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ABSTRACT

Advancements in modern medical technology have enabled cures for a fraction of patients while extending survival times for
those who are not cured. For non-cured patients, disease recurrence is influenced by observed covariates and unobserved indi-
vidual heterogeneity (random effects). In biomedical studies, dependent censoring is frequently encountered, for example, in
cancer patients, where right censoring can be caused by death from unrelated diseases or due to an (unobservable) cure status.
This study introduces a joint frailty model for recurrent event data with a cure fraction, effectively capturing heterogeneity and
inducing dependent censoring. The proposed multivariate joint frailty mixture cure models incorporate covariates and frailties,
together with the event incidence time and latent cure status. The model accounts for the probability of a cure after each recurrence
using both the complementary log-log and the logistic link function. A likelihood-based estimation method is developed using
the Monte Carlo Expectation-Maximization (MCEM) algorithm. Through Monte Carlo simulation, we examine the finite sample
properties of the MCEM estimators, supplemented by a real-world application using secondary data on hospital readmissions for
colorectal cancer recurrence post-surgery. Simulation results suggest lifetime and frailty parameter estimates are unbiased and con-
sistent. Compared to models with identical frailty structure, both the complementary log-log and the logistic cure frailty models
with dependent frailties demonstrate a better fit with the real data, as evidenced by lower Akaike information criteria values.

1 | Introduction

Repeated occurrence of an event, or recurrence, is frequently
observed in biomedical studies. For example, cancer patients
often experience conditions such as multiple tumor recurrences
after breast cancer surgery or undetected cancer cells which
remain after treatment. Even so, the immune system or resistance
of patients may deteriorate after surgery leading to the prompt
spread of cancer throughout the body. Repeated heart attacks
in patients with cardiovascular disease, psychological disorders
such as depression or anxiety, and tuberculosis are also examples
of recurring events in lifetime data. Multiple failures of a machine
after repair and recurrent downtime of a server are examples

of recurrent events in reliability engineering. Analysis of these
recurring-event data is important to address some specific queries
regarding the comparative study of new treatments/therapies or
to examine the chance of recovery within the disease evolution
process [1-3].

In survival analysis, it is commonly assumed that all patients
will eventually experience the event of interest. However, in
reality, not all the individuals in the study are at risk of the
event during the entire study period, even if the study period
is extended. These fractions of long-time survivors are known
as cured. Modern developed medical technology and treat-
ments, for example, early-stage diagnosis or effective therapies
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within different types of oncology studies such as breast cancer,
leukemia and melanoma, or prostate cancer, today give rise to the
mixture cure models which are important and popular in clinical
trials and medical research [3-5]. These mixture cure models are
suitable for the precise estimation of the survival time and the
probability of a subject to be cured with covariate effects.

A dependent censoring mechanism is observed when the cen-
soring time is associated with the likelihood of being cured, or
the event occurrence time among non-cured individuals [4]. For
example, in the case of cancer studies (prostate, colorectal, or
breast), some patients may be considered as cured (censored)
with respect to the terminal event being death due to cancer while
non-cured cancer patients are less likely to be censored, leading to
dependent censoring. In the dependent censoring mechanisms,
frailty models have been studied to determine the dependence
between failure and censoring [6-9].

For recurrent event times, the frailty models have been widely
utilized to model unobservable random effects or frailty [1, 2,
10-12]. Recently, many studies have extended these models asso-
ciated with cure fractions for individual data, especially when
analyzing cancer data [13-19]. Previously, a single frailty term
was used as a multiplicative component in joint frailty models
to capture unobserved heterogeneity due to latent risk factors
beyond covariates. In a cure mixture model for recurrent-event
data, time to event was observed only for the non-cured sub-
jects, meaning the individuals with a recurrence cannot belong
to the cured group [20, 21]. The probability of incidence of an
event can be associated with some influential observed and unob-
served factors, where ignoring these random effects may produce
biased estimates. Moreover, after each recurrence, it is necessary
to estimate the incidence probability to capture the instantaneous
likelihood of future recurrence. Patients may improve the risk
of recurrence or may deteriorate due to medicine reactions after
readmission. Inclusion of a new frailty after each recurrence may
address this individual-level heterogeneity [22]. Logistic, probit,
or complementary log-log link functions are suitable for mod-
eling cure probability as they offer flexibility when capturing
changes after each recurrent [21].

Rondeau et al. [5] modeled recurrent events using frailty model
with a cured fraction after each recurrence, where shared ran-
dom effects were adopted and proportionally connected between
the recurrence and survival components. In reality, distinct yet
correlated frailty terms for latency (or cure probability) and inci-
dence (or time to event) parts may be a better choice to capture
the underlying dependence or joint heterogeneity between these
processes, which was not explored in their study. Convergence
failure is commonly observed with numerical optimization of the
likelihood function for models with multiple or non-normal ran-
dom effects, high-dimensional mixture distributions, or complex
hierarchical models [23]. Relying on the normality assumption
of the frailty distribution, PROC NLMIXED in SAS 9.1 and Gaus-
sian quadrature were used to maximize the likelihood function
in the study by Rondeau et al. [5]. Although PROC NLMIXED
is a flexible and powerful tool for the estimation of parame-
ters in nonlinear mixed-effect models, it also has several con-
straints. The accuracy of numerical integration when calculating
the marginalized likelihood depends on the number of quadra-
ture points as well as the dimensionality of the random effects
[24]. Rondeau et al. [5] also reported convergence instability up

to 4% for the simulated cases in their study. The baseline haz-
ard is generally modeled under parametric assumptions such as
piecewise constant or Weibull which may fail to model complex
or non-proportional hazard patterns. However, this model pro-
duced a biased estimate of the variance of the random effects as
well as bias in the regression parameter estimates, and the bias of
the estimates was not reported across different cure fractions.

Tawiah et al. [3] proposed a more general bivariate joint frailty
mixture cure model with correlated random effects. This model
jointly accounts for the dependence between the hazard rates
of recurrent events and death among non-cured patients. The
probability of being cured was modeled using a logistic func-
tion which included patient-specific unobserved frailty, uncor-
related with other frailties, although this failed to capture the
correlation between event time and cure status. The proposed
Expectation and Maximization (EM) type restricted maximum
likelihood (REML) estimation method, when contrasted with the
Markov Chain Monte Carlo (MCMC), is a less time-consuming
process. However, this algorithm replaces the missing cure status
with their conditional expectations, given frailties, and produced
biased parameter estimates depending on the underlying corre-
lation pattern.

This study aims to develop a flexible joint frailty model where
two dependent random effects, one for incidence and the other
for hazard, are considered separately to obtain a smooth underly-
ing model structure. Both the complementary log-1log link func-
tion and the logistic link function were applied to model the
non-cured status of the patients. The complementary log-log is
suitable when estimating the probability of rare events or events
with rapidly increasing risk, while the logistic link function can
handle symmetric connections effectively. The performances of
the proposed models were investigated through a series of sim-
ulation studies. Parameter estimation and inference were con-
ducted using the Monte Carlo (MC) Expectation-Maximization
(MCEM) algorithm. In addition, the usefulness of the proposed
procedures was exemplified by analyzing secondary data on suc-
cessive rehospitalization of patients diagnosed with colorectal
cancer published by Gonzilez et al. [25].

The remainder of this article is structured as follows. Section 2
presents the proposed mixture cure frailty model formulation for
recurrent events. The likelihood function and parameter estima-
tion process are also explained in detail in this Section. Section 3
explains the simulation settings and discusses the simulation
results. The performance of the proposed models is further evalu-
ated using real data on the successive rehospitalization of patients
diagnosed with colorectal cancer, with comparisons made against
a mixture cure model incorporating identical frailty discussed in
Section 4. A concluding discussion of the merits and limitations
of the proposed models and their estimation technique is pre-
sented in Section 5.

2 | Methods

2.1 | Proposed Mixture Cure Frailty Model
for Recurrent Events

Suppose a longitudinal follow-up study is conducted to observe
the recurrent clinical event of N independent patients. Right
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censoring may occur in the recurrent event process subject to
death, loss of follow-up, or end of the study (i.e., administrative
censoring). Let X;; be the jth (j = 1,2, ..., n;) recurrent time of
ith (i =1,2, ..., N) individual, C,is the censoring time for jth
recurrence of ith individual and T}; = min(X;, C;;) corresponds
to each follow-up time. Let §;; be the censoring indicator for ith
individual at jth recurrence, then 5,; = I (X,; < C, j) can be set to
0 for censored, and 1 otherwise. Let Z,; = (zy;;. 2y, -- - Z,;;) bea
fixed or time-dependent observed covariate vector of dimension p
associated with survival time for jth recurrence of ith individual.
Suppose, w,; is a random effect, or frailty, with probability den-
sity function g(w,) where @; = (wy, w5, ...,y ), capturing
the dependence of an individual being successively readmitted
due to events. Distinct genetic variants, hormones, susceptibility
to carcinogens, or any other particular unobserved factors can be
the sources of correlation between successive recurrences within
each patient.

The Cox proportional hazard model allows frailty in the model to
capture the unobserved heterogeneity and is expected to induce
the dependence among recurrent events within the same individ-
ual [10]. However, Cox’s model [26] also assumes that all individ-
uals experience the event, which is not true in practice since all
the individuals in the study may not experience the event or may
not even be at risk of developing disease during the study period
or later in life. Therefore, the idea of extending the ordinary frailty
model to cure frailty is motivated by the need to model the sus-
ceptible and non-susceptible individuals separately [27]. To iden-
tify the cure status of an individual after each recurrent visit, let
U;; = 1 denote the individual experiencing the event (non-cured,
at jth incidence) and U;; = 0 to denote the opposite (cured).

The patients who successfully responded to treatment and are no
longer at risk for recurrence might be more likely to drop out of
the study. In contrast, the patients who are still at risk for recur-
rence are more likely to remain in the study and less likely to drop
out prematurely. Consequently, such dependence on the censor-
ing mechanism is evident in the cure fraction model. The hazard
for a non-cured individual at time #,; given Z;; and a random
subject-specific frailty w,; is given by

)“;j(tij|Uij = 1’501;) = /lo(t;j) exp [Zgﬂ + wli]’ €y

where @, L@, Vi # i’, A is the so-called baseline hazard which
does not involve f or @;, and B is a p-vector of unknown param-
eters. The survival function corresponding to Equation (1) is
given by

S(1;1U;; = Lwy;) = exp [_AO(t"f) &xp [Zirjﬂ * wli“’ @

where Ay(1,;) = /,7 Ao(t)d1, is the cumulative baseline hazard
function, specified as non-parametric. The associated density
function of Equation (2) is given by

f(t;1U; = Lwy;) = exp [_Ao(tij) exp [Z,-Tjﬂ + wli]]'lo(tij)
X exp [ZI.TJ./} + wli].

= S(1;|U; =1L oy,) 4,;(1;|U; = 1Loy). (3)

In this study, the mixture cure model with different cure sta-
tus is considered to make a relative comparison. The first model
uses a complementary log-1log (or clog-log) model for the cure
status

P(U; = 1|w,) = exp [— exp [V,-T,-7 + a)z,.“ =m;(Ulwy). (4
while the second model is designed with a logistic cure status

exp [Vl.ij + wz,-]
P(Uij = 1|a)2i) =

- = 7r,-j(U|a)2[), (5)
1+exp [V,.jy + a)zl.]

where V;; = (vy;;, 0y, ..., 0,;) is the observed covariate of
dimension ¢ associated with cure probability for jth recurrent
of ith individual, y is g-vector of parameter, w,; is the random
effect of ith individual associated with the probability of cure, and
m;;(Uw,;) is the probability that no additional event occurs after

each event.

The frailty w,; captures the unobserved heterogeneity in
time-to-recurrence of ith individual and w,; captures the unob-
served heterogeneity in the cure probability. Practically, these
two random effects are not independent. Individuals with larger
wy;, indicates higher frailty for recurrence. However, smaller
w,; tends to be less likely to be non-cured as it is related with
increased susceptibility of being cured. Therefore, the correlation
of these two random effects is useful for the within-cluster cor-
relation [5]. The joint density of w;; and , w,; can be expressed
in vector notation @, = (a)l,wz)r ~ f(®;) for some density f
with marginals g(w,), and h(w,). For f # h(w,)g(w,), the
model ensures a dependence between the recurrence hazards
and the cure probability. However, the frailties, w;; and w,;,
are non-identical; in other words, none of the frailty terms is
normally distributed or proportional to each other, which con-
trasts with other existing works [3, 5]. Distributional assump-
tions, together with the estimation procedure, are elaborately dis-
cussed in the following subsection. The overall survival function,
marginal on U, is given by

S(tlo,) =1—m,; + z;; exp [—Ao(fi,-) exp [ZiTjﬁ + wu”« (6)
The corresponding density function is given by

f(tijla)i) = 7;; €Xp [_Ao(tij) €xp [ZlTJ‘B + wliH

Ao(1;;) exp [Z[Tjﬂ + a’u]- @)
where the recurrence times ., ...,1;,, are the gap times
or differences between the successive visits due to the event
for the same subject and are independent given the frailty w,;
and w,;. A positive value of B indicates an increased risk of
recurrence due to an event (if susceptible), while a positive y
suggests that the probability of being cured is lower (or the
probability of being susceptible is higher). Throughout the arti-
cle, vectors and matrices are denoted by bold symbols where
the design matrices are bold-capital, for example, Z y,,, and

V (nxg-1)-
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2.1.1 | Estimation Procedure for Complementary
log-log Model

The gamma distribution is frequently used as a frailty distribu-
tion due to its infinitely divisible property [12] which allows the
total frailty to be expressed as the sum of many small, inde-
pendent risk components arising from multiple sources within
an individual. Moreover, the gamma frailty model exhibits a
time-invariant dependence structure between frailties in shared
frailty settings, offering a balance between interpretability and
computational tractability [28]. Several correlated gamma frailty
models have been proposed in the bivariate context in the lit-
erature [28]; however, in this study, we propose a novel bivari-
ate gamma frailty model by assuming w,; = log(u,;) and w,, =
log(uz[ ) . Log-transformed frailties ensure a positivity and an addi-
tive effect on the log hazard model as well as in the cure model.
The advantages of such parametrization, in additions to its math-
ematical simplicity, is discussed elsewhere in the literature [29].
To complete the model formulation, let us assume two inde-
pendent random variables x and y, where x ~ Beta(a, a) and
y ~T'(2a, a). Then the product of gamma and beta variables,
u; = xy also follows gamma with parameters (o, ) and u, =
2y ~ I'a, 2a) [30]. Therefore, u;; and u,; jointly follow bivariate
gamma with the probability density function

2a. (@=1) (a=1) Uy
a® Uy (uy = 2uy;) " exp | =45

f(uli’MZI) =

2T (@) () ’

where 0 < u;; < u,; < oo; which implies dependence due to sup-
port restrictions u,; > 2u,;. Furthermore, u,; is a gamma frailty,
as well as the random effect in the cure fraction, while w,,
adds linearly to the respective linear predictor without any
range constraints. Here, E(u,;) = 1, and E(uy;) = 1 which helps
to estimate the parameter and improve interpretability [29].
Furthermore, u,; 1 /u,; implies linear correlation Corr(w,, w,) =
\/%. Positive trigamma in the correlation function always
estimates positive correlation as « is positive. In addition,
V(uy) = i and V (uy) = i shows only « controls the degree
of unobserved heterogeneity; interpreted as « — oo, the variance
— 0, refers homogeneous population. The complete data likeli-
hood can be expressed in the following form

a:ﬁ(ﬁu—m-)l g, )f< )

i=1 \_j=1
where

G, = [ (t1u)] [S (1, 1e0,)]“~).

If an individual is not cured during the follow-up time, the cen-
soring indicator, §;; is set to 1, otherwise 0. After log transforma-
tion the likelihood becomes

U;)log(1—m;) + ZZU’J log 7,

i=1j=1 i=1 j=

logG;; + Z log f (@ (®)

i=1 j=1

The log-likelihood (Equation 8) can be partitioned into three dis-
tinct parts. The first part of likelihood, L, is the contribution

based on the parameters of the complementary log-log model
(see Equation 9), the second part is associated with the model
of mixture cure frailties (see Equation 10), and the third part,
l, =Y~ log f(@,), corresponds to frailties.

An observed individual who experiences a recurrence is defined
as non-cured, that is, §; ;=1 implies U, ; = 1. In contrast, the
cure status of an individual is unknown if the respective fol-
low up time ends before a recurrence, that is, U,; ; is miss-
ing when §,; = 0. To overcome this situation, a complete data
likelihood is used to deal with both the unobserved and
observed cases. The E-step completes the missing cure status
and frailties by estimating the expectation of the complete-data
log-likelihood given the observed data and the current param-
eters of (B,7,a) = (B° % a®) = 6°. The M-step maximizes the
conditional expectation of the complete-data log-likelihood
over the unknown parameters to update the parameter esti-
mate. Iteration between E-step, and M-step continues until
convergence.

An analytical solution of the expectation of /, is not possible. The
EM algorithm can be performed effectively using Monte Carlo
EM where in each iteration, total K samples of ul,u2, ..., uk are
generated from the density of f (uy|uy;.1,;;6°) and the expecta-
tion in /, can be approximated by

K
- 15[E30--an
n; N n
+ZZU,-jlogn,-jk+Zz5ij10g”fjk
i L

N n;
_22(1 - 6ij)7rijk:| . 9)
[

. 1
where 1 replaced  with  U; = X, P

[U=1Ju,1,:6°], and 7, =exp [— exp [V,,ij +log(u’2‘l_)”.
Further detalls about the Mote Carlo sampling techniques
and estimation are given in the Supporting Informations.
In the M-step, the parameter y is obtained through the
Newton-Raphson optimization procedure, where the param-
eter estimates are iteratively updated conditional on the current
estimates of @y, ,; and U;; given data.

missing U, is

The Newton-Raphson procedure, applied to [E[l p], provides the
estimated value of parameters g where y is estimated from the
first part of the likelihood, 7. The expectation of /; is simplified
as follows.

E[l,] = [ZZ&U log( 4 (1, +225”2Tﬂ
- zzéi}AO(tij) €xp [Z,Cﬂ][E[ulill,«j]
[/
N n
+225ij[E[logu1i|tij]:| . (10)
i

The third part of the log-likelihood is the joint frailty model,
where the expected likelihood is maximized with respect to
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a applying the Cauchy approximation [31]. The expected
log-likelihood /,, is as follows

l,=2Naloga —aNlog2 —2N logI'(a)
N N
o
- EZMZi +a210guli

N
—(a- 1)2 log(uy; — 2uy;).

where all the expected values on the right-hand side are evaluated
analytically (see Supporting Informations). The standard error
is derived from the diagonal of the inverted information matrix
using the Louis method [32]. The observed information matrix of
7 using the Louis’ method is

<1iazc>T<li(slc> an
K& or K& oy
with the observed information matrix of § and « being

I, =E[-B.(B)] —E[S.(BA"S.(B)] - S, (B S,B).  (12)

1, =E[-B,(a)] - E[S. ()" S ()] = S, ()8, (), (13)
where B, is the second derivative of complete-data likelihood, .S,
is the gradient vector of complete-data log-likelihood and S, is
the gradient vector of the observed data log-likelihood.

2.1.2 | Estimation Procedure for Logistic Model

To complete the model formulation, assume w,; = log(uy; X uy;)
, where u;; ~ F(— —> and u,; ~ Beta( z
and w; Luy ,Vi ;ﬁ i"'& J # j' so that w,; is a gamma frailty. The
random effect in the cure fraction, w,; adds linearly to the respec-
tive linear predictor without any range constraints and follows
the generalized logistic distribution (type IV) [33]. The joint den-
sity of w;; and w,; has the following functional form:

and w,; =

f(cul,., wZi)
[ e[t oo )

)

a a o

Here, E(e®™) = 1, E(uy;u,;) = E(uy;)E(uy;) = 1since u; and u, are
independent, and E(w,;) = 0 implies E(e®») = 1. These are fun-
damental assumptions for identifiability between the baseline
hazard and the frailty term for the model. Moreover, w,;1/w,;
implying Cor(wy;, w,;) = #Z;T/a = 0.707 being the lin-
ear correlation coefficient between frailties. Though a fixed cor-
relation is a limitation of the model, it should be noted that
the linear correlation is not a good measure of dependence for
non-normal random variables, and it can be empirically verified
that the shape of the joint distributions do differ depending on «
(see Appendix Figures 7 and 8). Now, conditional on @, the like-
lihood function for the observed data is given by

~T1(TT0

i=1

zUuLj=]ﬁw”ﬂ&ﬂs(gﬂwJ]L%”>f(wJ.

i1

After applying the log transformation, the conditional likelihood
becomes

log(L ZZ&U log [f(1;1U;; = Lwy,)]
i=1 j=
N
+ ZZ (1-3,;)log [S(t;lo;)] + Z log f (@;).
i=1 j=1 i=1
(14)
Let us denote S(t,|U;; = 1,0,;,) = S, and A(1;|U;; =1, 0,) =
A, we have from Equation (3)
log [ (1;1U;; = 1,o,;)| = 1og(S,) +log(4,)
and
log [S(t;l@;)] =1log(1 - x;; + m;; S, )
=log(1—m;(1-5,))
—zrij<1 - Sl).
The corresponding Equation (14)
log(L 225,] log(S,) +log(4,))
i=1 j=
+ZZ(1_51‘/)(_”1‘1‘(1_51))- (15)

i=1 j=1

The first part of the log-likelihood Equation (15) only involves the
parameter f and w,; while the second part contains all param-
eters, and it is likely to make a very small contribution to the
likelihood of B as ;; < 1 and (1-.,) < 1. Therefore, both parts
of the conditional hkehhood function can be used separately to
obtain the model parameter estimates, as follows. To estimate f
and a we use the following log-likelihood function

ZZ(SU log(s

i=1 j=1

log(Ly, ) 1) +1og(4,)) +log(f (wyl@y;)),

(16)
where the distribution f (w,;|w,;) follows a log-gamma,
ool [z -2

() |
EM algorithm combined with the Newton-Raphson applied to
obtain the estimates, say, [i and &, where initials are g° and «°.

Then in the second step y can be estimated from the second part
of the likelihood

f(“’z:"“’li) =

+log [f (w0 = a®)], 17

where S{’ =5, evaluated at g = B and « = &. Iterate between
these two steps until convergence is obtained.
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2.2 | Identical Frailty Model

To make a comparative analysis, another model is designed in
such a way that both the recurrence time and cure fraction frail-
ties are identical. The corresponding survival function is given by

S(t,1U,; =1, w;) = exp [—Ao(t[j) exp [ZI.Tjﬂ +w[”,

where Ay(t;) = J3¥ ag(0)dt, is the cumulative baseline hazard
function, specified as non-parametric, and the cure status is
given by

P(U;; =1|w;) = exp [— exp [Viij + ca,” =, (Ulw,).
The associated density function is given by
f(t,1U; = Lw,) =exp [—Ao(t,.j) exp [Z,.Tjﬁ + a)iHAO(IU)
exp [ZI,T]./} + w,-].
=S(t,1U; = 1,0,) 4;(1;|U;; = 1, 0,).
The density function of overall survival is
f(tijlui) = )'O(zij)ui exp[ gﬁ]
X exp [—A(t,-j) exp [ZiTjﬁ]u,- —exp [Vﬁy“

where w; followed a gamma distribution with equal shape and
scale, a acting as shared frailty for both the recurrence time and
cure status components. This frailty accounts for the unobserved
heterogeneity, which captures the risk of experiencing the disease
or recurrence as well as an individual belonging to the non-cured
group. The idea of using a common gamma frailty for incidence
and recurrence processes has been studied in hierarchical cure
models [5] to accommodate patient level unobserved heterogene-
ity. This assumption is plausible in many health data settings
where unmeasured subject-level factors—such as genetic pre-
disposition, immune system functioning, underlying physiology
frailty, or multi-morbid conditions all simultaneously affect the
probability of being cured as well as the risk or frequency of future
recurrences among the non-cured. Wienke [34] discussed the
plausibility of shared frailties in biomedical recurrences where
latent vulnerability is constant for a subject.

2.2.1 | Estimation Procedure for Complementary
log-log Model in Case of Identical Frailty

To derive the maximum likelihood estimator of the model param-
eters, the log-likelihood (Equation 8) is maximized, after setting
w,; = wy; = w; and the density of w; is replaced by the following
univariate form

a® exp [aa),.] exp [—a exp[mi]]
) ;—00 < @; < 00.

[ (o) =

The parameters, y and f, are estimated using Equations (9) and
(10), respectively. The EM algorithm can be performed effec-
tively using Monte Carlo EM where in each iteration, with total
K samples of u%, wr ..., uf being generated from the density of

f(w1;;). The Monte Carlo sample size, K, is 1000 where the
whole experiment is repeated 250 times to obtain the highest
accuracy. In the M-step, the parameter y is obtained through
the Newton-Raphson iterative optimization procedure, with the
parameter estimates being updated conditional on the current
estimates of ; and U;; given data. The second part of the like-
lihood Equation (8) is associated with Cox proportional haz-
ard and the Newton-Raphson iterative optimization process is
applied to obtain the estimated value of the parameters f using
Equation (10) where y is estimated from Equation (9), . The
baseline hazard is estimated non-parametrically.

The « is estimated from the third part of Equation (8) where
joint density is replaced by univariate and the likelihood can be
expressed as

N N
I,(a) = Naloga — aZu,- +(a— 1)2 logu, — N log ().

The standard error of gamma is derived from Equation (11) by
applying the Louis method [32] and the standard error of # and «
from the observed information matrix of Equations (12) and (13)
respectively.

3 | Simulation Study

The simulation study of the joint frailty mixture model is con-
ducted to evaluate the performance of the estimators. Two covari-
ates are considered: Z, which is the relevant covariate of the risk
of readmission in the long run, and V', which is related to the inci-
dence of the event. This study was conducted considering two
scenarios, with a total of N = 500 and N = 1000 patients, each
followed up for 5 years. The covariates Z and V are generated
from Bernoulli distributions with a probability of 0.5. For each
patient i, the following steps were followed to generate recurrent
data.

1. Lost to follow-up time in days, denoted by C; is generated
for each individual from a uniform distribution with a max-
imum of 5 years.

2. For complementary log-log cure probability, random vari-
able x is generated from a Beta distribution with parame-
ters (a, a), y is generated from gamma distribution (2a, ).
The frailty associated with the survival model is defined as
u; = xy, generated from gamma distribution with parame-
ter (a, ). The frailty connected to disease incidence is u, =
2y, and also followed a gamma (2a, 2a) [30]. In contrast, u; is
generated from gamma distribution (5, }Y) and u, from Beta

with equal shape and scale % for logistic cure status.

3. The cure status of the ith individual of the jth recur-
rent is generated from a Bernoulli distribution. For
the complementary log-log model, the probability is
P(U;; = 1|uy) = exp [— exp [Viij]uz,-] and P(U,; =1|

w,H: ) = ————

2!) 1+exp [V,7;7+w2,]
as described in Section 2. If the cure status is 1 (i.e., the
patient was not cured), the gap time between successive
occurrence, f;; is generated using the survival function

exp V,.TI.y+w, ..
d =, (Ulw,) for the logistic model
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S (t,/loy;) = exp [_Ao(tij) exp [Z,.Tj/i] uli]. The Weibull
baseline hazard distribution is defined as f(¢; A, y) = pAr#~!
with scale, A = 1 and shape, ;4 = 1.5 for the complementary
log-log, and scale, A =1 and shape, y =5 for a logistic
model, to generate the recurrence gap time. Nevertheless,
if the patient is cured, that is, U, =0, and the following
recurrence time is censored at C;.

Iterate Step 3 until Y7, ; = C; or U;; = 0. The Monte Carlo sam-
ple size (MCSS) for the E-step, in the EM procedure, is set to 100,
500, 1000 and 5000. The entire experiment is replicated 250 times,
and the validity of the models is tested for different combinations
of the values of y, # and «. The simulation procedure is visually
summarized in the flowchart shown in Figure 1, which captures

the consequent steps in the analysis.

Table 1 summarizes the average estimated parameters over 250
replications for different MCSSs with a total of 1000 individuals.
Itincludes the average estimated parameters, mean squared error
(MSE), and average standard error of complementary log-log
model estimated by the Louis [32] method with standard error
in parenthesis. The estimates of y and « are unbiased and consis-
tent across a number of Monte Carlo sample sizes ranging from
100 to 5000. The latent parameter f accounts for the smallest MSE
at MCSS 5000, which differs negligibly from the MSE estimated
at MCSS = 100. In Table 1, the fifth column shows the mean of
the estimated standard error obtained when applying the Louis
method, with the empirical standard error of the variance shown
in parentheses. The estimated standard error as well as the stan-
dard error of the variance, are also close to zero, indicating a
small variability which originated in the parameter estimates due
to latent variables as compared with observed data. The estima-
tion process of the Monte Carlo EM algorithm took considerably
longer time to run with large MCSSs, while similar precision was
achieved in a shorter time using smaller MCSSs.

Both the complementary log-log and logistic models perform
very well under different settings for the parameters, sample sizes
and cure rates (Tables 2, 3). The average estimates of y are unbi-
ased, with a very small standard error of the mean y for any com-
bination of # and «; even the MSE and SE are close to zero. The
small SE reflects the consistency of y across replications. The SE
of the mean estimated g, the MSE, and the estimated SE by the
Louis method are also small. The MSE of « tends to be larger,
particularly when the true value of « is large, or when g and y
are negative. The issue is mitigated with the large sample sizes.
Table 2 presents the estimated parameters for a sample size 1000.
The estimates of y, # and « are unbiased with very low SE and
nearly zero MSE.

The complementary log-log model converged across a wide
range of cure rates. The first set of true parameter values in Table 2
corresponds to a high cure rate (90.34%). The lowest cure rate,
17.88% was observed in simulation 8. The maximum dependence
(0.95) is estimated in simulation 3, where the y, f are negative
and « is small (0.5). As expected, smaller values of a are associ-
ated with stronger dependence. In contrast, the lowest correlation
was observed in simulation 1, which exhibited a very high cure
rate outcome which is practically reasonable. Overall, the results
indicate that the frailty parameter « is inversely related to the

degree of dependence or homogeneity. The logistic model is more
restrictive than the complementary log-log model, as it can han-
dle cure rates only up to approximately 40% with the lowest con-
vergent value observed at 29%. Therefore, further methodological
investigation is required to relax the boundary constraints of cure
rates. Consequently, the estimators are consistent, as they con-
verge to the true parameter value as the sample size increases.
The performance of prediction of survival model is obtained by
using the Concordance Index (C-index) [35]. The simulated data
set was partitioned into train data and rest data with a 70:30 ratio,
and the very small gap between the C-indexes of train and test
indicates no overfitting of the model.

Therefore, both proposed models can adequately handle differ-
ent cure rates, as well as individual-level heterogeneity in dis-
ease exposure (non-cured) and, in the long-run, risk of hospital
readmission.

4 | Analysis of Colorectal Cancer Hospital
Re-Admission Data

Successive rehospitalization of patients diagnosed with colorec-
tal cancer from a prospective cohort study published by Gonzalez
[25], available in the frailtypack [36] package in R, was used in
this study to explore the proposed models. Among 523 patients
identified with colorectal cancer between January 1996 and
December 1998, 403 underwent surgery. These 403 patients were
followed until 2002, and their age, sex, chemotherapy, Dukes
stage, and tumor site were recorded as covariates.

The binary variable chemo presents whether the patient received
chemotherapy or not. Sex is classified as male or female. Dukes
represents the tumoral stages and is coded as 1 for A-B; 2 for C,
and 3 for D. The Charlson is the Comorbidity Charlson index
coded as 0 for Index 0, 1 for Index 1-2, and 3 for Index > 3. The
data provide the gap times (in days) of successive hospitalizations
after the date of surgery. The primary outcome measure is the
time to hospital readmission related to colorectal cancer follow-
ing tumor-removal surgery.

The date of surgery was taken as the beginning of the study
period. The first readmission time was considered as the time
between date of the surgical procedure and the first readmission
to the hospital due to the colorectal cancer. The following read-
mission times were considered as the difference between last dis-
charge and the current hospital admission date. In total 861 read-
missions were recorded due to recurrence of colorectal cancer.

About 50% of the patients had no recurrence during the entire 5
years. Patients who survived 5 years had a higher chance of being
cured, and early-stage detection of colorectal cancer is associated
with higher survival and cure rates. According to the National
Cancer Institute, colon cancer is highly treatable and often a cur-
able disease after surgery, especially when it is localized to the
bowel [37]. A recent study found around 70.3% of colorectal can-
cer patients survived and were recurrence-free, while 8.4% were
alive after recurrence [38].

Empirically, readmission data consists of a fraction of long-term
survivors indicating the presence of cured patients who are no
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Sample size, N; Follow-up time, 7 = 5
years; Follow up time start, t = 0; j = 1;
covariates, Z and V~ Binomial (1,0.5);
Censoring time, C ~ Uniform(1,T);

2 1

u; ~ Gamma (o, o) or ~ Gamma (— —);
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Baseline hazard ~ Weibull(1, 1.5).
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or
U ~ Bernoulli(

U ~ Bernoulli (exp [—exp [V 7] uz])

exp [VT'y+w21
L+exp (VI y+ws)

Survival
time,
st =C,
6,']' = O
(censored)

Successive visits gap time (days), st =
(—log (1 — unif (1)) Iy exp (27 8))"™" x 365
or st = (—log (1 — unif (1)) /Auyu exp [Z" B])
Censoring status J; = 1 (uncensored)
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t+ st
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Stop

Flowchart of the data generation procedure for each subject in the Monte Carlo simulation.

FIGURE 1

longer vulnerable to disease-related death. The K-M survival
curves of the gap times for the first four successive visits are pre-
sented in Figure 2. The survival curve for time to first readmis-
sion differs substantially from the other curves as well as from
the time-to-death curve. The recurrence-free rate is higher com-
pared to the subsequent visits, and the tail of the death curve is

above 0.8. The data indicates the presence of long-term survivors
as the right tails of both the first and fourth visit curves drop to
zero, suggesting that the longest times are uncensored. In con-
trast, the second and the third readmission curves, as well as
the final recurrence before death, remain flat toward the end of
the follow-up and indicate that no further events were observed
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TABLE1 | Estimated parameters, SE and MSE from the complementary log-log model for different MC sample sizes and N = 1000 based on 250

replication.
Parameters True parameter MCSS? Estimate MSEP ESES(SEY)
Incidence y, 1 100 1 4.52e-08 5.27e-11 (9.09e-12)
Y 2.5 2.5 5.18e-08 5.81e-11 (5.98e-12)
Latent -1 -1 1.36e-03 0.02 (7.87e-05)
Frailty 1.5 1.5 4.20e-07 0.01 (2.05e-05)
Cure Rate (SD) 61.78% (6.30)
Incidence y, 1 500 1 4.30e-08 3.42e-11 (7.02e-12)
y 2.5 2.5 4.90e-08 5.11e-11 (9.12e-12)
Latent f -1 -1 1.11e-03 0.02 (7.64e-05)
Frailty 1.5 1.5 4.21e-07 0.01 (2.01e-05)
Cure Rate (SD) 60.90% (6.44)
Incidence y, 1 1000 1 4.30e-08 3.42e-11 (7.02e-12)
% 2.5 2.5 4.90e-08 5.11e-11 (9.12e-12)
Latent -1 -1 1.72e-03 0.02 (7.50e-05)
Frailty 1.5 1.5 4.21e-07 0.01 (2.01e-05)
Cure Rate (SD) 60.90% (6.45)
Incidence y, 1 5000 1 4.47e-08 3.52e-11 (7.07e-12)
y 2.5 2.5 5.10e-08 5.25e-11 (9.33e-12)
Latent -1 -1 4.77e-04 0.02 (8.22e-05)
Frailty o 1.5 1.5 5.38e-06 0.01 (2.26e-05)
Cure Rate (SD) 61.67% (6.46)

2MCSS: Monte Carlo sample size.

YMSE: Mean squared error.

CESE: Estimated empirical standard error.
dSE: Estimated standard error.

during this period. The time-to-death curve also remains steady,
indicating there are some reasons other than the event, existing
for censoring.

The K-M survival curves of the gap times for the first four suc-
cessive visits classified by tumor stage are presented in Figure 3.
The recurrence-free rate is higher across all tumor stages for the
first visits compared to subsequent three visits. In addition, the
survival curve for the time of the first visit at tumor stage A-B
is significantly different from those at stages C, and D, with the
longest times being uncensored. The K-M curves of the 1st, 2nd,
3rd and 4th readmissions, stratified by other covariates, are given
in Figures 4-6.

For an individual patient, hospital readmission and death are
correlated resulting in dependent censoring. This dependence
may arise due to patient-specific unobserved random effects, for
example, inflammatory bowel disease or cancer stage [3]. There-
fore, the proposed mixture cure frailty models, which account
for dependent censoring sourced from cure status, may be appro-
priate for modeling successive recurrent event data with a cure
fraction and a dependent terminal event.

Table 4 presents the summary results estimated from the mix-
ture cure frailty models. All negative coefficients correspond
to a decrease of the hazard of being non-cured individuals,
indicating low recurrence probability as well as longer survival.

In the cure component (clog-log link), the coefficient for female
is positive and greater than 1 indicating that females have an
approximately 11% lower risk of being susceptible to recur-
rence compared to males (the reference category). Equivalently,
females have a higher probability of being cured compared with
males. In the survival component, the regression coefficient for
female is fipae. = —1.639, which corresponds to hazard ratio
of exp(—1.639) ~ 0.19. This implies, among non-cured individ-
uals, that females have about an 81% lower hazard than males
for readmission. This dual protective effect highlights a strong
gender-related difference in both the incidence and progres-
sion of the event. Chemotherapy has been found significantly
associated with hospital readmission; in the cure component
(clog-loglink), the coefficient for receiving chemotherapy is pos-
itive and shows a lower probability of 11% of being non-cured
compared with patients who did not receive chemo. In the sur-
vival component, among non-cured patients, individuals receiv-
ing chemotherapy have a 93% lower hazard than those who did
not receive chemotherapy. In the long run, readmission is more
likely to occur for non-cured male patients and those who did not
receive any treatment. Gender difference was reported previously
in this data [25] with respect to rehospitalization [5] and in both
incidence and rehospitalization [3].

The relative risk of recurrence is found to be similar across
the respective categories of both advanced Dukes stages and
high Charlson comorbidity index, which is consistent with
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TABLE 2 | Estimated parameters, SE and MSE from the complementary log-log cure model for sample size N = 1000 based on 250 replication.
Set 1: Baseline hazard with scale 3 and shape 10 Set 2: Baseline hazard with scale 1.5 and shape 3

Parameter True parameter  Estimate MSE? ESEP (SE°) True parameter Estimate =~ MSE? ESEP (SE°)
Simulation 1 Simulation 5
Incidence y, 1 0.999 2.34e-09 2.26e-07 (1.78e-08) 1 1 3.26e-16 1.71e-06 (1.64e-07)
y 3 3.00 2.59e-09 2.38e-07 (1.82e-08) 5 5.00 1.82e-08 1.73e-06 (1.65e-07)
Latent g 3 3.001 3.72e-08 1.93e-04 (5.11e-08) 4 4.00 1.62e-09 4.03e-05 (1.96e-09)
Frailty « 2 2.00 6.32e-07 5.24e-04 (3.78e-07) 1.5 1.499 4.01e-07 4.91e-04 (2.91e-07)
Cure Rate (SD) 90.34% (1.72) Cure Rate (SD)  86.16% (2.43)
Simulation 2 Simulation 6
Incidence y, 1 0.999 5.50e-14 5.16e-08 (9.98e-09) 1 0.999 5.49e-14 5.16e-08 (9.99e-09)
y -1 -1.00 9.55e-08 2.84e-07 (1.67e-08) 1.5 -1.5 3.49e-12 4.09e-07 (7.12e-08)
Latent g 0.5 0.500 1.04e-10 1.02e-05 (3.11e-11) 2.5 2.50 2.28e-12 1.51e-06 (5.91e-13)
Frailty « 1.5 1.25 4.33e-07 4.80e-06 (6.90e-12) 1.5 1.03 0.226  6.60e-06 (9.96e-12)
Cure Rate (SD) 55.45% (1.69) Cure Rate (SD)  48.95% (1.78)
Simulation 3 Simulation 7
Incidence y, 1 0.999 1.04e-15 7.51e-10(9.74e-11) 1 0.999 6.84e-09 7.54e-08 (5.75e-09)
y -5 —5.00 1.19e-11 7.97e-08 (8.73e-09) -2 —1.0003 9.55e-08 2.84e-07 (1.67e-08)
Latent g —4 -3.99 1.35e-11 3.67e-06 (2.69¢e-12) -2 0.50 1.04e-10 1.02e-05 (3.11e-11)
Frailty 0.5 0.50 8.16e-21 4.04e-08 (3.23e-16) 0.75 0.75 2.21e-15 1.99e-07 (1.14e-14)
Cure Rate (SD) 23.09% (0.608) Cure Rate (SD) 17.88% (1.22)
Simulation 4 Simulation 8
Incidence y, 1 0.999 8.49e-14 8.55e-08 (8.26e-09) 1 0.999 6.84e-09 7.54e-08 (5.75e-09)
y -15 -1.50 2.82e-12  4.90e-07 (3.99¢-08) -15 -15 9.55¢-08 2.84e-07 (1.67¢-08)
Latent g 0.75 0.75 1.16e-11 3.41e-06 (2.79¢-12) 0.75 0.500 1.04e-10 1.02e-05 (3.11e-11)
Frailty 1 1.00 3.11e-07 2.66e-06 (1.69e-12) 1 0.75 2.21e-15 1.99e-07 (1.14e-14)
Cure Rate (SD) 46.08% (1.34) Cure Rate (SD) 17.88% (1.22)

4MSE: Mean squared error.
YESE: Estimated empirical standard error.
¢SE: Estimated standard error.

findings from previous research [39]. The incidence risk of being
non-cured is approximately 14% lower at tumor stages C and
D compared to stage A-B. Meanwhile, non-cured patients at
stage C or D have a lower risk of recurrence compared to those
at stage A-B. A patient with a Charlson comorbidity index of
1 -2 has a 0.109 times lower risk of being non-cured, while
those with an index > 3 have a 0.085 times lower risk com-
pared to a patient with a comorbidity index 0. In addition,
the risk of recurrence for non-cured patients is 73% and 59%
lower, respectively, compared to those with an index of 0. In
terms of incidence risk, Dukes stage C and D, and as well as
higher comorbidity, decrease the likelihood of being cured in
both models which is also consistent with previous research
[3]. In the incidence component of the logistic model, females
have 1.37 times higher odds of being non-cured compared with
males, and patients who received chemotherapy have 1.50 times
higher odds of being non-cured compared with those who did
not receive chemotherapy, after accounting for subject-specific
random effects. Therefore, female patients are associated with
a 37% increase in the odds of being non-cured, while receipt
of chemotherapy is associated with a 50% increase in the odds
of being non-cured, conditional on the subject-specific random
effect. Moreover, among non-cure patients, female patients are
1.65% more likely and patients who received chemotherapy are
3.29% more likely to relapse. Thus, a significant difference is

observed between the male and female patients regarding the
probability of both being cured and the risk of recurrence. The
odds of being non-cured for tumor stages C and D are nearly com-
parable. Similar patterns are observed for the coefficients asso-
ciated with the Charlson comorbidity index. Among non-cured
patients, those diagnosed at tumor stages C and D have 11.71%
and 14.20% higher odds of relapse, respectively, compared with
patients at stage A — B. Similarly, patients with a Charlson
comorbidity index of 1 — 2 and > 3 have 3.98% and 1.87% higher
odds of relapse, respectively, compared with those with an index
of 0. However, in the identical frailty model (column 4), the inci-
dence estimates indicate an equal hazard ratio (H R = 2.72) for
being non-cured across all covariates and categories. As a result,
the estimated probability of cure is 1 — exp(—exp(1.00)) =1 —
exp(—2.718) = 0.934. Therefore, the model predicts a cure prob-
ability of 0.934 which is very high close to 1 for the baseline
category that is, the male patients who did not receive chemother-
apy, had tumoral stage A-B, and a Charlson comorbidity
index 0.

The parameter a controls the degrees of unobserved heterogene-
ity. The estimated frailty parameter, «, from an identical frailty
model is 0.099 with a standard error of 5.2¢ — 04 which is lower
than the estimated frailty parameter of 0.954 with standard error
1.0e — 03 (see Table 4). This suggests that heterogeneity in the
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TABLE 3 | Estimated parameters, SE and MSE from the logistic cure model for sample size N = 1000 based on 250 replication.
Set 1: Baseline hazard with scale 2 and shape 15 Set 2: Baseline hazard with scale 2 and shape 5

Parameter  True parameter  Estimate MSE? ESEP (SE°) True parameter  Estimate MSE? ESEP (SE°)
Simulation 1 Simulation 5
Incidence y, 1 1 1.37e-13  6.6e-08 (3.17e-08) 1 1 3.26e-16 1.71e-06 (1.64e-07)
y 1 1 1.46e-12  8.19e-08 (3.9e-08) 1 1 3.44e-14 2.86e-08 (6.25e-09)
Latent g —0.01 -0.010 7.96e-17 9.40e-05 (1.31e-09) —0.01 —-0.011 8.84e-18 5.41e-05 (5.48e-10)
Frailty 0.91 0.910 2.62e-07  0.023 (1.46e-06) 0.91 0.911 4.01e-07  0.023 (1.47e-06)
Cure Rate(SD) 33.25% (0.007) Cure Rate(SD)  29.45% (0.678)
Simulation 2 Simulation 6
Incidence y, 1 0.999 6.98e-18 5.35e-10 (1.57e-10) 1 0.999 5.73e-19 1.62e-10 (4.18e-11)
y 0.3 0.3 8.87e-19 9.25e-10 (2.75e-10) 0.3 0.3 3.93e-20 2.95e-10 (7.74e-11)
Latent g 0.2 0.20 2.48e-21 7.00e-06 (8.94e-12) 0.2 0.2 2.69e-22 3.99e-06 (3.85e-12)
Frailty « 0.65 0.651 3.95e-08  0.014 (7.28e-07) 0.65 0.651 1.44e-06  0.014 (7.27e-07)
Cure Rate(SD) 32.61% (0.824) Cure Rate(SD)  35.77% (0.763)
Simulation 3 Simulation 7
Incidence y, 1 0.999 3.90e-10 4.28e-11 (1.69e-11) 1 0.999 3.15e-20 1.16e-11 (3.32e-12)
y —0.05 —0.050 2.84e-12 8.77e-11 (3.40e-11) —0.05 —0.05 1.19e-21 2.41e-11 (6.35e-12)
Latent g 0.2 0.2 2.48e-21 7.00e-06 (8.94e-12) 0.05 0.05 2.98e-13 1.09e-06 (2.98e-13)
Frailty a 0.65 0.65 1.44e-06  0.014 (7.27e-07) 0.5 0.51 1.95e-08  0.011 (1.45e-06)
Cure Rate(SD) 35.77% (0.762) Cure Rate(SD)  33.88% (0.858)
Simulation 4 Simulation 8
Incidence y, 1 0.999 3.91e-18 3.91e-18 (2.43e-11) 1 0.999 4.35e-18 1.04e-09 (2.59e-10)
¥ -0.5 -0.5 4.58¢-19 4.58e-19 (5.72¢-11) 0.5 0.51 4.35¢-18 1.04e-09 (2.59¢-10)
Latent g 0.1 0.1 5.09e-23 2.64e-06 (1.58e-12) -1 -1 8.91e-21 9.61e-06 (1.98e-11)
Frailty 0.51 0.51 3.05e-08  0.013 (2.97e-06) 0.70 0.7 6.33e-07  0.016 (6.34e-07)
Cure Rate(SD) 39.33% (0.939) Cure Rate(SD)  31.07% (0.739)

2MSE: Mean squared error.

PESE: Estimated empirical standard error.

¢SE: Estimated standard error.

hazard rate for hospital readmission is smaller under the identi- 5 | Discussion

cal frailty assumption compared to the dependent frailty comple-
mentary log-log model. However, a estimated from logistic cure
incidence models is 0.01 with very small standard error. There-
fore, the dependent frailty model captures greater heterogeneity
than the identical frailty model.

The exponentiated 99% confidence interval of hazard ratios indi-
cates (calculated but not shown here) statistical significance, as
all intervals exclude 1. The narrow range of the confidence inter-
val was obtained because of small standard errors in the esti-
mated parameters. The Akaike Information Criterion (AIC), esti-
mated from the observed likelihood of the mixture complemen-
tary log-log cure frailty model is smaller compared to the logistic
cure frailty model.

The algorithm used for parameter estimation is very flexible,
allowing y to converge on average after 65 iterations, f after 55
iterations, and « after 48 iterations. The entire estimation process
of hospital readmission for colorectal cancer data, using a MCSS
of 1000 and a tolerance level of 0.001, takes approximately 40 s to
complete.

This study has developed a semi-parametric mixture cure model
with dependent frailty for a cluster of structured recurrent event
data. This technique is more advantageous than existing frailty
mixture cure models found in the literature with respect to
the provision for correlated and non-Gaussian random effects
between cure and recurrence components. The possibility of cure
is updated after each recurrence rather than treating the patient
as non-cured forever after the first visit. The separate but subject
specific correlated frailties for both incidence and latent compo-
nents were adopted with a view to overcoming the limitation of
existing random effects models requiring shared (identical) or
proportional random effects.

A likelihood-based estimation approach is formulated where
Monte Carlo EM is used to estimate the unknown parameters
as the integral in the E-step could not be solved analytically.
The computational competency of the proposed complementary
log-log model provides less bias and prompt convergence to the
true value. The model is validated through simulation, as well as
applying hospital readmission data on colorectal cancer patients
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with a cure rate of around 47%. The MSE estimated from large
samples is close to zero, and the small estimated standard devia-
tion indicates the good fit of the model. The MSEs of the regres-
sion parameters estimated from the simulated data are very small
and even became negligible (i.e., close to zero) with large sam-
ple sizes. Therefore, these findings suggest that the model closely
approximates the true underlying process, minimizing system-
atic errors. This model is substantiated for any cure rate as well
as different follow-up times and can handle the correlated het-
erogeneity in disease incidence together with long term survival.
The negligible bias, small SE, and low MSEs remain stable across
various combinations of true parameters, allowing for confident
inference about the true value of the model. The method of ensur-
ing consistency of the results in combinations of parameters sug-
gests that it can be generalized effectively, making it a reliable
choice in diverse scenarios.

The second proposed model allows logistic cure status in the
mixture frailty model. To mitigate computational challenges,
the EM algorithm is applied to the observed data likelihood.
The marginal densities of the recurrent times, as well as the
conditional expectations which are necessary in EM algorithm,
are derived using the hyper-geometric function as direct inte-
gration is analytically intractable. Both the simulated and
observed hospital readmission data used to validate the proposed
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Dependence of frailties of complementary log-log model for different a. (a), (b), (c), (d), (e), (f).

model yield accurate estimates within reasonable error bounds,
indicating the models adequately capture the data-generating
process in both cases. The logistic model is relatively simple and
results in a less time-consuming estimation process, although it
needs further investigation to valid its performance across a wide
range of cure rates. Moreover, in this model set up, the correla-
tion of frailties is assumed fixed (correlation 0.707). Given this
constraint, the logistic mixed model is less flexible than the com-
plementary log-log mixture cure model, which in turn exhibits
superior efficiency and may consequently be regarded as a suit-
able approach for modeling the underlying recurrent event pro-
cess. A further extension of the logistic model with separate
parameters governing two frailties, instead of one parameter («),
may be tried and, thus, could be the subject for future research.

In the simulation studies, the baseline hazard was modeled as a
Weibull distribution, which is also appropriate for different com-
binations of shape and scale. Correlated frailties were modeled
as bivariate gamma where marginals are gamma with a mean
value is 1. The proposed joint frailty mixture cure models, which
currently address right censoring, could be further extended to
accommodate interval censoring. Another potential extension
involves using a copula function to model the connection of the
random effects of exposure on both the cured probability and the
hazard of failure for the non-cure to relax the strong distribu-
tional assumptions about frailty distribution.
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TABLE4 | Results of the survival model for successive rehospitalization of patients diagnosed with colorectal cancer.

Effects Estimates® Estimates® Estimates®
Incidence (cure status) component
Covariates Complementary log-log Logistic component Identical Frailty Model
Intercept 1.47 0.577 2.72
Gender

Male (Ref)

Female 1.11 (2.0e-03) 1.37 (2.24e-01) 2.72 (1.7e-06)
Chemo

NonTreated (Ref)

Treated 1.11 (2.0e-03) 1.50 (2.33e-01) 2.72 (1.8e-06)
Dukes

A-B (Ref)

C 1.14 (2.0e-03) 1.22 (2.67e-01) 2.72 (2.1e-06)

D 1.13 (3.0e-03) 1.16 (3.20e-01) 2.72 (2.6e-06)
Charlson index

0 (Ref)

1-2 1.12 (4.0e-03) 1.89 (1.67e-01) 2.72 (2.1e-06)

>3 1.10 (2.0e-03) 1.26 (4.85e-01) 2.72 (2.1e-06)

Cox proportional hazard component

Gender
Male (Ref)
Female

Chemo

NonTreated (Ref)

Treated
Dukes

A-B (Ref)

C

D

Charlson index

0.194 (2.80e-02)

0.037 (6.0e-03)

0.035 (1.8e-02)
0.056 (2.6e-02)

0 (Ref)

1-2 0.150 (4.4¢-02)

>3 0.221 (2.5¢-02)
a 0.954 (4.150e-02)
AIC 13083.64

1.65 (5.55e-03)

3.29 (7.70e-03)

11.71 (8.71e-03)
14.20 (1.21e-02)

3.98 (2.05¢-02)

1.87 (1.15e-02)

0.10 (6.04e-04)
79503.05

0.173 (1.8e-02)

0.059 (1.4e-02)

0.060 (1.7e-02)
0.088 (2.5e-02)

0.238 (1.4¢-02)

0.302 (2.3e-02)

0.099 (5.2e-04)
8350.12

“Correlated frailty complementary log-log incidence and Cox-proportional hazard model.
bCorrelated frailty logistic incidence and Cox-proportional hazard model.

¢Identical frailty complementary log-log incidence and Cox-proportional hazard model.
dSE: Standard error.
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Appendix A

Densities and Expectations of Complementary log-log Cure
Model

Joint Conditional Moments of u,;, u,;
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hazard.

Marginal Density of Recurrent Events
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Densities and Expectations of Logistic Cure Model

Joint Density of Frailties and ¢

The joint density of recurrent time and frailties can be found in the flow-
ing form
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No, putting back terms we have the marginal density function of 7 is
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and the expectations are

a+2

lE[uliltij] =
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