderson and Simar (2005) also propose a slightly more efficient semi-
parametric estimator of time-constant inefficiency, with additivity between the
production function and the firm effects. However, they do not apply kernel
estimation of the firm effects, in this case, and consequently do not make the
small sample gains analyzed in this study.

The structure of the paper is as follows: Section 2 presents the linear panel
data model and estimation approaches. Section 3 compares the small-sample
properties of the kernel estimator of the firm effects versus the FE estimator.
Section 4 includes large-sample properties of the kernel estimator. In Section
5 the estimation of technical inefficiency is discussed. Section 6 contains the
Monte Carlo simulations for the firm effects, while Section 7 is the counterpart
for the inefficiencies. Section 8 includes an empirical example and Section 9
concludes the paper.

2 The stochastic frontier model and estimation

In this study, we consider a standard linear panel data model:

yit = x′
itβ + αi + νit; i = 1, . . . , N, t = 1, . . . , T, (1)

where yit is the dependent variable, xit is a K×1 covariate vector, β is a K×1
coefficient vector and αi is the firm effect of firm i. The error term, νit, is for
simplicity assumed to be independent and identically distributed with finite
variance, and E(νit|αi, Xi) = 0, where Xi = [xi1 xi2 · · ·xiT ]

′
, i = 1, 2, . . . , N .

We also assume that the cross-section of firms is independently drawn from
the population. Thus, the firm effects, αi, i = 1, . . . , N , are independent.

The traditional fixed effects estimator of the firm effect of firm i is given
as follows:

α̂i =
1

T

T
∑

t

(yit − x′
itβ̂) = ȳi − x̄′

iβ̂, (2)

on the other hand, the kernel estimator of the firm effect of firm i is written
as:

α̃i =

∑N
j

∑T
t

(

yjt − x′
jtβ̂
)

Lj (i, λ)

T
∑N

j Lj (i, λ)
(3)

4The problem with the parametric approach is of course potential misspecification.
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where Lj (·) is a kernel function defined as:

Lj (i, λ) =

{

1, j = i
λ ∈ [0, 1], otherwise.

(4)

Note that when the bandwidth λ = 0, the two estimators coincide, α̃i =
α̂i.

5 For the other extreme, λ = 1, the estimator collapses to α̃ = ¯̄y − ¯̄xβ̂,
(where ¯̄z =

∑N
i=1 z̄i/N), which is a pooled estimator of the intercept. Thus,

the kernel estimator ranges from the sample splitting (the FE estimator) to
pooled estimation of a common intercept. The within estimator of β is used
for both estimators (e.g. Wooldridge 2010).

3 Small sample properties

This section describes the theoretical basis for the kernel estimator of αi com-
pared with the FE estimator. The small sample properties are treated in detail,
since T usually is small in real-life applications. However, in Section 4 asymp-
totic properties are also considered.

The FE estimator of the firm effects is unbiased, with conditional variance:

V
(

α̂i

∣

∣

∣
X
)

=
σ2

ν

T
+ x̄′

iV (β̂|X)x̄i, (5)

keeping the firm effects ’fixed’, αi, i = 1, 2, . . . , N and conditioning on X =
[X1X2 . . . XN ]

′
.6 The second term in the variance is due to the estimation error

in β̂, where x̄i = 1
T

∑

t xit and V (β̂|X) is the conditional covariance matrix of

β̂.
Unlike the traditional FE estimator, the kernel estimator is biased:

Bias
(

α̃i

∣

∣

∣
X
)

=
Nλ (ᾱ − αi)

1 + (N − 1)λ
, (6)

where ᾱ =
∑N

i=1 αi/N .7

The conditional variance of the kernel estimator takes the following form:

V ar
(

α̃i

∣

∣

∣
X
)

=

σ2
ν

T + x̄
′

iV (β̂|X)x̄i

[1 + (N − 1)λ]
2 + (7)

2(N − 1)x̄
′

iV (β̂|X)¯̄x−iλ + (N − 1)
σ2

ν

T λ2 + (N − 1)2 ¯̄x
′

−iV (β̂|X)¯̄x−iλ
2

[1 + (N − 1)λ]
2 ,

5Thus, the kernel estimator is a generalization of the traditional FE estimator. There is
actually a continuum of FE estimators, since λ ∈ [0, 1].

6The ’fixed effects’ estimator is a misleading name which likely can be traced back in
time to when the firm effects actually were considered as fixed (see the introduction to
Ch. 10 Wooldridge 2010, for a discussion about this issue.). In this study we actually are
conditioning on the firm effects, however, we follow the notational convention and do not
write this out explicitly. However, we explicitly condition on X. Without this conditioning,
assumptions about the relation between X and the firm effects will be necessary.

7The bias is the same conditional and unconditional on X
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where ¯̄x−i = 1
N−1

∑

j 6=i x̄j . Consequently, we can express the conditional MSE
as:

MSE
(

α̃i

∣

∣

∣
X
)

=

{

Nλ (ᾱ − αi)

1 + (N − 1)λ

}2

+ (8)

σ2
ν

T + x̄
′

iV (β̂|X)x̄i + 2(N − 1)x̄
′

iV (β̂|X)¯̄x−iλ

[1 + (N − 1)λ]
2 +

(N − 1)
σ2

ν

T λ2 + (N − 1)2 ¯̄x
′

−iV (β̂|X)¯̄x−iλ
2

[1 + (N − 1)λ]
2 .

Note that when λ = 0 the conditional MSE collapses to the conditional MSE
of the FE estimator, i.e. the conditional variance of the FE estimator. The bias
is independent of T , but the variance decreases when T increases. Therefore,
when T increases the bias gets more important for the MSE, and an optimal
λ should decrease, which implies that the kernel estimator approaches the FE
estimator. Thus, the kernel estimator has a bias-variance tradeoff.

It should be possible to show that the kernel estimator dominates the
FE estimator in terms of the conditional MSE criterion in (8) for sufficiently
large N and to minimize the criterion with respect to λi for all i = 1, 2, . . . , N .
However, it will be difficult to estimate these N bandwidths, especially in cases
when T is small. Instead we follow the example of Hall (1981) and Brown and
Rundell (1985) among others, in the case of cell-probability estimation, and
consider the following global conditional MSE criterion:

N
∑

i

MSE
(

α̃i

∣

∣

∣
X
)

=
N2λ2

∑N
i=1 (ᾱ − αi)

2

[1 + (N − 1)λ]
2 + (9)

Nσ2
ν

T +
∑N

i=1 x̄
′

iV (β̂|X)x̄i + 2(N − 1)
∑N

i=1 x̄
′

iV (β̂|X)¯̄x−iλ

[1 + (N − 1)λ]
2 +

N(N − 1)
σ2

ν

T λ2 + (N − 1)2
∑N

i=1
¯̄x

′

−iV (β̂|X)¯̄x−iλ
2

[1 + (N − 1)λ]
2 .

This global conditional MSE criterion is straightforward to minimize with
respect to λ.

The following theorem is akin to the MSE efficiency theorem for the kernel
estimator of multinomial probabilities, given by Brown and Rundell (1985),
as well as the centerpiece theorem for ridge regression in Hoerl and Kennard
(1970).
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Theorem 1 8 If N , T and s2
α =

∑N
i (ᾱ − αi)

2 /(N − 1) are finite and σ2
ν is

finite and nonzero9, then there exists an interval (0, ε], such that

N
∑

i

MSE
(

α̃i

∣

∣

∣
X ; λ ∈ (0, ε]

)

<

N
∑

i

MSE
(

α̃i

∣

∣

∣
X ; λ = 0

)

=

N
∑

i

MSE(α̂i|X).

(10)

Proof The first derivative of the squared bias with respect to λ is well-defined
and nonnegative for all λ ∈ [0, 1], and only equals zero as λ = 0. The first
derivative of the variance is also well-defined, but negative when λ = 0.10

Therefore, we conclude that (37) holds for some arbitrary small ε > 0 Q.E.D.

By minimizing the conditional MSE criterion in (9) we get the following opti-
mal bandwidth:11

λ∗ =
N

σ2
ν

T −
∑N

i x̄
′

iV (β̂|X)(¯̄x−i − x̄i)

N
σ2

ν

T + N2s2
α + (N − 1)

∑N
i (¯̄x−i − x̄i)′V (β̂|X)¯̄x−i

. (11)

This bandwidth has a very interesting implication for the kernel estimator
when there is no heterogeneity in the population, such that α1 = α2 = · · · =
αN = α. This implies s2

α = 0 and as given by Lemma 2 and Lemma 3 in
Appendix I

−
N
∑

i

x̄
′

iV (β̂|X)(¯̄x−i − x̄i) = (N − 1)
N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)¯̄x−i ≥ 0, (12)

8It is straightforward to adapt the theorem for global MSE efficiency unconditional of
X as well by replacing

x̄
′

iV (β̂|X)x̄i, x̄
′

iV (β̂|X)¯̄x−i and ¯̄x
′

iV (β̂|X)¯̄x−i

with
E
[

x̄
′

iV (β̂|X)x̄i

]

, E
[

x̄
′

iV (β̂|X)¯̄x−i

]

and E
[

¯̄x
′

iV (β̂|X)¯̄x−i

]

.

However, the expectations are conditional on αi, i = 1, . . . , N , which make it difficutl to
find a feasible estimator of an optimal bandwidth without imposing stron assumptions on
the relationship between the covariates and the firm effects.

9These assumptions are made so that the first order derivatives of the squared condi-
tional bias and the conditional variance are well-defined and to assure strict MSE efficiency.
Standard regularity assumptions are implicitly made for the FE covariance matrix, V (β̂|X)
(e.g. Wooldridge 2010).

10The derivatives are provided in Appendix I. By ’well-defined’ we mean that the deriva-
tives exists for all λ ∈ [0, 1], which implies that the global conditional MSE function is
continuous for all λ ∈ [0, 1].

11The derivations behind the bandwidth are presented in the Appendix I.
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which gives λ∗ = 1 and in turn that the firms are pooled. Thus, appropriately
the kernel estimator produces a common intercept if there is no heterogeneity.
However, to find an estimator of λ∗ which tends to the upper bound as N → ∞
and/or T → ∞ seems like an impossible task, since this would require an
estimator ŝ2

α for which
NT (ŝ2

α − s2
α) = Op(1)

to avoid the estimator of λ∗ from tending to zero.
Given (12) it is easy to see that λ∗ > 0, if σ2

ν > 0, in finite samples, i.e.
λ∗ ∈ (0, 1].

4 Large sample properties

In this section large sample properties of the kernel estimator of the firm
effects are derived. Consistency and asymptotic

√
T−equivalence of α̃i to α̂i

are shown, where the latter implies that the kernel-FE estimator has the same
asymptotic distribution as the traditional FE estimator.12

We start out by stating results and assumptions needed for deriving consis-
tency and asymptotic

√
T−equivalence. Because the random error is assumed

to be i.i.d. the following is true, given E(νit) and σ2
ν exist:

¯̄ν−i = Op(N
−1/2T−1/2) (13)

ν̄i = Op(T
−1/2) (14)

(15)

Furthermore given standard least squares assumptions for the within estimator
β̂:

(β − β̂) = Op(N
−1/2T−1/2) (16)

and finally the followings condition of the bandwidth is sufficient:

λ = Op(N
−1T−1), (17)

then

α̃i =
αi + ν̄i + x̄′

i(β − β̂) + (N − 1)λ
[

ᾱ−i + ¯̄ν−i + ¯̄x′
−i(β − β̂)

]

1 + (N − 1)λ
= (18)

αi + Op(T
−1/2).

Thus, α̃i is a consistent estimator of αi as T → ∞ while N is either bounded
or unbounded. To show asymptotic equivalence to

√
T α̂i, consider

12Under regularity conditions
√

T (α̂i −αi) is asymptotically normal if T → ∞ (Hall et al
1995) as well as if T → ∞ and N → ∞ (Park et al 1998). In the latter case the variance is

smaller since the influence of the estimation error given by
√

T (β − β̂) vanishes as N → ∞.
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√
T α̃i =

√
T
{

αi + ν̄i + x̄′
i(β − β̂) + (N − 1)λ

[

ᾱ−i + ¯̄ν−i + ¯̄x′
−i(β − β̂)

]}

1 + (N − 1)λ
=

√
T
{

α̂i + (N − 1)λ
[

ᾱ−i + ¯̄ν−i + ¯̄x′
−i(β − β̂)

]}

1 + (N − 1)λ
=

√
T (α̂i) + Op(T

−1/2), (19)

Hence, given
√

T (α̂i − α)
d→ N(0, V ), the asymptotic equivalence implies√

T (α̃i − α)
d→ N(0, V ).

Bias-reduction methods are derived based on the asymptotic normality
of the FE estimator of the maximum firm effect as well as the consistency
as T tends to infinity. We will not derive these properties explicitly for the
kernel estimator but since the asymptotic behavior is so similar between the
estimators we conjecture the bias-reduction methods for the FE estimator also
are applicable for the kernel estimator.

The asymptotic results put some requirements on the bandwidth. For con-
sistency and asymptotic normality λ = Op(N

−1T−1) is sufficient. If s2
α is

nonzero and bounded13, it is straightforward to show that λ∗ = Op(N
−1T−1).

An estimator of λ∗ with the same rates of convergence requires estimators
of all unknowns which are bounded in probability as T → ∞ (and N →
∞). There are such estimators (see Appendix III) and consequently there are
feasible estimators with the same asymptotic properties as if α̃i was based on
λ∗.14

5 Estimation of technical inefficiency

To estimate the technical inefficiencies, we follow Schmidt and Sickles (1984)
and use the following estimators:

α̂ = max
j

α̂j , ûi = α̂ − α̂i, i = 1, . . . , N, (20)

α̃ = max
j

α̃j , ũi = α̃ − α̃i, i = 1, . . . , N, (21)

It is well-known that the FE estimator of ui and of u∗
i = α(N) − αi is

associated with an upward bias, if not N is small and/or
σ2

ν

T is small compared
to σ2

u (e.g. Wang and Schmidt 2009; Satchachai and Schmidt 2010).15 It is

13If s2
α is unbounded the kernel estimator equals the FE estimator and if s2

α = 0 the
kernel estimator is pooling firms and is consistent and asymptotic normal as N → ∞.

14A naive version is λ̂ = 1
NT

.
15Using conventional notation for order statistics, α(1) ≤ α(2) ≤ · · · ≤ α(N).
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quite informative to look on the variance of the FE estimator unconditional
of αi, which is equal to:

σ2
ν

T
+ x̄′

iV (β̂|X)x̄i + σ2
u. (22)

The population variance of αi is σ2
u = σ2

α and hence, the variance of the
FE estimator unconditional of the firm effects is larger than the population
variance if not T → ∞. If N is large the second term is small, and the variance

in (22) should be close to σ2
u. However, if

σ2
ν

T is large compared to σ2
u this is not

the case, and we can expect the FE estimator to overestimate the maximum
firm effect. Furthermore, the larger N is the higher is the probability of α̂ >

α̂(N). Thus, if N is large and
σ2

ν

T is large compared to σ2
u the probability of

α̂ > α̂(N) is large.
Formally as shown by Satchachai and Schmidt (2010) the unbiasness of the

firm effects implies an upwards bias in α̂:

E(α̂) ≥ α(N),

since α̂ ≥ α̂(N).
For the kernel estimator, we cannot really predict whether the estimates

will be upward biased, downward biased or devoid of bias. However, by investi-
gating the bias of α̃, given in (6), it is reasonable to expect that the bias of α̃(N)

is smaller than the bias of α̂(N). The kernel estimator is a ’shrinkage’ estima-
tor, i.e. it is biased towards the mean. The estimates of the large realizations
of αi (> ᾱ) are negatively biased and, on average, it is reasonable to expect
that Euc(α̃) < Euc(α̂).16 Therefore, the kernel estimator of u∗

i = α(N) − αi

will be less upward biased compared to the FE estimator, which can be shown
as follows:

Euc(ûi − u∗
i ) = Euc(α̂ − α̂i) − E(α(N)) + µα = Euc(α̂) − E(α(N)) (23)

Euc(ũi − u∗
i ) = Euc(α̃) − E(α(N)), (24)

and if Euc(α̃) < Euc(α̂) ⇒ Euc(ũi − u∗
i ) < Euc(ûi − u∗

i ).
17

However, it might not always be a good property that the kernel estimator
is less upward biased than the FE estimator of u∗

i . As discussed above and by
Wang and Schmidt (2009), the FE estimator does not need to be very upward
biased when N is small. In this case the kernel estimator could be downward
biased.

We will now state a lemma which is both positive and a bit negative. It
is positive since it enables a proof of conditional MSE-efficiency of the kernel
estimator of u∗ but it is a bit negative since it states that the ordering of the

16The index ’uc’ stands for ’unconditional’. The expectations are taken unconditionally
of the firm effects (which are considered to be random variables).

17In (23) and (24) we are using that Euc(α̂i) = Euc(α̃i) = µα which can be derived from
(2) and (3), where µα is the expected value of the unconditional population distribution of
the firm effects.
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estimated inefficiencies stays the same as the ordering of the FE estimator.
Thus, kernel estimation will not improve the ordering of firms compared to
the traditional FE estimator.

Lemma 1 If α̂i ≥ α̂j and − 1
N−1 < λ ≤ 1, then α̃i ≥ α̃j.

Proof

α̃i − α̃j =
α̂i − α̂j + λ

(

∑

j 6=i α̂j −
∑

i6=j α̂i

)

1 + (N − 1)λ
= (25)

(α̂i − α̂j)(1 − λ)

1 + (N − 1)λ
≥ 0

given α̂i ≥ α̂j and − 1
N−1 < λ ≤ 1 Q.E.D.

We will now derive a MSE criterion similar to (9) for ũi − u∗
i = (α̃− α̃i)−

(α(N) − αi). Consider the following difference

ũi − u∗
i = (α̃ − α̃i) −

(

α(N) − αi

)

= (26)
{

(α[N ] − αi) + (ν̄[N ] − ν̄i) + (x̄[N ] − x̄i)
′(β − β̂)

}

(1 − λ)

1 + (N − 1)λ
−

(

α(N) − αi

)

.

The bias conditioning on X is then:

E (ũi − u∗
i |X) =

{

(α[N ] − αi) + E
(

ν̄[N ]

)}

(1 − λ)

1 + (N − 1)λ
− (27)

(

α[N ] − αi

)

,

where the index [N ] is defined by α̃[1] ≤ α̃[2] · · · ≤ α̃[N ] = α̃. The expected

value E
(

ν̄[N ]

)

is non-negative. Given Lemma 1 it can be shown as follows:

E(α̂) = α[N ] + E
(

ν̄[N ]

)

+ E
[

x̄′
[N ](β − β̂)

]

= α[N ] + E
(

ν̄[N ]

)

, (28)

and since E(α̂) ≥ α(N):

E
(

ν̄[N ]

)

≥ α(N) − α[N ] ≥ 0. (29)

This result is quite intuitive, the estimated maximum α̂[N ] is not always equal
to α̂(N), since α̂[N ] is influenced by a larger random error than α̂(N), on average.

The conditional variance of (26) conditioning on X is:

V (ũi − u∗
i |X) = (30)

{

V
(

ν̄[N ]

)

+
σ2

ν

T + (x̄[N ] − x̄i)
′V (β̂|X)(x̄[N ] − x̄i)

}

(1 − λ)2

[1 + (N − 1)λ]2
.
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The squared conditional bias is:

[E (ũi − u∗
i |X)]

2
= (31)

A2
i (1 − λ)2

[1 + (N − 1)λ]
2 − 2

Ai

(

α(N) − αi

)

(1 − λ)

1 + (N − 1)λ
+
(

α(N) − αi

)2
.

where Ai = (α[N ] − αi) + E
(

ν̄[N ]

)

. The conditional MSE follows as:

MSE (ũi − u∗
i |X) = (32)

A2
i (1 − λ)2

[1 + (N − 1)λ]
2 − 2

Ai

(

α(N) − αi

)

(1 − λ)

1 + (N − 1)λ
+
(

α(N) − αi

)2
+

Bi(1 − λ)2

[1 + (N − 1)λ]
2 ,

where Bi =
{

V
(

ν̄[N ]

)

+
σ2

ν

T + (x̄[N ] − x̄i)
′V (β̂|X)(x̄[N ] − x̄i)

}

. Finally we con-

sider the global conditional MSE criterion given as follows:

N
∑

i=1

MSE (ũi|X) = (33)

∑N
i=1 A2

i (1 − λ)2

[1 + (N − 1)λ]
2 −

∑N
i=1 Ai

(

α(N) − αi

)

(1 − λ)

1 + (N − 1)λ
+

N
∑

i=1

(

α(N) − αi

)2
+

∑N
i=1 Bi(1 − λ)2

[1 + (N − 1)λ]
2 .

For the firm effects we proved global conditional MSE-efficiency compared to
the FE estimator by observing that the first-order derivative of the squared
conditional bias was zero for λ = 0 while the derivative for the variance was
negative. For (33) the squared bias is not zero for λ = 0, however, the first
order derivative of the criterion results in one critical point and with similar
assumptions as in Theorem 1 it is straightforward to show that this critical
point is positive and satisfy the second order condition to qualify as global
minimum on an interval including λ = 0, i.e. on an interval including the
traditional FE estimator. The critical point is written as follows:

λ∗∗ =

∑N
i=1 A2

i −
∑N

i=1 Ai

(

α(N) − αi

)

+
∑N

i=1 Bi
∑N

i=1 A2
i + (N − 1)

∑N
i=1 Ai

(

α(N) − αi

)

+
∑N

i=1 Bi

. (34)

This bandwidth has the support λ∗∗ = [0, 1]. It is easily seen by the following
results:

A2
i ≥ Ai

(

α(N) − αi

)

, (35)

Ai ≥ 0, for all i = 1, 2, . . . , N. (36)
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Both result are verified by noting Ai = (α[N ]−αi)+E
(

ν̄[N ]

)

= E(α̂)−αi (and
E(α̂) ≥ α(N)). And since obviously Bi ≥ 0 for all i = 1, 2, . . . , N , λ∗∗ ≥ 0. If
Bi > 0 the inequality for the bandwidth is also strict λ∗∗ > 0. Furthermore
since (N − 1)

∑N
i=1 Ai

(

α(N) − αi

)

≥ −∑N
i=1 Ai

(

α(N) − αi

)

, λ∗∗ ≤ 1 with
equality if and only if α(N)−αi = 0 for all i = 1, 2, . . . , N . Thus, appropriately
the bandwidth equals one when there in no inefficiency in the sample.

We now summarize these results into a theorem.

Theorem 2 18 If N , T are finite and σ2
ν is finite and nonzero19, then there

exists a bandwidth λ∗∗ > 0, such that

N
∑

i

MSE
(

ũi

∣

∣

∣
X ; λ = λ∗∗

)

<

N
∑

i

MSE
(

ũi

∣

∣

∣
X ; λ = 0

)

=

N
∑

i

MSE(ûi|X).

(37)

Proof A finite N assures that the denominator of λ∗∗ does not make λ∗∗ to
tend to zero, while a finite T and non-zero σ2

ν assures that the numerator of
λ∗∗ is not zero and nor tends to this value. The first order derivative of (33) is
well-defined for all λ > − 1

N−1 and the second order derivative is positive for

all − 1
N−1 < λ < 1

2(N−1) + 3
2λ∗∗. Thus, λ∗∗ is a global minimum on an interval

including λ = 0.20 Q.E.D.

Hence, the traditional FE estimator of inefficiency comparing to the best
firm in the sample. However, for ui we conclude, without any formal proof,
that a similar proof is not possible. On the contrary, the FE estimator may
in some rare cases be efficient. This may occur when E(α̂) ≤ α. Thus, the
FE estimator may underestimate α and in this case the kernel-FE estima-
tor will underestimate even more, and when σ2

ν/T is arbitrary small the FE
estimator may be a better choice in terms of bias and MSE (conditional as
unconditional), and optimally the estimators should coincide in this case.

18In Theorem 1 we condition on X since this enables feasible estimation of λ∗. However,
this is not necessary to prove MSE-efficiency. And the same is true for this theorem. In this
case the only change necessary to prove efficiency without condition on X is to change

(x̄[N] − x̄i)
′V (β̂|X)(x̄[N] − x̄i)

into

E
[

(x̄[N] − x̄i)
′(β − β̂)(β − β̂)′(x̄[N] − x̄i)

]

= E
[

(x̄[N] − x̄i)V (β̂|X)(x̄[N] − x̄i)
]

.

19These assumptions are made so that the first order derivatives of the squared condi-
tional bias and the conditional variance are well-defined and to assure strict MSE efficiency.
Standard regularity assumptions are implicitly made for the FE covariance matrix, V (β̂|X)
(e.g. Wooldridge 2010).

20See Appendix II for the results of the second order derivative.
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Nevertheless, as an estimator of u∗
i the kernel-FE estimator has an advan-

tage. However, unfortunately we cannot find a feasible estimator of λ∗∗. The
estimator α̂ could be used for either α[N ] or α(N) but not for both and there
are no estimators for E(ν̄[N ]) and V (ν̄[N ]).

Therefore, we will use λ∗ and two data-driven bandwidth selectors aiming
to find an appropriate bandwidth for estimating αi.

However, we will also derive a bandwidth based on estimating the differ-
ences between firm effects. We believe that this bandwidth gives more em-
phasis on the collective sample distribution of the firm effects than λ∗. If this
bandwidth improves the estimation of the collective sample distribution this
should give advantages when estimating the inefficiency, u∗

i = α(N) −αi, since
it depends on an accurate spread of the sample distribution.

Consider the difference between the kernel estimator of two firms i and j:

δ̃j,i = α̃j − α̃i = (38)
[

(αj − αi) + (ν̄j − ν̄i) + (x̄j − x̄i)
′(β − β̂)

]

(1 − λ)

1 + (N − 1)λ

and the square of difference between the this difference and the population
counterpart is as follows:

(

δ̃j,i − δj,i

)2

=

[

(αi − αj)N + (ν̄i − ν̄j) + (x̄i − x̄j)
′(β − β̂)

]2

λ2

[1 + (N − 1)λ]
2 + (39)

−2
[

(αi − αj)N + (ν̄i − ν̄j) + (x̄i − x̄j)
′(β − β̂)

]

[1 + (N − 1)λ]
2 ×

[

(ν̄i − ν̄j) + (x̄i − x̄j)
′(β − β̂)

]

λ

[1 + (N − 1)λ]
2 +

[

(ν̄i − ν̄j) + (x̄i − x̄j)
′(β − β̂)

]2

[1 + (N − 1)λ]
2 .

Then take expected value conditioning on X :
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E

[

(

δ̃j,i − δj,i

)2 ∣
∣

∣
X

]

= (40)

[

(αi − αj)
2N2 + 2

σ2
ν

T + (x̄i − x̄j)
′V (β̂|X)(x̄i − x̄j)

]

λ2

[1 + (N − 1)λ]2
+

−2
[

2
σ2

ν

T + (x̄i − x̄j)
′V (β̂|X)(x̄i − x̄j)

]

λ

[1 + (N − 1)λ]
2 +

[

2
σ2

ν

T + (x̄i − x̄j)
′V (β̂|X)(x̄i − x̄j)

]

[1 + (N − 1)λ]
2 .

We now simplify this expression a bit by assuming that N is large. The co-
variance matrix of β̂ converges in probability to zero at a rate implied by:

V (β̂|X) = Op(N
−1),

and if λ = Op(N
−1) then

E

[

(

δ̃j,i − δj,i

)2 ∣
∣

∣
X

]

= (41)

[

(αi − αj)
2N2

]

λ2 + 2
σ2

ν

T

[1 + (N − 1)λ]
2 + Op(N

−1).

This gives the following approximation:

E

[

(

δ̃j,i − δj,i

)2 ∣
∣

∣
X

]

∼

[

(αi − αj)
2N2

]

λ2 + 2
σ2

ν

T

[1 + (N − 1)λ]
2 . (42)

A firm-average MSE-criterion based on this approximation is then

N
∑

i=N

E

[

(

δ̃j,i − δj,i

)2 ∣
∣

∣
X

]

/N ∼

∑N
i=1

[

(αi − αj)
2N2

]

λ2 + 2
σ2

ν

T

N [1 + (N − 1)λ]
2 , (43)

and this criterion gives the following optimal bandwidth:

λ(αj)
∗ =

2
σ2

ν

T

N
∑

N
i=1(αi−αj)2

N−1

. (44)
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This bandwidth is undefined if there is no inefficiency, α1 = · · · = αN . Because
of this we will instead use

λ(αj)
∗∗ =

2
σ2

ν

T

N
∑

N
i=1(αi−αj)2

N−1 + 2
σ2

ν

T

. (45)

For sufficiently large N , λ(αj)
∗ and λ(αj)

∗∗ are indistinguishable but if α1 =
· · · = αN = α the latter bandwidth will be defined and equal to one, i.e. will
produce the appropriate pooled estimate of the common intercept, α.

It is tempting to set αj = α(N) to use the bandwidth λ(α(N))
∗∗. However,

in this case the bandwidth actually should include α[N ], E(ν̄[N ]) and V (ν̄[N ])
as well, just as for λ∗∗ in (34). We instead set αj = ᾱ and estimate

λ(ᾱ)∗∗ =
2

σ2
ν

T

Ns2
α + 2

σ2
ν

T

, (46)

which is easy to estimate, satisfy convergence rates for the large sample prop-
erties presented in Section 4 and proves to work very well in simulations.21

In the following two sections Monte Carlo simulations are presented to
further investigate the small sample performance of the kernel estimator com-
pared to the FE estimator both when it comes to the firm effects and the
technical inefficiencies.

6 Monte Carlo Simulations for the Firm effects

In Section 3 efficiency of the kernel estimator of αi, is shown based on a global
conditional MSE-criterion.

All the unknowns are straightforward to estimate consistently as N grows.
Therefore, the bandwidth should be suitable in large N and small T settings.
The estimators of the unknowns are also bounded in probability as T →
∞ which assures that the asymptotic results in Section 4 also holds for the
estimator of λ∗ (and of λ(ᾱ)∗∗). For the estimators of the unknowns in λ∗ (and
in λ(ᾱ)∗∗) see Appendix III.

For testing the conditional MSE-efficiency of kernel estimation of the firm
effects the MSE-criterion in (9) is used to determine the ’best’ kernel estimator
and then this kernel estimator is compared to the traditional FE estimator by
the same criterion.

21We have also tried to use an estimate of λ(α(N))
∗∗, however, it works poorly in most

simulations. Nevertheless, in situations where there are a large probability for α(N) = α[N]:

E(ν̄[N]) ≈ 0 and V (ν̄[N]) ≈ σ
2
ν

T
, and consequently λ(α(N))

∗∗ should be a good choice of
bandwidth for estimating u∗

i
.
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Except for the kernel estimator based on the optimal bandwidth, λ̂∗, we
also consider two kernel estimators based on data-driven bandwidths. The
corrected Akaike information criterion (AIC), henceforth denoted λ̂aic, and

the popular least squares cross-validation bandwidth, denoted λ̂cv (see Li and
Racine 2007, and references therein). Ouyang et al (2009) provide further de-
tails on the least squares cross-validation bandwidth used in the case of kernel
regression with unordered regressors. Hurvich et al (1998) proposed the cor-
rected AIC selector. They argue and show by simulations that the bandwidth
selector can compete and often performs better than Plug-in selectors. Thus, if
they are right we should expect that this bandwidth selector performs better
than the Plug-in estimator we have derived. Both the least squares cross-
validation and the AIC selectors are readily available in the np package in R

for kernel regression with unordered kernels as e.g. the estimator given by (3)
and (4) (Hayfield and Racine 2008).

Based on the conditional MSE-criterion in (9) we select the ’best’ kernel
estimator (bandwidth) based the following ratio-criterion:

C
[

α̃i(λ̂)
]

=
1

B

B
∑

b=1

∑N
i MSE

(

α̃i

∣

∣

∣
X ; λ = λ̂b

)

∑N
i MSE

(

α̃i

∣

∣

∣
X ; λ = λ∗

b

) (47)

where B is the number of Monte Carlo replications (1000), λ∗
b is the band-

width minimizing the global conditional MSE criterion at replication b, and
λ̂b is either one of the estimated bandwidths λ̂∗

b , λ̂aic,b and λ̂cv,b at replication

b. Thus, the closer C
[

α̃i(λ̂)
]

is to one the better the performance is of the

estimator measured by the global conditional MSE-criterion. When the ’best’
kernel-estimator is selected it is compared to the traditional FE estimator by
comparing ’average mean square errors’ defined as

AMSE
(

α̃i

∣

∣

∣
X ; λ = λ̂

)

=
1

NB

B
∑

b=1

N
∑

i=1

MSE
(

α̃i

∣

∣

∣
X ; λ = λ̂b

)

and

AMSE
(

α̃i

∣

∣

∣
X ; λ = 0

)

=
1

NB

B
∑

b=1

N
∑

i=1

MSE
(

α̃i

∣

∣

∣
X ; λ = 0

)

.

We consider two different DGPs (’data generating processes’). These DGPs
are based on the linear panel data model in (1). The first model, denoted M1,
is defined as follows:

yM1,it = (48)

0.5xM1,it + 0.05x2
M1,it + 2DM1,it +

√
T (x̄M1,i + D̄M1,i) + UM1,i + νM1,it,

where xM1,it and UM1,i are drawn from the uniform distribution U(0, 1),
DM1,it is drawn from the Bernoulli distribution with probability 0.6. The
random error νM1,it is drawn from the normal distribution N(0, σ2

ν). The firm
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effects are generated by
√

T (x̄M1,i + D̄M1,i) + UM1,i. The variance of the firm
effects is σ2

α = (1/12 + 0.6 ∗ 0.4) + 1/12 ≈ 0.4067 and the variance of the

random error is set in accordance to γ =
σ2

α

σ2
α+σ2

ν
= 0.25, 0.5 and 0.75.

We especially expect the kernel estimators to have big advantages when
the random error is influential, due to the bias-variance tradeoff, i.e. when γ is
small and T is small. The time observations are varied as T = 5, 15, 30, while
the number of firms are set as N = 10, 150, 300.

The second DGP, denoted M2, is constructed as follows:

yM2,it = 0.5xM2,1it + 0.3xM2,2it + 0.2xM2,3it + αM2,i + νM2,it, (49)

where the regressors are constructed to incorporate auto-dependence over time
given by AR(1) processes:

xM2,kit = φxM2,ki,t−1 + ǫM2,kit, (50)

where φ = 0.5 and ǫM2,kit is a random draw from the standard normal dis-
tribution. The initial value xki1 is drawn from the normal distribution with
mean zero and variance 1

1−φ2 . The firm effects are generated as follows:22

αM2,i =
√

T

3
∑

k=1

x̄M2,kit/5. (51)

Again the random error is normally distributed with mean zero and variance

set in accordance to γ =
σ2

α

σ2
α+σ2

ν
= 0.25, 0.5 and 0.75, while N and T are set as

for M1.

6.1 Results

The comparison of the Kernel estimators are presented in table form in Ap-
pendix IV for both M1 and M2 (Table 9-12). All three kernel estimators gives

very similar results and in a few cases when γ and T is large C
[

α̃i(λ̂)
]

equals

one with four decimal rounding, i.e. the kernel estimates are relatively close
to optimal. Nevertheless, overall the least-squares cross-validation estimator
works slightly better than the other two for both M1 and M2. The com-
parison with the traditional FE estimator is, therefore, conducted with the
least-squares cross-validation kernel estimator.

In Table 1 the results for the comparison of the estimators for M1 are
provided and in Table 2 for M2. For both M1 and M2 the kernel estimator

22The AR(1)-setup makes it relatively easy to show

σ2
α =

T

52

(

1

1 − φ2

1

T
+

2

T 2

1

1 − φ2

T−1
∑

t=1

∑

s>t

φs−t

)

,

which is needed to compare the performance of the estimators to the optimality given by
the global conditional MSE criterion.
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outperforms the FE estimator in all cases. Thus, these results strongly supports
the theoretical result given by Theorem 1.

As expected the difference in performance is largest when there is much
influence of random error, i.e. T and γ are small. The unbiased FE estimator
has no means to reduce the variance in this case, which kernel estimation
enables through the bias-variance tradeoff.

Hence, kernel estimation has the upper hand when it come to estimating
firm effects and the different kernel estimators give very similar results.

In the next section simulations are presented for comparing traditional FE
estimation of inefficiency to kernel estimation.

7 Monte Carlo Simulations for the Inefficiencies

The DGP selected for the Monte Carlo simulations of the inefficiencies is based
on the Cobb-Douglas stochastic frontier model with four inputs. The model is
denoted M3 and is constructed as:

yM3,it =

4
∏

k

x
βj

M3,kitexp(0.5 − ui + νM3,it) (52)

where the inefficiencies , ui, i = 1, . . . , N , are independently and identically
half-normally distributed, ui ∼ |N(0, σ2)|, and the random error νM3,it is
drawn from the normal distribution, νM3,it ∼ N(0, σ2

ν). The variance σ2 is set

such that σ2
u = 0.1 and σ2

ν is set in accordance to γ =
σ2

u

σ2
u+σ2

ν
= 0.25, 0.5 or 0.75.

As described in previous sections and shown by e.g. Wang and Schmidt (2009)

the performance of the FE estimator depends greatly on the ratio
σ2

ν

T contra
σ2

u, and on N . When N is large and the random error, σ2
ν , is large compared

to σ2
u and T is small, the upward bias in α̂ is large as well as the variance. In

these cases kernel estimation may gain much due to the bias-variance tradeoff
and the shrinkage toward the mean firm effect. As in the previous section we
run the simulations both for a small, moderate sized and large N : 10, 150 and
300. We set T to 5 (small), 15 (relatively large) and 30 (large). To generate
xM3,kit we use the standard uniform distribution

x̃kit ∼ Uniform(0, 1)

and

xM3,kit = x̃kitexp(ui/ε), (53)

where
ε = β1 + β2 + β3 + β4 = 0.5 + 0.25 + 0.15 + 0.1 = 1.23

23Thus, we consider constant returns to scale (CRS). However, we have also conducted
simulations based on both decreasing and increasing returns to scale, but the results do not
change any conclusions compared to the CRS case so the simulations are not included. The
results are provided on request.
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N T γ FE λ̂cv Ratio
10 5 0.25 0.5887 0.5092 0.86
10 5 0.50 0.1962 0.1829 0.93
10 5 0.75 0.0654 0.0635 0.97
10 15 0.25 0.1689 0.1564 0.93
10 15 0.50 0.0563 0.0544 0.97
10 15 0.75 0.0188 0.0185 0.99
10 30 0.25 0.0816 0.0778 0.95
10 30 0.50 0.0272 0.0267 0.98
10 30 0.75 0.0091 0.0090 0.99
150 5 0.25 0.2648 0.1740 0.66
150 5 0.50 0.0883 0.0747 0.85
150 5 0.75 0.0294 0.0277 0.94
150 15 0.25 0.0870 0.0735 0.84
150 15 0.50 0.0290 0.0273 0.94
150 15 0.75 0.0097 0.0095 0.98
150 30 0.25 0.0434 0.0397 0.91
150 30 0.50 0.0145 0.0140 0.97
150 30 0.75 0.0048 0.0048 0.99
300 5 0.25 0.2543 0.1630 0.64
300 5 0.50 0.0848 0.0712 0.84
300 5 0.75 0.0283 0.0266 0.94
300 15 0.25 0.0842 0.0706 0.84
300 15 0.50 0.0281 0.0264 0.94
300 15 0.75 0.0094 0.0092 0.98
300 30 0.25 0.0420 0.0383 0.91
300 30 0.50 0.0140 0.0136 0.97
300 30 0.75 0.0047 0.0046 0.99

Table 1: AMSE
(

α̃i

∣

∣

∣
X;λ = λ̂

)

comparison for FE versus Kernel-FE

(λ̂cv). DGP: M1

N T γ FE λ̂cv Ratio
10 5 0.25 0.6769 0.4502 0.67
10 5 0.50 0.2256 0.1864 0.83
10 5 0.75 0.0752 0.0692 0.92
10 15 0.25 0.2492 0.2084 0.84
10 15 0.50 0.0831 0.0772 0.93
10 15 0.75 0.0277 0.0270 0.97
10 30 0.25 0.1290 0.1168 0.91
10 30 0.50 0.0430 0.0414 0.96
10 30 0.75 0.0091 0.0090 0.99
150 5 0.25 0.4487 0.2810 0.63
150 5 0.50 0.1496 0.1243 0.83
150 5 0.75 0.0499 0.0467 0.94
150 15 0.25 0.2201 0.1833 0.83
150 15 0.50 0.0734 0.0687 0.94
150 15 0.75 0.0245 0.0239 0.98
150 30 0.25 0.1216 0.1105 0.91
150 30 0.50 0.0405 0.0392 0.97
150 30 0.75 0.0048 0.0048 0.99
300 5 0.25 0.4416 0.2760 0.63
300 5 0.50 0.1472 0.1224 0.83
300 5 0.75 0.0491 0.0459 0.94
300 15 0.25 0.2191 0.1825 0.83
300 15 0.50 0.0730 0.0684 0.94
300 15 0.75 0.0243 0.0238 0.98
300 30 0.25 0.1214 0.1103 0.91
300 30 0.50 0.0405 0.0392 0.97
300 30 0.75 0.0135 0.0133 0.99

Table 2: AMSE
(

α̃i

∣

∣

∣
X;λ = λ̂

)

comparison for FE versus Kernel-FE

(λ̂cv). DGP: M2
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Thus, there is some dependence induced, which implies the following co-
variance:24

Cov [log(xM3,kit), ui] =
1

ε
σ2

u.

Note that the variable x̃kit in this form has economical meaning, it is the
efficient amount of input k, given output yM3,it.

To compare estimators of inefficiency, u∗
i , we are not using the MSE-

criterion in (33) since although the DGP is known we are not able to de-
duce the variance and the expected value of ν̄[N ]. Instead we use the following
’average square error’ criterion:

ASE(ũi) =
1

N

N
∑

i=1

(ũi − u∗
i )

2 (54)

to compare the small-sample performances of the different estimators. As
in the previous section the kernel estimators are first compared by

C
[

ũi(λ̂)
]

=
1

B

B
∑

b=1

ASE
(

ũi(λ̂b)
)

ASE (ũi(λ0
b))

, (55)

where λ̂b is either one of the estimated bandwidths and λ0
b is the optimal

bandwidth given the ASE-criterion at replication b. And in a second step
the ’best’ estimator is compared to the FE estimator.The kernel estimators
compared are the three in the previous section and the estimator based on
λ̂(ᾱ)∗∗ given by (46). The comparison of the ’best’ kernel estimator and the
FE estimator also includes the bootstrap bias-reduced versions of the two
estimators. The bootstrap bias-reduction estimator was compared to two other
bias-corrected methods in Satchachai and Schmidt (2010) and showed to have
superior performance as an estimator of α(N) in terms of MSE.25.

The comparison of the kernel and the traditional FE estimators of course
also includes bias performance, with the following average bias measure:

1

B

B
∑

b=1

(α̃b − α(N),b) (56)

where α(N),b is the largest firm effect at replication b and α̃b is the estimate
for either one of the estimators included in the comparison.

24This is the main advantage of FE estimators compared to random effects and maximum
likelihood estimators of technical (in-) efficiencies. It is hard to believe that the firm specific
inefficiency should not be correlated (dependent) with the inputs selected by the same firm.

25See Kim et al (2007) for details of the bootstrap bias correction estimator.
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7.1 Results

Among the kernel estimators the one based on the bandwidth λ̂(ᾱ)∗∗ proves
to work best in almost all cases, except for when N = 10. The comparison is
provided in Appendix IV, Table 13 and Table 14.

The results for the FE estimator are, therefore, compared to the kernel
estimator with bandwidth λ̂(ᾱ)∗∗. With and without bias correction, first for
the bias and then for the ASE-criterion, averaged over all b.

The results of the bias-comparison are contained in Table 3 and Table 4.
’Boot.’ in front of the estimator’s name stands for bias-corrected.

The bootstrap bias-reduction reduces the bias of the FE estimator in all
cases. The estimator also produces smaller average bias among all four esti-
mators when N = 10, otherwise not.

Bias reduction for the kernel estimator underestimates when the influence
of random error is relatively large, i.e. when γ and T are small. In this case the
kernel estimator without bias reduction produces relatively unbiased estimates
and outperforms the other estimators. For example when N = 150, T =
5 and γ = 0.25 the average bias (absolute values) for the kernel estimator
without bias-correction is only 5.7% of the average bias of the bias-corrected
FE estimator, which is the second best estimator in this particular case.

However, when there is not too much influence of random error (and
N > 10) bias reduction of the kernel estimator works very well. Overall this
estimator works best in terms of average bias. And kernel estimation outper-
forms traditional FE estimation in all cases except for N = 10.

In practice it will be important to distinguish between cases when there is
large influence of random error and when it is not. In the empirical example
we show how this can be done.

The comparison based on average ASE is presented in Table 5 and Ta-
ble 6. In terms of average ASE the kernel estimators outperforms the FE
estimators in all cases. The bias-reduced kernel estimator when γ and T are
not too small and otherwise the kernel estimator without bias-reduction. The
gains compared to traditional FE estimation are largest in the latter case.
This is again an example of the merits of the bias-variance tradeoff of kernel
estimation. The large variance for FE estimation when γ and T are small is
transferred to the inefficiencies.

The distributions in Figure 1 captures the patterns recognized in the ta-
bles.26 When there is much random error, γ = 0.25, the kernel estimator
produces a distribution centered around the average of the distribution gen-
erated by the DGP. The bias-reduced kernel underestimates while the FE
estimators clearly overestimate. The variance of the distribution is too large
for the FE estimators while it is a bit too small for the kernel counterparts. No

26Figure 1 includes three kernel density plots constructed from the ordered statistics of

the GDP and the estimators. For the DGP the data points are constructed as:

∑B
b=1 u

∗

(1),b

B
≤

∑B
b=1 u

∗

(2),b

B
≤ · · · ≤

∑B
b=1 u

∗

(N),b

B
. The data points for the estimators are constructed in the

same fashion. We call the distributions ’average order statistics distribution of inefficiency’.
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N T p FE λ̂(ᾱ)∗∗ Boot. FE Boot. λ̂(ᾱ)∗∗

10 5 0.25 0.2162 -0.0947 0.1136 -0.3202
10 5 0.50 0.0934 -0.0478 0.0442 -0.1300
10 5 0.75 0.0368 -0.0179 0.0146 -0.0461
10 15 0.25 0.0875 -0.0547 0.0310 -0.1401
10 15 0.50 0.0347 -0.0200 0.0088 -0.0509
10 15 0.75 0.0125 -0.0067 0.0017 -0.0184
10 30 0.25 0.0525 -0.0260 0.0180 -0.0695
10 30 0.50 0.0211 -0.0070 0.0066 -0.0228
10 30 0.75 0.0079 -0.0017 0.0020 -0.0078
150 5 0.25 0.4675 -0.0155 0.2723 -0.3856
150 5 0.50 0.2410 0.0520 0.1370 -0.0949
150 5 0.75 0.1217 0.0578 0.0672 -0.0054
150 15 0.25 0.2419 0.0522 0.1243 -0.1028
150 15 0.50 0.1220 0.0580 0.0602 -0.0111
150 15 0.75 0.0593 0.0389 0.0271 0.0052
150 30 0.25 0.1577 0.0608 0.0758 -0.0336
150 30 0.50 0.0775 0.0462 0.0342 0.0008
150 30 0.75 0.0370 0.0270 0.0149 0.0046
300 5 0.25 0.5354 0.0150 0.3266 -0.3841
300 5 0.50 0.2811 0.0808 0.1678 -0.0791
300 5 0.75 0.1450 0.0785 0.0842 0.0083
300 15 0.25 0.2807 0.0799 0.1492 -0.0914
300 15 0.50 0.1457 0.0790 0.0759 0.0014
300 15 0.75 0.0740 0.0529 0.0372 0.0148
300 30 0.25 0.1867 0.0853 0.0954 -0.0200
300 30 0.50 0.0961 0.0637 0.0479 0.0129
300 30 0.75 0.0485 0.0383 0.0236 0.0129

Table 3: Average bias of the estimators with respect to α(N) (and
u∗

i
). DGP: M3

N T p FE λ̂(ᾱ)∗ Boot. FE Boot. λ̂(ᾱ)∗

10 5 0.25 0.4380 1.0000 0.8334 0.2957
10 5 0.50 0.4728 0.9238 1.0000 0.3395
10 5 0.75 0.3954 0.8114 1.0000 0.3157
10 15 0.25 0.3543 0.5670 1.0000 0.2213
10 15 0.50 0.2547 0.4415 1.0000 0.1737
10 15 0.75 0.1329 0.2472 1.0000 0.0905
10 30 0.25 0.3435 0.6942 1.0000 0.2593
10 30 0.50 0.3109 0.9413 1.0000 0.2884
10 30 0.75 0.2222 1.0000 0.8910 0.2249
150 5 0.25 0.0332 1.0000 0.0570 0.0402
150 5 0.50 0.2156 1.0000 0.3794 0.5479
150 5 0.75 0.0441 0.0929 0.0799 1.0000
150 15 0.25 0.2159 1.0000 0.4204 0.5083
150 15 0.50 0.0914 0.1920 0.1850 1.0000
150 15 0.75 0.0883 0.1347 0.1935 1.0000
150 30 0.25 0.2131 0.5526 0.4434 1.0000
150 30 0.50 0.0101 0.0170 0.0229 1.0000
150 30 0.75 0.1241 0.1701 0.3076 1.0000
300 5 0.25 0.0280 1.0000 0.0460 0.0391
300 5 0.50 0.2812 0.9780 0.4711 1.0000
300 5 0.75 0.0570 0.1053 0.0982 1.0000
300 15 0.25 0.2847 1.0000 0.5358 0.8745
300 15 0.50 0.0093 0.0172 0.0179 1.0000
300 15 0.75 0.1997 0.2792 0.3970 1.0000
300 30 0.25 0.1073 0.2349 0.2098 1.0000
300 30 0.50 0.1345 0.2028 0.2699 1.0000
300 30 0.75 0.2666 0.3377 0.5481 1.0000

Table 4: Ratios compared to the estimator with smallest average ab-
solute value of bias. Value one indicate the estimator with smallest
average absolute value of bias. DGP: M3
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N T p FE λ̂(ᾱ)∗∗ Boot. FE Boot. λ̂(ᾱ)∗∗

10 5 0.25 0.1332 0.0823 0.1172 0.2185
10 5 0.50 0.0401 0.0353 0.0387 0.0604
10 5 0.75 0.0128 0.0125 0.0133 0.0163
10 15 0.25 0.0365 0.0317 0.0346 0.0557
10 15 0.50 0.0114 0.0109 0.0117 0.0146
10 15 0.75 0.0038 0.0038 0.0041 0.0044
10 30 0.25 0.0190 0.0173 0.0194 0.0246
10 30 0.50 0.0063 0.0059 0.0067 0.0072
10 30 0.75 0.0021 0.0021 0.0023 0.0023
150 5 0.25 0.2915 0.0491 0.1644 0.2098
150 5 0.50 0.0830 0.0246 0.0496 0.0358
150 5 0.75 0.0234 0.0116 0.0150 0.0101
150 15 0.25 0.0836 0.0244 0.0461 0.0362
150 15 0.50 0.0235 0.0116 0.0142 0.0101
150 15 0.75 0.0065 0.0045 0.0044 0.0036
150 30 0.25 0.0378 0.0157 0.0218 0.0157
150 30 0.50 0.0105 0.0065 0.0068 0.0054
150 30 0.75 0.0029 0.0023 0.0022 0.0019
300 5 0.25 0.3580 0.0467 0.1936 0.2021
300 5 0.50 0.1032 0.0275 0.0578 0.0313
300 5 0.75 0.0293 0.0140 0.0172 0.0096
300 15 0.25 0.1034 0.0277 0.0535 0.0344
300 15 0.50 0.0296 0.0142 0.0163 0.0099
300 15 0.75 0.0083 0.0056 0.0049 0.0037
300 30 0.25 0.0471 0.0187 0.0245 0.0144
300 30 0.50 0.0135 0.0082 0.0076 0.0053
300 30 0.75 0.0038 0.0029 0.0024 0.0020

Table 5: Average ASE for estimators of u∗

i
. DGP: M3

N T p FE λ̂(ᾱ)∗∗ Boot. FE Boot. λ̂(ᾱ)∗∗

10 5 0.25 0.6178 1.0000 0.7020 0.3767
10 5 0.50 0.8803 1.0000 0.9115 0.5848
10 5 0.75 0.9769 1.0000 0.9445 0.7675
10 15 0.25 0.8688 1.0000 0.9172 0.5694
10 15 0.50 0.9567 1.0000 0.9339 0.7480
10 15 0.75 0.9831 1.0000 0.9246 0.8452
10 30 0.25 0.9116 1.0000 0.8910 0.7045
10 30 0.50 0.9493 1.0000 0.8935 0.8302
10 30 0.75 0.9743 1.0000 0.9116 0.8943
150 5 0.25 0.1685 1.0000 0.2988 0.2342
150 5 0.50 0.2963 1.0000 0.4965 0.6879
150 5 0.75 0.4310 0.8715 0.6710 1.0000
150 15 0.25 0.2922 1.0000 0.5304 0.6741
150 15 0.50 0.4278 0.8684 0.7071 1.0000
150 15 0.75 0.5535 0.8091 0.8215 1.0000
150 30 0.25 0.4150 1.0000 0.7203 0.9953
150 30 0.50 0.5162 0.8323 0.7998 1.0000
150 30 0.75 0.6600 0.8486 0.8955 1.0000
300 5 0.25 0.1306 1.0000 0.2414 0.2312
300 5 0.50 0.2663 1.0000 0.4758 0.8795
300 5 0.75 0.3280 0.6847 0.5589 1.0000
300 15 0.25 0.2678 1.0000 0.5174 0.8059
300 15 0.50 0.3350 0.6966 0.6089 1.0000
300 15 0.75 0.4442 0.6589 0.7501 1.0000
300 30 0.25 0.3044 0.7677 0.5863 1.0000
300 30 0.50 0.3936 0.6477 0.6966 1.0000
300 30 0.75 0.5193 0.6795 0.8275 1.0000

Table 6: Ratios of average ASE for estimators of u∗

i
compared to

the smallest – estimated – average ASE. Value one indicates smallest
average ASE. DGP: M3
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Fig. 1: Kernel densities of average order statistics distributions of
inefficiency for N = 150, T = 5 and γ = 0.25, 0.5, 0.75.
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Fig. 2: Kernel densities of inefficiency distributions for a randomly
drawn Monte Carlo replication (b = 94), N = 150, T = 5 and γ =
0.25, 0.5, 0.75.
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estimator really captures the shape of the DGP-distribution. Nevertheless, the
kernel estimator without bias-reduction give some information about average
inefficiency. And although underestimated, the kernel estimators give better
guidance about the variability.

On the other hand when γ is large the estimators are able to capture the
shape quite well, where the bias-reduced kernel estimator comes closest.27 A
drawback with bias-reduction is though negative inefficiencies that occur since
the maximum firm effect is corrected downwards.

Figure 2 contains distributions of inefficiencies from a randomly drawn
Monte Carlo replication. Without the averaging the DGP distribution is a bit
more ’shaky’. Nevertheless, the previous conclusions for Figure 1 about the
accuracy and variance of the estimated distributions are valid for Figure 2
as well. When γ is small the kernel estimator without bias-reduction has the
smallest bias among the estimators, while the bias-reduced kernel estimator
encounters smallest bias when γ is large. And overall the kernel estimators
capture the spread better than the traditional FE estimators, albeit underes-
timates the variation when γ is small.28

We summarize the result part by concluding that the expectations from
the theoretical small sample properties of the kernel estimator are supported
by the simulations. Although it is not doable to make the comparison based on
the global conditional MSE-criterion of Theorem 2. Kernel estimation enables
both reduction in bias and ASE (’average square error’), on average, compared
to traditional FE estimation.

We conjecture that bias-reduction methods used for the FE estimator also
can be applied on the kernel estimator due to the similar asymptotic properties
as T grows. The simulations shows that if there is not too much random error,
bootstrap bias-reduction of the kernel estimated inefficiencies performs very
well.

In the next section a small empirical example is presented. We take the
results from the simulations into account when selecting an appropriate esti-
mator of inefficiency.

8 Empirical Example: Indonesian rice farmers

In this section Indonesian rice farmer data is analyzed. The Indonesian Min-
istry of Agriculture surveyed the data from six villages in West Java (Erwidodo
1990). This is a balanced panel of 171 rice farmers over six growing seasons
(three wet and three dry). Output is measured in kilograms of rice produced,
and inputs are seed (kg), urea (kg), trisodium phosphate (kg), labor (hours)

27The distributions are constructed for T = 5 and if it is increased the result will be
similar to increasing γ.

28One Monte Carlo replication is not much to draw conclusions from, however, we have
made similar conclusions from all replications we have looked at. Results for several single
replications can be provided on request.
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and land (hectares). We assume the commonly used Cobb-Douglas production
function. Thus we are using log-transformed inputs and output.

We first estimate the production function coefficients and perform a Haus-

man test for random effects. We also add an estimate of γ =
σ2

u

σ2
u+σ2

ν
with

percentile bootstrapped 95 % confidence interval.29 These results are supplied
in Table 7. All coefficients are significant and the sum indicates constant re-
turns to scale. The Hausman test rejects the null, i.e. rejects the hypothesis
of random effects. Thus, there is statistical evidence that random effects esti-
mators are inappropriate to use on this data.30 The estimate of the measure
of the influnce of random error is small: γ̂ = 0.134 and the upper limit of the
confidence interval is 0.218.

Hence, there is strong evidence that random error is influential. Based on
this we select the kernel estimator with bandwidth λ̂(ᾱ). We do not employ bias
reduction since this is a case for which bias reduction of the kernel estimator
likely leads to underestimation of inefficiency.

Variable Coefficients P-values

Seed 0.12 0.0001
Urea 0.10 < 0.0001
Tri. phos. 0.10 < 0.0001
Labor 0.26 < 0.0001
Land 0.44 < 0.0001

Hausman test χ2
5=26.7 < 0.0001

γ =
σ
2
u

σ2
u+σ2

ν
γ̂ = 0.134 95 % CI [0.067, 0.218]

Table 7: The within estimation results of the production function

FE Boot. FE Kernel-FE

Mean 0.60 0.53 0.19
Std. dev. 0.25 0.12 0.25
Min. 0.00 -0.07 0.00
1st Qu. 0.49 0.42 0.15
Median 0.61 0.55 0.19
3rd Qu. 0.70 0.64 0.22
Max. 1.03 0.97 0.32

Table 8: Summary Statistics for estimated inefficiencies u∗

i

29The estimator of γ is consistent and asymptotic normal as N → ∞ this is shown by
Wikström (2012) in Article III.

30We think this test should be regarded as strictly ’statistic’ in contrast to ’economic’.
Based on economic reasoning there is little support for random effects, on the contrary, it
is difficult to imagine that random effects makes sense for any producers.
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In Table 8 summary statistics of the kernel estimator of inefficiency u∗
i

(’Kernel-FE’) are provided along with summary statistics of the traditional
FE estimator, ordinary (’FE’) and bias-reduced (’Boot. FE’). Average in-
efficiency is considerably higher for the two traditional FE estimators. The
bootstrapped bias-reduced a little bit less, 0.53 instead of 0.6, but still the
difference compared to the kernel estimates, 0.19, is considerable. The spreads
of the traditional FE estimators are also larger that of the kernel estimates.
Thus, the results indicate exactly what to expect from traditional FE estima-
tion when N is large, T and γ are small, i.e. upward bias and too large spread
of the distribution of the inefficiencies.

In Figure 3 kernel densities are plotted for the estimated inefficiencies.
As concluded from the Monte Carlo simulations, neither one of the estimator
hardly captures the correct shape of the distribution given the conditions of
the data, however, the kernel estimator likely give a better indication of the
spread and of average inefficiency in this case.

As a tool for policymakers the kernel estimator gives a quite different pic-
ture of the inefficiency of the Indonesian rice farmers. The situation probably
is not as bad as the traditional FE estimators indicate.

FE
Boot. FE
Kernel−FE

0.0 0.2 0.4 0.6 0.8 1.0

0
1

2
3

4
5

6

Fig. 3: Kernel densities of estimated inefficiency distributions

9 Conclusion

The FE estimator is theoretically attractive in the sense that we do not need
to impose independence between the inputs and the technical inefficiencies.
Furthermore, no explicit assumption is needed on the distribution of ineffi-
ciencies.

However, as Wang and Schmidt (2009) conclude, the FE estimator is seri-
ously upward biased and only seems to be a realistic choice when N is small
and/or T is large. In most microeconomic data sets (we would say the vast
majority), this condition is not fulfilled. On the contrary, T is often small while
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N can be large. Much effort has been devoted to reducing the bias of the inter-
cept, α̂, by using bootstrap or jackknife estimators. However, the FE estimator
of the inefficiencies also tends to have a large variance when the random error
is influential. And the bias-reduction estimators inherit the same problem.

In this study, we do not primarily focus on reducing the bias in inefficiency
as such. Instead, we aim to show that it is possible to estimate firm effects
more efficiently, in global conditional MSE terms, without imposing restrictive
assumptions.

We prove efficiency, in terms of global conditional MSE criterions, for the
kernel estimators of both the firm effects and the inefficiencies compared to
the traditional FE estimators. Unfortunately there is no feasible estimator of
the optimal bandwidth for estimating inefficiency.

Nevertheless, bandwidths used for estimating the firm effects can also be
used for the inefficiencies. We also derive an estimator which seems to work a
bit better than the bandwidths designed for the firm effects, when estimating
inefficiency.

Monte Carlo simulations support the theoretical results. Firm effects are
estimated more efficiently and both ASE (average squared errors) and bias is
reduced, on average, for the inefficiencies.

The bias-variance tradeoff of kernel estimation results in flexibility which
especially give large small sample gains compared to the FE estimator in
situations with much influence of random error.

Due to similarities of the asymptotic properties of the traditional FE esti-
mator and the proposed kernel FE estimator, as T grows, we also conjecture
bias-reduction methods, designed for the former estimator, can be applied on
the latter estimator. Evidence for this is given by the Monte Carlo Simulations.
When there is not too much random error the bootstrap bias-correction works
very well for the kernel estimator. Otherwise the kernel estimator without
bias-correction works well.

Only time-constant inefficiency is considered, however, the proposed esti-
mation approach could easily be extended to time-varying inefficiencies. We
believe kernel estimation is applicable to more or less all estimators which are
based on averaging residuals for each separate firm, for which the traditional
FE estimator is only one example. This type of sample splitting has been shown
to be inefficient compared to kernel estimation, in terms of MSE-criterions, in
this study as well as in several previous studies on cell-probability estimation.

The findings in this study runs against the pessimistic conclusion that FE
type of estimators of technical (in-) efficiency are only competitive in cases
when N is small and T relatively large.

We think the proposed estimation methodology could help researcher and
policymaker to obtain better approximations of technical inefficiency without
making the random effects assumption and strong distributional assumptions.
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Appendix I

In this appendix the first order derivatives of the square conditional bias and
the conditional variance of the global conditional MSE criterion in (11) are
derived. The second order derivative of the criterion is also provided which is
used to determine that the bandwidth given in (11) is the minimizer. But first
we will prove two lemmas concerning the two sums:

N
∑

i

x̄′
iV (β̂|X)(¯̄x−i − x̄i)

N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)¯̄x−i

which are useful both to show that the optimal bandwidth in fact is the min-
imum and also to conclude that the same bandwidth has the appropriate
support, i.e. λ∗ ∈ (0, 1]. To shorten the proof of the first lemma we first note,
without any explicit proof, the following:

N
∑

i

¯̄x′
−iV (β̂|X)¯̄x−i =

N2

N − 1
¯̄x′V (β̂|X)¯̄x −

∑N
i

¯̄x′
−iV (β̂|X)x̄i

N − 1
, (57)

and

N
∑

i

¯̄x′
−iV (β̂|X)x̄i =

N2

N − 1
¯̄x′V (β̂|X)¯̄x −

∑N
i x̄′

iV (β̂|X)x̄i

N − 1
, (58)

where ¯̄x =
∑N

i
x̄i

N .

Lemma 2

(N − 1)

N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)¯̄x−i = −

N
∑

i

x̄′
iV (β̂|X)(¯̄x−i − x̄i) (59)

Proof

(N − 1)
N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)¯̄x−i +

N
∑

i

x̄′
iV (β̂|X)(¯̄x−i − x̄i) =

(N − 1)

[

N
∑

i

¯̄x′
−iV (β̂|X)¯̄x−i −

N
∑

i

x̄′
iV (β̂|X)¯̄x−i

]

+

N
∑

i

x̄′
iV (β̂|X)¯̄x−i −

N
∑

i

x̄′
iV (β̂|X)x̄i =
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= (N − 1)

N
∑

i

¯̄x′
−iV (β̂|X)¯̄x−i−

(N − 2)
N
∑

i

x̄′
iV (β̂|X)¯̄x−i −

N
∑

i

x̄′
iV (β̂|X)x̄i = [Use equation (57)]

N2 ¯̄x′V (β̂|X)¯̄x − (N − 1)

N
∑

i

x̄′
iV (β̂|X)¯̄x−i−

N
∑

i

x̄′
iV (β̂|X)x̄i =

[Use equation (58)]

N2 ¯̄x′V (β̂|X)¯̄x − N2 ¯̄x′V (β̂|X)¯̄x+

N
∑

i

x̄′
iV (β̂|X)x̄i −

N
∑

i

x̄′
iV (β̂|X)x̄i = 0 Q.E.D.

Lemma 3

−
N
∑

i

x̄′
iV (β̂|X)(¯̄x−i − x̄i) ≥ 0 (60)

Proof

N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)(¯̄x−i − x̄i) ≥ 0

[

Since V (β̂|X) is a covariance matrix
]

⇔
N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)¯̄x−i−

N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)x̄i ≥ 0

⇔

(N − 1)

N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)¯̄x−i−

(N − 1)

N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)x̄i ≥ 0
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⇔

− N
N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)x̄i ≥ 0 [By Lemma 2]

⇔

−
N
∑

i

x̄′
iV (β̂|X)(¯̄x−i − x̄i) ≥ 0 Q.E.D.

Results for the proof of Theorem 1

The first derivative of the squared conditional bias is as follows:

∂
∑N

i Bias
(

α̃i

∣

∣

∣
X
)2

∂λ
=

2N2λ
∑N

i (ᾱ − αi)
2

[1 + (N − 1)λ]
3 (61)

while the derivative for the conditional variance is:

∂
∑N

i V ar
(

α̃i

∣

∣

∣
X
)

∂λ
= (62)

2(N − 1)
[

∑N
i x̄′

iV (β̂|X)(¯̄x−i − x̄i) − N
σ2

ν

T

]

[1 + (N − 1)λ]
3 +

2(N − 1)
[

N
σ2

ν

T + (N − 1)
∑N

i (¯̄x−i − x̄i)
′V (β̂|X)¯̄x−i

]

λ

[1 + (N − 1)λ]
3 .

Since the first order derivative of the squared biased is zero when λ = 0, the
condition for the conditional MSE efficiency of Theorem 1 is given by the
following derivation:

∂
∑N

i V ar
(

α̃i

∣

∣

∣
X
)

∂λ

∣

∣

∣

∣

∣

λ=0

= (63)

2(N − 1)

[

N
∑

i

x̄′
iV (β̂|X)(¯̄x−i − x̄i) − N

σ2
ν

T

]

< 0

⇔ N
σ2

ν

T
−

N
∑

i

x̄′
iV (β̂|X)(¯̄x−i − x̄i) > 0.

This condition is always fulfilled when N
σ2

ν

T > 0 and −∑N
i x̄′

iV (β̂|X)(¯̄x−i −
x̄i) ≥ 0. The first inequality is fulfilled by assumption and the second one by
Lemma 3.
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Determine the optimal bandwidth λ∗

The minimizer λ∗ = arg minλ

∑N
i MSE

(

α̃i

∣

∣

∣
X
)

is obtained from the follow-

ing first order condition:

∂
∑N

i MSE
(

α̃i

∣

∣

∣
X
)

∂λ
= (64)

∂
∑N

i Bias
(

α̃i

∣

∣

∣
X
)2

∂λ
+

∂
∑N

i V ar
(

α̃i

∣

∣

∣
X
)

∂λ
= 0

⇔
[

∑N
i x̄

′

iV (β̂|X)(¯̄x−i − x̄i) − N
σ2

ν

T

]

[1 + (N − 1)λ]
3 +

[

N
σ2

ν

T + N2
∑N

i
(ᾱ−αi)

2

N−1 + (N − 1)
∑N

i (¯̄x−i − x̄i)
′V (β̂|X)¯̄x−i

]

λ

[1 + (N − 1)λ]
3 = 0

⇔

λ =
N

σ2
ν

T −∑N
i x̄

′

iV (β̂|X)(¯̄x−i − x̄i)

N
σ2

ν

T + N2
∑

N
i

(ᾱ−αi)
2

N−1 + (N − 1)
∑N

i (¯̄x−i − x̄i)′V (β̂|X)¯̄x−i

= λ∗.

Thus, there is one critical point given by the first order derivative. And
since the derivative is well-defined for all λ ∈ [0, 1] a sufficient second order
condition is that the second order derivative is strictly positive at λ∗ to make
it the global minimizer on λ ∈ [0, 1]. Thus,

∂2
∑N

i MSE
(

α̃i

∣

∣

∣
X
)

∂λ2
> 0 (65)

⇔

2(N − 1)

{[

N
σ2

ν

T
+ N2s2

α + (N − 1)

N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)¯̄x−i

]

×

(1 − 2(N − 1)λ) − 3(N − 1)

N
∑

i

x̄
′

iV (β̂|X)(¯̄x−i − x̄i) + 3(N − 1)N
σ2

ν

T

}

×

1

[1 + (N − 1)λ]
4 > 0

⇔
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− 4(N − 1)2

[

N
σ2

ν

T
+ N2s2

α + (N − 1)

N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)¯̄x−i

]

λ >

− 2(N − 1)

[

N
σ2

ν

T
+ N2s2

α + (N − 1)
N
∑

i

(¯̄x−i − x̄i)
′V (β̂|X)¯̄x−i

]

+

6(N − 1)2
N
∑

i

x̄
′

iV (β̂|X)(¯̄x−i − x̄i) − 6(N − 1)2N
σ2

ν

T

⇔ [Given Lemma 3]

λ <
N2s2

α + N
σ2

ν

T −∑N
i x̄′

iV (β̂|X)(¯̄x−i − x̄i)

2(N − 1)
[

N2s2
α + N

σ2
ν

T − (N − 1)
∑N

i (¯̄x−i − x̄i)′V (β̂|X)¯̄x−i

]−

3(N − 1)
[

∑N
i x̄′

iV (β̂|X)(¯̄x−i − x̄i) − N
σ2

ν

T

]

2(N − 1)
[

N2s2
α + N

σ2
ν

T + (N − 1)
∑N

i (¯̄x−i − x̄i)′V (β̂|X)¯̄x−i

]

⇔ [set λ = λ∗]

− λ∗ N

2(N − 1)
<

N2s2
α

2(N − 1)
[

N2s2
α + N

σ2
ν

T + (N − 1)
∑N

i (¯̄x−i − x̄i)′V (β̂|X)¯̄x−i

]

⇔

λ∗ > − Ns2
α

[

N2s2
α + N

σ2
ν

T + (N − 1)
∑N

i (¯̄x−i − x̄i)′V (β̂|X)¯̄x−i

] . (66)

We conclude that λ∗ is the global minimum on λ ∈ [0, 1], since it is strictly
positive, given N < ∞, T < ∞ and σ2

ν > 0, and therefore, satisfies the second
order condition in (66).
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Appendix II

In this appendix the second order condition for the proof of Theorem 2 is
derived.

∂2
∑N

i MSE
(

ũi

∣

∣

∣
X
)

∂λ2
> 0 (67)

⇔
−2(N − 1)Aλ + A + 3(N − 1)B

[1 + (N − 1)λ]4
> 0

⇔

λ <
1

2(N − 1)
+

3

2

B

A

where B is the numerator of λ∗∗ and the A is the denominator. The second
order condition can, therefore, be written as:

λ <
1

2(N − 1)
+

3

2
λ∗∗ . (68)

This implies that the upper bound of this condition is something larger than
λ∗∗. There is also a lower bound which falls out if one puts λ = λ∗∗. Thus, in
the point λ∗∗ the following should be true for the second order derivative to
be larger than zero:

λ∗∗ <
1

2(N − 1)
+

3

2
λ∗∗ (69)

⇔

λ∗∗ > − 1

(N − 1)

Thus, λ∗∗ is the global minimum on − 1
(N−1) < λ < 1

2(N−1) + 3
2λ∗∗ and this is

sufficient together with the assumptions of Theorem 2 to make the kernel-FE
estimator MSE-efficient in respect to the criterion given by (33) compared to
the traditional FE-estimator.
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Appendix III

In this appendix the estimators used to compute the estimates of the two
bandwidths proposed in this study are provided.

The bandwidths λ∗ and λ(ᾱ)∗∗ are estimated with help of estimators of

s2
α, σ2

ν and for the former bandwidth also V (β̂|X). These three unknowns are
estimated with the following estimators:31

σ̂2
u = (N − 1)−1

N
∑

i

(α̂i − µ̂α)2 − σ̂2
ν/T, (70)

σ̂2
ν =

∑

i

∑

t
ˆ̈ν2
it

N(T − 1)
, (71)

and

̂V (β̂|X) = σ̂2
ν

(

N
∑

i=1

T
∑

t=1

ẍitẍ
′
it

)−1

(72)

where the dot-dot notation is defined as: z̈it = zit − z̄i, and ˆ̈νit = ν̂it − ˆ̄νi =
ÿit − ẍ′

itβ̂. Given results in the third article of Wikström (2012) it is verified
or straightforward to show the following:

σ̂2
u − s2

α = Op(N
−1/2T−1/2), (73)

σ̂2
ν − σ2

ν = Op(N
−1/2T−1/2), (74)

And for the covariance matrix of β̂ we have:32

̂V (β̂|X) = Op(N
−1T−1). (75)

The results presented above implies that the estimators of the unknowns in the
proposed bandwidths are ’bounded in probability’ both as N and T tends to
infinity. This assures the following properties of the estimators of the proposed
bandwidths:

λ̂∗ = Op(N
−1T−1), (76)

λ̂(ᾱ)∗∗ = Op(N
−1T−1), (77)

as N → ∞ and/or T → ∞.
Thus, the asymptotic results presented in Section 4 holds for kernel esti-

mation based on both λ̂∗ and λ̂(ᾱ)∗∗.

31The estimator σ̂2
u was provided by Jeffrey Wooldridge. The second estimator σ̂2

ν is
included in Wooldridge (2010). An estimator of σ2

u = σ2
α is also included in Wooldridge

(2010) but the expression has a typo. In Article III of Wikström (2012) consistency as N

grow is shown for both estimators.
32See e.g. p. 196 Greene (2008)
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Appendix IV

N T γ λ̂∗ λ̂aic λ̂cv

10 5 0.25 0.9557 0.9529 0.9588
10 5 0.50 0.9812 0.9764 0.9841
10 5 0.75 0.9958 0.9936 0.9963
10 15 0.25 0.9839 0.9826 0.9851
10 15 0.50 0.9974 0.9969 0.9976
10 15 0.75 0.9996 0.9995 0.9996
10 30 0.25 0.9955 0.9951 0.9957
10 30 0.50 0.9994 0.9993 0.9994
10 30 0.75 0.9999 0.9999 0.9999
150 5 0.25 0.9925 0.9802 0.9926
150 5 0.50 0.9983 0.9902 0.9983
150 5 0.75 0.9996 0.9962 0.9996
150 15 0.25 0.9991 0.9983 0.9991
150 15 0.50 0.9998 0.9995 0.9998
150 15 0.75 1.0000 0.9999 1.0000
150 30 0.25 0.9997 0.9996 0.9997
150 30 0.50 1.0000 0.9999 1.0000
150 30 0.75 1.0000 1.0000 1.0000
300 5 0.25 0.9963 0.9841 0.9964
300 5 0.50 0.9992 0.9911 0.9992
300 5 0.75 0.9998 0.9963 0.9998
300 15 0.25 0.9995 0.9987 0.9995
300 15 0.50 0.9999 0.9996 0.9999
300 15 0.75 1.0000 0.9999 1.0000
300 30 0.25 0.9999 0.9998 0.9999
300 30 0.50 1.0000 0.9999 1.0000
300 30 0.75 1.0000 1.0000 1.0000

Table 9: Average ratios of global conditional MSE for estimators of

αi compared to the theoretical minima: C
[

α̃i(λ̂)
]

. DGP: M1

N T γ λ̂∗ λ̂aic λ̂cv

10 5 0.25 0.9968 0.9938 1.0000
10 5 0.50 0.9971 0.9922 1.0000
10 5 0.75 0.9994 0.9972 1.0000
10 15 0.25 0.9988 0.9974 1.0000
10 15 0.50 0.9997 0.9993 1.0000
10 15 0.75 1.0000 0.9999 1.0000
10 30 0.25 0.9998 0.9994 1.0000
10 30 0.50 1.0000 0.9999 1.0000
10 30 0.75 1.0000 1.0000 1.0000
150 5 0.25 0.9998 0.9875 1.0000
150 5 0.50 1.0000 0.9918 1.0000
150 5 0.75 1.0000 0.9965 1.0000
150 15 0.25 1.0000 0.9992 1.0000
150 15 0.50 1.0000 0.9997 1.0000
150 15 0.75 1.0000 0.9999 1.0000
150 30 0.25 1.0000 0.9999 1.0000
150 30 0.50 1.0000 1.0000 1.0000
150 30 0.75 1.0000 1.0000 1.0000
300 5 0.25 1.0000 0.9877 1.0000
300 5 0.50 1.0000 0.9919 1.0000
300 5 0.75 1.0000 0.9965 1.0000
300 15 0.25 1.0000 0.9992 1.0000
300 15 0.50 1.0000 0.9997 1.0000
300 15 0.75 1.0000 0.9999 1.0000
300 30 0.25 1.0000 0.9999 1.0000
300 30 0.50 1.0000 1.0000 1.0000
300 30 0.75 1.0000 1.0000 1.0000

Table 10: Ratios of C
[

α̃i(λ̂)
]

. Value one indicates best – estimated

– fit. DGP: M1
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N T γ λ̂∗ λ̂aic λ̂cv

10 5 0.25 0.8743 0.8602 0.8379
10 5 0.50 0.9391 0.9390 0.9314
10 5 0.75 0.9839 0.9840 0.9785
10 15 0.25 0.9673 0.9687 0.9705
10 15 0.50 0.9941 0.9944 0.9944
10 15 0.75 0.9990 0.9990 0.9988
10 30 0.25 0.9910 0.9913 0.9918
10 30 0.50 0.9987 0.9987 0.9987
10 30 0.75 0.9999 0.9999 0.9999
150 5 0.25 0.9871 0.9782 0.9871
150 5 0.50 0.9972 0.9906 0.9971
150 5 0.75 0.9995 0.9967 0.9994
150 15 0.25 0.9985 0.9977 0.9985
150 15 0.50 0.9998 0.9995 0.9998
150 15 0.75 1.0000 0.9999 1.0000
150 30 0.25 0.9997 0.9996 0.9997
150 30 0.50 0.9999 0.9999 0.9999
150 30 0.75 1.0000 1.0000 1.0000
300 5 0.25 0.9934 0.9821 0.9935
300 5 0.50 0.9986 0.9910 0.9986
300 5 0.75 0.9997 0.9964 0.9997
300 15 0.25 0.9993 0.9985 0.9993
300 15 0.50 0.9999 0.9996 0.9999
300 15 0.75 1.0000 0.9999 1.0000
300 30 0.25 0.9998 0.9997 0.9998
300 30 0.50 1.0000 0.9999 1.0000
300 30 0.75 1.0000 1.0000 1.0000

Table 11: Average ratios of global conditional MSE for estimators of

αi compared to the theoretical minima: C
[

α̃i(λ̂)
]

. DGP: M2

N T γ λ̂∗ λ̂aic λ̂cv

10 5 0.25 1.0000 0.9839 0.9583
10 5 0.50 1.0000 0.9998 0.9917
10 5 0.75 0.9999 1.0000 0.9944
10 15 0.25 0.9967 0.9981 1.0000
10 15 0.50 0.9996 1.0000 1.0000
10 15 0.75 1.0000 1.0000 0.9998
10 30 0.25 0.9991 0.9995 1.0000
10 30 0.50 1.0000 1.0000 1.0000
10 30 0.75 1.0000 1.0000 1.0000
150 5 0.25 1.0000 0.9909 0.9999
150 5 0.50 1.0000 0.9934 0.9999
150 5 0.75 1.0000 0.9972 0.9999
150 15 0.25 1.0000 0.9992 1.0000
150 15 0.50 1.0000 0.9997 1.0000
150 15 0.75 1.0000 0.9999 1.0000
150 30 0.25 1.0000 0.9999 1.0000
150 30 0.50 1.0000 1.0000 1.0000
150 30 0.75 1.0000 1.0000 1.0000
300 5 0.25 0.9999 0.9885 1.0000
300 5 0.50 1.0000 0.9923 1.0000
300 5 0.75 1.0000 0.9967 1.0000
300 15 0.25 1.0000 0.9992 1.0000
300 15 0.50 1.0000 0.9997 1.0000
300 15 0.75 1.0000 0.9999 1.0000
300 30 0.25 1.0000 0.9999 1.0000
300 30 0.50 1.0000 1.0000 1.0000
300 30 0.75 1.0000 1.0000 1.0000

Table 12: Ratios of C
[

α̃i(λ̂)
]

. Value one indicates best – estimated

– fit. DGP: M2
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N T p λ̂∗ λ̂aic λ̂cv λ̂(ᾱ)∗∗

10 5 0.25 0.5863 0.5853 0.5965 0.5611
10 5 0.50 0.6522 0.6488 0.6666 0.6017
10 5 0.75 0.7078 0.7052 0.7178 0.6600
10 15 0.25 0.6613 0.6608 0.6632 0.6149
10 15 0.50 0.7132 0.7129 0.7152 0.6729
10 15 0.75 0.7523 0.7523 0.7542 0.7244
10 30 0.25 0.6959 0.6956 0.6959 0.6598
10 30 0.50 0.7342 0.7341 0.7345 0.7126
10 30 0.75 0.7653 0.7654 0.7658 0.7515
150 5 0.25 0.7202 0.8127 0.7103 0.8571
150 5 0.50 0.6313 0.7131 0.6248 0.8733
150 5 0.75 0.6268 0.6755 0.6232 0.8050
150 15 0.25 0.6293 0.6537 0.6266 0.8823
150 15 0.50 0.6246 0.6385 0.6231 0.8081
150 15 0.75 0.6655 0.6730 0.6648 0.7698
150 30 0.25 0.6187 0.6268 0.6175 0.8358
150 30 0.50 0.6515 0.6559 0.6509 0.7824
150 30 0.75 0.7007 0.7030 0.7004 0.7708
300 5 0.25 0.6335 0.7657 0.6273 0.9142
300 5 0.50 0.5302 0.6197 0.5269 0.8460
300 5 0.75 0.5329 0.5830 0.5312 0.7342
300 15 0.25 0.5366 0.5617 0.5353 0.8500
300 15 0.50 0.5349 0.5488 0.5342 0.7354
300 15 0.75 0.5762 0.5841 0.5758 0.6923
300 30 0.25 0.5216 0.5297 0.5210 0.7678
300 30 0.50 0.5520 0.5566 0.5517 0.6955
300 30 0.75 0.6016 0.6043 0.6015 0.6835

Table 13: Average ratios of ASE for estimators of u∗

i
compared to

the theoretical minima: C
[

ũi(λ̂)
]

. DGP: M3

N T p λ̂∗ λ̂aic λ̂cv λ̂(ᾱ)∗∗

10 5 0.25 0.9829 0.9813 1.0000 0.9408
10 5 0.50 0.9784 0.9734 1.0000 0.9026
10 5 0.75 0.9861 0.9824 1.0000 0.9194
10 15 0.25 0.9971 0.9963 1.0000 0.9271
10 15 0.50 0.9971 0.9968 1.0000 0.9409
10 15 0.75 0.9975 0.9974 1.0000 0.9604
10 30 0.25 1.0000 0.9995 1.0000 0.9480
10 30 0.50 0.9996 0.9995 1.0000 0.9702
10 30 0.75 0.9993 0.9995 1.0000 0.9814
150 5 0.25 0.8402 0.9482 0.8287 1.0000
150 5 0.50 0.7229 0.8165 0.7154 1.0000
150 5 0.75 0.7786 0.8391 0.7742 1.0000
150 15 0.25 0.7132 0.7409 0.7102 1.0000
150 15 0.50 0.7728 0.7901 0.7711 1.0000
150 15 0.75 0.8646 0.8743 0.8636 1.0000
150 30 0.25 0.7402 0.7499 0.7388 1.0000
150 30 0.50 0.8327 0.8384 0.8319 1.0000
150 30 0.75 0.9091 0.9121 0.9086 1.0000
300 5 0.25 0.6929 0.8375 0.6862 1.0000
300 5 0.50 0.6268 0.7326 0.6229 1.0000
300 5 0.75 0.7258 0.7941 0.7235 1.0000
300 15 0.25 0.6313 0.6608 0.6298 1.0000
300 15 0.50 0.7273 0.7462 0.7264 1.0000
300 15 0.75 0.8322 0.8438 0.8317 1.0000
300 30 0.25 0.6793 0.6899 0.6785 1.0000
300 30 0.50 0.7937 0.8003 0.7932 1.0000
300 30 0.75 0.8802 0.8841 0.8799 1.0000

Table 14: Ratios of C
[

ũi(λ̂)
]

. Value one indicates best – estimated

– fit. DGP: M3


