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Abstract

Over the last decades increased use of waste paper as a source of pulp in the paper production process has
meant that the industry has significant changes in material and energy use. If waste paper is re-pulped
instead of incineration, it will have a positive effect on earth. In this thesis we have to optimize the
production system and reliability of a paper production plant, for this we have to evaluate all those factors
which are involved in the process, for example, transportation of raw material, production and delivery of
final products. This part of study deals with transportation of raw material, and current cost of raw
material is Rs 35854.

A linear programming problem may be defined as the problem of maximizing or minimizing a linear
function subject to linear constraints. The two common objectives of such problems are either (1)
minimize the cost of shipping m units to n destinations or (2) maximize the profit of shipping m units to n
destinations. In this study we have investigate a real time transportation problem and it is very important
to know that the number of sources are limited.

In this study the transportation problem solved using three methods of transportation for basic feasible
solution. Thus, the transportation problem can always be solved by using the Simplex Method, a well-
known but tedious technique for dealing with any linear programming problem. A special procedure for
solving the transportation problem is the so-called "Transportation Methods," which are involves several
steps to reach the solution.

An initial basic feasible solution of the transportation problem can derived by three different types of
transportation methods, like North West Corner Method (NWCM), Least Cost Method (LCM), and Vogel’s
Approximation Method (VAM). These methods are very simple means of performing step by step
procedure. Application of VAM to a given problem does not guarantee that every time it gives an optimal
solution. However, a very good solution is invariably obtained, and is obtained with comparatively little
effort. The mechanics of the transportation Methods are used with reference to a particular transportation
problem of Sayied Paper Mill (Pvt) Ltd. In final solution we have reduced cost of raw material as compared
with the current cost of the company, and that is Rs: 34718.

The interesting part of the study is sensitivity analysis with the help of simplex method; it is a process to
know how projected performance varies along with changes in the key assumptions on which the
projections are based. In Linear Programming (LP) , it is a technique for determining how the optimal
solution to a linear programming problem changes if the problem data such as objective function
coefficients or right/left-hand sides values change; also called post-optimality analysis. After the results
we will be able to suggest best cake for the company.
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Chapter 1: Introduction 2

1.1 Overview of the Organization

Sayied Paper Mil (Pvt) Ltd. was established in 1994 is a closely held family business and working in
different sectors like, paper ,board, and test liner. The mission statement of the company is “Please
Recycle for a healthy planet, and the future generations”. By the year 2000, they became the first
comprehensive DIP (De-inked pulp) manufacturer in Pakistan. In August 2001, Sayied Paper Mills became
the first producer of newsprint in the country. Sayied Paper Mills is also the largest producer of recycled

paper in Pakistan, and uses the current state of the art recycling technology for pulp processing.

1.2 Operation Research

“Operation research includes mathematical modeling, feasible solution, optimization, and iterative
computations. We can learn to define the problem in a good manners, and it is the most important and
difficult phase of practicing OR. Operation research also guides us that, while mathematical modeling is a
cornerstone of OR, intangible (unquantifiable) factors, like human behavior must be accounted for any

kind of final decision”. [2] More discussion is presented in chapter 2.

1.3 OR Modeling

The specific problem we are going to deal with in this study cannot solve, until we don’t have some
sort of model to overcome the problem. The company is acquiring four different types of raw material
from several sources in the country. Some sources are very much away from the plant, but price is really
low at there, but some sources are no longer away from the plant, but price is very high. Same is the case
with availability, where 95% of sources have shortage of raw material, and the plant have a specific limit
to buy. In this situation as a decision making problem the study must have a close eyes on the following:

1. What are the decision alternatives?
2. Under what constraints is the decision made?
3. What is an appropriate objective function for evaluating the alternatives?

While formulating the problem we must pay attention on all above three considerations, and a
solution of the model is feasible if it satisfies all the constraints. It is optimal if in addition to being feasible,
it gives the best (max or min) value of the objective function [2]. The construction of model and procedure

is presented in chapter 2 and 3.

1.4 Overview of the Problem

A transportation problem basically deals with the problem which aims to find the best way to fulfill
the demand and supply. While trying to find the best way, generally a variable cost of shipping the product
from one supply point to a demand point or a similar constraint should be taken into consideration. Here
under this study main problem to the company is that the company is not able to fulfill 100% demand of
the orders that is a common problem in different sectors, and we will try to know all those factors which
are involved to lateness of the orders, like cost, shortage of raw material, production and final product

orders. The task is to evaluate production schedule, for this we need to evaluate orders with respect of

Dalarna University, Sweden | Tanveer Hussain (E3851D)



Chapter 1: Introduction 3

raw material and final delivery. According to initial information the mill has 55 to 60 tons production per
day while the orders per day are 72 tons. It is may be difficult to equalize the demand and production but

we can try to minimize this gap between production and delivery orders.

Coordination between production and transportation of raw material and distribution planning has
received increased attention in global companies. To minimize the total cost, manufacturing firms should
integrate their production and logistics decisions, especially when considering the rising costs of

transportation and distribution of finished products.

There are many problems in the literature have dealt with a single commodities and products. Here
in the study we use linear programming model for a multi-type of waste paper used for paper production
and raw material problem to minimize the total transportation cost. In their formulation, which include
different raw material categories, and potential warehouses that receive the raw material from several
places. While studying, the problem is formulated with several decision variables and their values and
used different transportation methods to solve the problem. The data is tested using TORA, and the results
showed the potential of significant cost savings. The most important study of the system is sensitivity
analysis of the problem and its recommendations. The mathematical detailed description and the

formulation of the problem are given in literature review chapter.

1.5 Study Objectives

The objective of this part of study is to minimize the cost of raw material for the company, and
make sure the availability of raw material at optimized cost. The optimum sequence of work orders is first
of all sought and reliability is also checked with different alternatives of sources. Finding best sequence of
orders is a difficult task and has a strong relationship with reliability of the production system as optimum
sequence or orders with better work content make a better flow of the production system. Here in the
study we will also check the alternative costs and opportunity costs while finding the optimize solution of

this problem, using the method of multipliers and its sensitivity analysis.

1.6 Inventory policy

The manufacture products primarily to fulfill customer orders, and it keeps only very limited
amounts of inventory on hand, which are typically liquidated in a short time period. The company
explicitly requested that inventories not be considered in the study, as keeping product stocks was not
considered a normal business practice. Therefore, the study was modeled as a completely make-to-order
system, and the inventories are not considered, same is the case in raw material where they have set a
specific volume of raw martial as a safety stock, in case of shortage of raw material the company have raw

material for continuing the production.

Dalarna University, Sweden | Tanveer Hussain (E3851D)



Chapter 1: Introduction 4

1.7 Linear programming problem

A linear programming problem is called as the problem of maximizing or minimizing a linear
function subject to linear constraints. The constraints can be equals or in-equals. Linear programming
problem that may be solved using a simplified version of the simplex technique called transportation
method. Because of its major application in solving problems involving several product sources and
several destinations of products, this type of problem is frequently called the transportation problem. It
gets its name from its application to problems involving transporting products from several sources to
several destinations. The two common objectives of such problems are either (1) minimize the cost of

shipping m units to n destinations or (2) maximize the profit of shipping m units to n destinations.
1.8 Operations Research Methodology

The study has been conducted as per the Operations Research Methodology, which essentially
involves the following steps: A study of the concern system was conducted to understand the problem of
the company. The study was carried out by talking with management of Sayied Paper Mill, and consulting
data was provided by the company. After studying the whole system in detail the main aim of the study
were mentioned along with the specific objectives. Study was conducted to collect the appropriate data for
the implementations of the transportation methods and test their optimality. The desired methods were
implemented by using the input costs as collected from the company. Later, the results from applying
different methods were verified and validated by TORA. The results were analyzed through sensitivity
analysis, In Linear Programming (LP) it is a technique for determining how the optimal solution to a linear
programming problem changes if the problem data such as objective function coefficients or Left and
right-hand side values change; also called post-optimality analysis. In other words we can say whether the
company can reduce more costs by dealing with their suppliers. The analysis process included the cost

analysis by which the costs of different results are calculated.

Here the availability as well as requirements of the various depots are finite and constitute the
limited resources. This type of problem is known as transportation problem in which the key idea is to
minimize the cost or the time of transportation. In previous studies we have seen a number of specific
linear programming problems. Transportation problems are also linear programming problems and can
be solved by different Transportation Methods for Basic Feasible Solution, like North West Corner method
(NWCM), Least Cost Method (LCM), and Vogel's Approximation Method (VAM). After getting BFS we have
used Method of Multipliers to get optimal solution of the problem presented in chapter 4. Results of all
methods tested on TORA Software.

Dalarna University, Sweden | Tanveer Hussain (E3851D)



Chapter 1: Introduction 5

1.9 Transportation methods

To minimize of the cost of transportation the study follows:

(i) North-West Corner Method
(ii) Least Cost Method
(iii) Vogel’s Approximation Method

The detailed working methodology of above methods is presented in chapters 3.

1.10 Method of Multiplier

Method of multipliers is applied on the basic feasible results to get the most optimal result of the
solution. This is called iterative computations to get an optimal solution. Where we will use the final cost
allocation table from above all three methods and those will be determined a starting basic feasible
solution. In this method we associate multipliers ui with row i, and vj with column j [2]. For each basic xij
use ui + vj = cij to solve for ui’s and vj’s, but we set ul = 0, then we will evaluate for all non-basic xij using ui
+ vj - cij. Then we will decide about leaving and entering variables by constructing closed loop that will
start and ends at the same point. We will see more detail and practice about this method in chapter 5, and

the study recommends us that result will be the most optimal result of the solution.

1.11 Sensitivity analysis

The process of sensitivity analysis is to know how projected performance varies along with changes
in the key assumptions on which the projections are based. In Linear Programming (LP) , it is a technique
for determining how the optimal solution to a linear programming problem changes if the problem data
such as objective function coefficients or right/left-hand sides values change; also called post-optimality
analysis. Selection of raw material for manufacturing firm at minimum cost is a strategic level decision,

having a sensitivity analysis we will find the minimum cost of each category of raw material.

The analysis of results that will obtain from the model will describe in this chapter 6. In the last part

of the study we will present the short conclusion of the work and references.

Dalarna University, Sweden | Tanveer Hussain (E3851D)



Chapter 2: Literature Review 6

CHAPTER

Literature Review

2.1 Terminology
NWCM North West Corner Method, LCM Least Cost Method, VAM Vogel's Approximation Method, SA

Sensitivity Analysis, BFS Basic feasible solution, OR Operation Research, m1, m2, m3, m4, Types of raw

material , LP Linear Programming, SA Sensitivity Analysis.

2.2 Operation Research
In the World War II era, Operations Research was defined as "a scientific method of providing

executive departments with a quantitative basis for decisions regarding the operations under their
control." Other names for it included operational analysis (UK Ministry of Defense from 1962) and

quantitative management. [1]

Some researcher say that Charles Babbage (1791-1871) is the "father of operations research”
because his research into the cost of transportation and sorting of mail led to England's universal "Penny
Post" in 1840, and studies into the dynamical behavior of railway vehicles in defense of the GWR's broad

gauge. The modern field of operations research arose during World War II. [12]

Minimization of transportation cost subject to Demand satisfaction at market availability
constraints. Those are the sights and sounds of manufacturers battling raw material prices that sometimes
appear completely out of control. With material costs such a big part of manufacturing's budget, "People
have realized, 'We've got to be smarter about how we are buying these materials, and we have got to be

smarter about getting control over this expenditures.

2.3 System Study

Here are some details about the categories of raw material, their sources, cost, demand and
availability given by the company. Data collection procedure indicates that the monthly consumption of
different types of raw materials books and note books is 780 tons, magazines and news papers is 488 tons,
exam paper is 390 tons and imported waste papers is 292 tons. Cost is mentioned here in two digits, but
actually it is in thousands (Shekhupura x11=10, but actually it is RS:10,000/TON and we will use 10 in
whole study), same is the case with all cost cells, it is avoided due to length of calculations, but the answer

will not be disturb.

Dalarna University, Sweden | Tanveer Hussain (E3851D)



Chapter 2: Literature Review 7

Table 2.1
Sayied Paper Mill (pvt) Ltd.

Types, Cost, Availability and Demand of Raw Material
Types/ Books and Magazines & Exam Imported Availability
Sources note books news papers papers waste papers (tons)
Shekhupura 10 13 16 45 200
Lahore 16 14 17 29 450
Faisalabad 16 14 19 43 220
Rawalpindi 17 15 18 48 270
Multan 18 16 18 30 250
Peshawer 17 15 18 50 200
Karachi 19 17 22 31 360
Demand (tons) 780 488 390 292 1950

(Cost of raw material is in thousands, suppose in first cell it is 10, but actually it is 10,000)

We say, m1 is (books and note books), m2 is (magazines and news papers), m3 is (exam paper), and m4 is

(imported waste papers), more description is available in chapter 3.

2.3.1 Current situation
As we can see in above table, the consumption of m1 is 780 tons, m2 is 488 tons, m3 is 390, and m4

is 292 tons per month, while discussing about the purchase of raw material, we have asked the question
that is there any specific policy over the sources to acquire raw material, the management said that we
gives the priority to near cities, except the imported waste paper, where they fulfill 100% demand of m4
from Karachi (source 7), otherwise they prefer to buy from most near depot. They are doing this because
they afraid about the shortage of raw material. We have put the given information in the following table.
Table 2.2

Current buying situation (Raw Material

Types/ Books and Magazines & Exam Imported Availability
Sources note books news papers papers waste papers (tons)
Shekhupura 10 13 (200) 16 45 200
Lahore 16 (450) 14 17 29 450
Faisalabad 16 (220) 14 19 43 220
Rawalpindi 17 (110) 15 (160) 18 48 270
Multan 18 16 18 (250) 30 250
Peshawer 17 15 (128) 18 (72) 50 200
Karachi 19 17 22 (68) 31 (292) 360
Demand (tons) 780 488 390 292 1950

Current Cost = 450*16+220*16+110*17+200*13+160*15+128*15+250*18+72*18+68*22+292*31
= Rs: 35854.

Dalarna University, Sweden | Tanveer Hussain (E3851D)



Chapter 2: Literature Review 8

2.4 Linear Programming

Linear programming aims at minimizing an objective linear function subject to a set of constraints.
This methodology has a wide array of applications. For transportation problems, it involves an assignment
that considers several origins and destinations with the goal to optimize a solution at minimal cost by
minimizing transport costs with fixed origins and destinations [10]. It considers linear transport costs,
known surpluses (origins), demands (destinations), and possible paths. Linear programming
consequently has a lot of relevance in the field of logistics, as it enables to assess an optimal distribution
system that can help setting or improving a real-world distribution system. The linear programming

formulation for a distribution problem is basically expressed as:
Minimize Z=780x1+488x2+390x3+292x4

Where z is total cost, which has to minimized by the study, and x1,.........,xn are the variables costs,
those are mentioned in detail in following. This study deals with the practical solution of multi variables
linear programming. The problem consists of four categories of raw material (m1 to mn) and seven
sources (x1 to xn) for acquiring the raw material. The treatment provides concrete foundations for the

developments of solution presented in next chapters.

Linear programming while working in operation research as three basic components:
Decision variables
Objective functions
Constraints
First of all we defined our decision variables, this is the first step to build a model to solve problem,
and after this we define our objective function and evaluate the constraints. In this specific problem we
made a matrix, and we will use this matrix to get a basic feasible solution of the problem. To determine the
basic feasible solution of the problem the study follows a general transportation model with x sources and
a single destination with four type of raw material (m). The basic rule is the availability and demand
should be equal, to following this rule we will apply some transportation methods to get the basic feasible
solution consists of basic variables. Because the demand and availability is equal so the matrix don’t need
any artificial variables. To solve the problem for basic feasible solution the study will proceeds with the

following three methods:

2.5 Basic Feasible Solution (BFS)

The initial results of transportation methods are called basic feasible solution, it is also called
starting solution of the problem, actually we will use these results for optimization of the cost of raw

material.
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2.6 Methodology

1. North West Corner Method
2. Least Cost Method
3. Vogel’'s Approximation Method

The problem of acquiring one or more type of raw material so as to minimize transport costs is
considered in the context of other factors of interest to management. This involved the solution of simple
transportation problems, the determination of rules by which costs could be computed, the construction
of a solution to assist with the problem of source selection and the finding a best starting solution by using

above mentioned methods.

2.6.1 North West Corner Method

This constructs a feasible shipment for the transportation problem, from the cost table (cij = unit
cost from source i to destination j), as follows. Start at the NW corner (source 1, destination 1), and
allocate the most possible: the min of the supply and demand. If supply exceeds the demand, proceed to
the next destination, and continue until all of supply 1 is allocated. Then, go to source 2 and repeat the
allocation process, starting with the first (lowest index) destination whose demand has not been fulfilled.
If demand exceeds the supply, proceed to the next source, and continue until all of demand 1 is allocated.

Then, go to destination 2 and repeat the allocation process.

2.6.2 Least cost method

This method allocates as much as possible to the every next least-cost cell. Ties may be broken
arbitrarily. Rows and columns that have been completely allocated are not considered, and the process of
allocation is continued. The procedure is completed when all row and column requirements are

addressed.

2.6.3 Vogel's approximation method

This method also takes costs into account in allocation. To understand this method there are
several steps those are involved in applying this heuristic. Determine the difference between the lowest
two cells in all rows and columns. In the next step identify the row or column with the largest difference.
Ties may be broken arbitrarily. Allocate as much as possible to the lowest-cost cell in the row or column
with the highest difference. If two or more differences are equal, allocate as much as possible to the
lowest-cost cell in these rows or columns. Stop the process if all row and column requirements are met. If

not, go to the next step.

Recalculate the differences between the two lowest cells remaining in all rows and columns. Any

row and column with zero supply or demand should not be used in calculating further differences. The
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Vogel's approximation method (VAM) usually produces an optimal or near- optimal starting solution. One

study found that VAM yields an optimum solution in 80 percent of the sample problems tested.

2.6.4 Optimal Solution

A feasible solution (not necessarily basic) is said to be optimal if it minimizes the total

transportation cost.

2.7 The Simplex Method

After getting initial basic feasible solution the study will be ready to work with simplex method, a
general procedure for solving next steps of linear programming. The method is developed by George
Dantzig in 1947, it has proved that it is an efficient method that is used to solve the routine problem on
today’s computers. Extensions and variations of simplex method also used to perform post optimality

analysis that is also called sensitivity analysis.[1]

2.7.1 Function of Simplex Method
The simplex method is an algebraic procedure. In this section, we extend this procedure to linear

programming problems in which the objective function is to be minimized.

2.8 Problem Formulation
Z=qgl *cl+g2 *c2+q3 *c3 +............+ gn *cn

In the problem Illustration
Z=780x1+488x2+390x3+292x4

Subject to
10x1+13x2+16x3+45x4& 200
16x1+14x2+17x3+29x4& 450
16x1+14x2+19x3+43x4& 220
17x1+15x2+18x3+48x4 270
18x1+16x2+18x3+30x4 250
17x1+15x2+18x3+50x4& 200
19x1+17x2+22x3+31x4 360
and
x1 >0, x2>0, x3>, x4=>0.

It is easy to create general but hard-to-use solution algorithms, and it is easy to create easy-to-use
but specialized solution algorithms. It's really good to make a solution algorithm that is both general and

easy to use.
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2.9 Understandings Sensitivity Analysis

A technique used to determine how different values of an independent variable will impact a
particular dependent variable under a given set of assumptions. This technique isused

within specific boundaries that will depend on one or more input variables.

"A methodology for conducting a sensitivity analysis is a well established requirement of any
scientific discipline. A sensitivity and stability analysis should be an integral part of any solution
methodology. The status of a solution cannot be understood without such information. This has been well
recognized since the inception of scientific inquiry and has been explicitly addressed from the beginning

of mathematics". [4]

2.9.1 Uses of Sensitivity Analysis
There is a very wide range of uses to which sensitivity analysis can be used. The uses are grouped

into four main categories: decision making or development of recommendations for decision makers,
communication, increased understanding or quantification of the system, and model development. While
all these uses are potentially important, the primary focus of this part of study is on making decisions or

recommendations for the company regarding the minimization of transportation cost [4].

2.9.2 Objective of Sensitivity Analysis
Important factor in this problem is we can’t change in the right side, because the sources we have

are limited, and company can’t buy more units then mentioned in the right side of the equation. Particular
objective of SA in this study is that we will check the sensitivity of all four categories of raw material, and

we will analyze what should be the minimum cost for each category of material.

2.9.3 Sensitivity analysis can give information such as:
@ Identifying sensitive or important variables.

E How robust the optimal solution is in the face of different parameter values.

@ Under what circumstances the optimal solution would change.

@ How the optimal solution changes in different circumstances.

@ How much worse off would the decision makers be if they ignored the changed circumstances and
stayed with the original optimal strategy or some other strategy.

@ [Investigating sub-optimal solutions.[4]

This information is extremely valuable in making a decision or recommendation. If the optimal
strategy is robust (insensitive to changes in parameters), this allows confidence in implementing or
recommending it. On the other hand if it is not robust, sensitivity analysis can be used to indicate how
important it is to make the changes to management suggested by the changing optimal solution. Perhaps
the base-case solution is only slightly sub-optimal in the plausible range of circumstances, so that it is
reasonable to adopt it anyway. Even if the levels of variables in the optimal solution are changed

dramatically by a higher or lower parameter value, one should examine the difference in cost (or another
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relevant objective) between these solutions and the base-case solution. If the objective is hardly affected
by these changes in management, a decision maker may be willing to bear the small cost of not altering the

strategy for the sake of simplicity.

2.9.4 Decision Making

After whole procedure we will be able to decide that what are the basic feasible solution, optimal
solution and post optimal solution. We will also be able to know the most critical costs of the raw material,

and study will be able to decide what should be the minimum cost for each category of raw material.

2.10 Validation of Results

To verify the results, we have used the TORA software, it has graphical user interface (GUI) which
enables users to express their problems in a natural way that is very similar to standard mathematical
notation. This feature of GUI allows users to choose the next action being menu driven. This offers
flexibility to users to increase or decrease the data size or to remove a particular variable completely. It
also contain modules for matrix inversion, solution of simultaneous linear equations, linear programming,
transportation models, network models, integer programming, queuing models, project planning with

CPM and PERT, and game theory. TORA optimization solver has the following attributes:
a. Sets, which comprise of objects in programming model

b. Objective function of the problem

c. Constraints of Problem
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CHAPTER

Initial Basic Feasible Solution

This section of the study describes transportation methods those are the special class of linear
programming that deals with the shipping of commodities from different sources to a destination. It is also
describes, how to find the initial basic feasible solution of the problem, Where we have four qualities of
the raw material from seven different sources, and we have to select the most feasible costs from all
mentioned sources. For this we also have some availability constraints at each source of raw material.

Costin each cell is in thousands.

3.1 Finding basic feasible solutions

There are three methods those gives us an initial basic feasible solution:

1. North West Corner Method (NWCM)
2. Lest Cost Method (LCM)
3. Vogel’s Approximation Method (VAM)

3.1.1 North West Corner Method

The North West corner rule is a method for computing a basic feasible solution of a transportation
problem where the lowest costs are selected from the North West corner (i.e., top left corner).North-West
corner method finds an initial basic feasible solution for this transportation problem given in this study.
Here the following method has some steps to reach feasible solution.

Steps:

1. Select the North West (upper left-hand) corner cell of the transportation table and allocate as many
units as possible equal to the minimum between availability and demand requirements.

Adjust the availability and demand numbers in the respective rows and columns allocation.

If the supply for the first row is finished then move down to the first cell in the second row.

If the demand for the first cell is satisfied then move horizontally to the next cell in the second column.

s W

If for any cell supply equals demand then the next allocation can be made in cell either in the next row
or column.

6. Continue the procedure until the total available raw material is fully allocated to the required demand.

(8]
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Table 3.1 North West Corner Method

Raw Material/ Availability

Options

Row

Shekhupura 1 -0 Deleted
Row

Lahore 2 Deleted
Row

Faisalabad 3 Deleted
i 270 0 oV

Rawalpindi 4 270 Deleted
122 o oW

Multan 5 250 Deleted
50 Row

Peshawer 6 200 200 0 peleted

w

Ro!
Karachi 7 360 292 0 Deleted

Demand 950
268 0
—128— —68—
0 0
Column Column Column Column
Deleted Deleted Deleted Deleted

Here, number of Sources(cities) = 7, and Number of raw paper qualities (m) = 4. Starting from the
North west corner, we allocate x11 = 200. Now demand for the first column is not satisfied, but the
availability in first row is finished so we will delete the first row, and we will move to second row until the
demand of that particular column is not met, but we must have to follow the rules for this method,
because we have to. After this we will move to the next column and the process will continue until the
demand and supply are not satisfied. Proceeding in this way, we observe that x11 = 200, x21 = 450, x31 =
130,x32 =90,x42 =270,x42 = 270,x52 = 128,x53 = 122, x63 = 200, X73 = 68, x74 = 292.
RULES
(Delete the row if supply is finish.)
(Delete the column when demand is satisfied.)

Here we have found the numbers of basic variables=10

Initial basic feasible solution: 200 * 10 + 16 *450 + 130 *16 + 90 * 14 + 270 * 15 + 128 * 16+ 122 * 18+
200 * 18+ 68 * 22+ 292 * 31 = Rs: 34982

3.1.2 Least Cost Method

Least Cost Method is a method for computing a basic feasible solution of a transportation problem
where the basic variables are chosen according to the unit cost of transportation of raw material. How this

method works that given below.
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Steps:

1. Identify the box having minimum unit transportation cost.

2. If there are two or more minimum costs, select the row and the column corresponding to the lower
numbered row.

3. If they appear in the same row, select the lower numbered column.

4. Choose the value of the corresponding (xij) as much as possible subject to the capacity and requirement
constraints.

5. If demand is satisfied, delete the column.

6. If availability is finished, delete the row.

7. Repeat steps 1-6 until all restrictions are satisfied. [8]

Table 3.2 Least Cost Method

Raw Material/ M1 Availability

Options
Shekhupura 1 o Row
Deleted
Lahore 5| 16 14 17 29 450 o Row
450 Deleted
. Row
Faisalabad 3 Deleted
Rawalpindi 4 Row
awalpindi Deleted
Mult: 5 Row
uftan Deleted
Peshawer 6 17 15 18 =0 200 72 0 Row
128 72 Deleted
Karachi 7
Demand -780— —488— “390— 292 1950
—580— —38— —140— 0
—398— 0 —68—
1028 0
Column Column Column Column
Deleted Deleted Deleted Deleted

Starting from the most lowest cost, we allocate x11 = 200. Now demand for the first column is again not
satisfied, but the availability in first row is finished so first row will be delete, and we will move to the next
minimum cost cell and we will repeat this process until the 100% demand is not met. Proceeding in this
way, we observe that x11 = 200, x22 =450, x31 = 182, x32 = 38, x41 = 270, x53 = 250, x61 = 128, x63 = 72,
x73 = 68,x74 = 292.
RULES : Delete the row if supply is finish.

Delete the column if demand is satisfied.

Number of basic variables=10
Initial basic feasible solution: 200 * 10 + 450 * 14 + 38 * 14 + 182 * 16 + 270 * 17 + 250 * 18+ 72 * 18+
128* 17+ 68 * 22+ 292 * 31 = Rs: 34854
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3.1.3 Vogel’s Approximation Method (VAM)

This method is an iterative procedure for computing a basic feasible solution of the transportation
problem. Where we assigns penalties to bad choices by assigning to each row (respectively, column) the
penalty equal to the difference of the two smallest cost coefficients in that row (respectively, column).
Steps:

1. Identify the boxes having minimum and next to minimum transportation cost in each row and write the
difference (penalty) along the side of the table against the corresponding row.

2. Identify the boxes having minimum and next to minimum transportation cost in each column and write
the difference (penalty) against the corresponding column.

3. Identify the maximum penalty. If it is along the side of the table, make maximum allotment to the box
having minimum cost of transportation in that row. If it is below the table, make maximum allotment to
the box having minimum cost of transportation in that column.

4. If the penalties corresponding to two or more rows or columns are equal, select the top most row and
the extreme left column. [8]

Consider the transportation problem presented in following table, and rest of the tables are presented in

the appendix with step by step procedure, but we have a worksheet (Table 3.4) made in excel to

understand the functionality of VAM.

Table 3.3 Vogel’s Approximation Method

RM/Options [M1_____|M2_____ [M3 [ M4_ | Availability
13 16 45 3

Shekhupura JHl] 200

Lahore 16 14 17 29 450 2
2

Faisalabad 16 14 19 43 220 2
3

BEWWEIII 17 15 18 48 270 2
4

m 18 16 18 30 250 2

n 17 15 18 50 200 2

Kar 7 L) 17 22 31 360 2

780 488 390 292 1950

: : : 1

Here in above table we have the maximum penalty in first row, and that is 3, so we will select the
most lowest cost in that particular row, and x11 is equal to 200 tons. After the allotment of 200 tons to
x11, the first row will be deleted, because availability is finished, and we will recomputed the penalty also.
The process will continue according to the new penalties, and it will continue until the availability and

demand are not finished. The step by step procedure is shown in the appendix page number.
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Table 3.4 (Work sheet for VAM in Excel)
P |RA [P |[RA [P |[RA [P |RA [P [RA [P [RA [P |RA |P |RA |P |RA |P |RA
10 13 16 45 3
200 200 0
16 11 17 29 2 2] 0
450 450 450
16 11 19 43 2 2 3 3 3 3
182 38 220 220 220 220 182 182 0
. . K 15 18 43 2 2 1 1 1 1 1
: 270 270 270 270 270 270 270 270 270 270 0
18 16 18 30 2 2 12
250 250 250 250 0
N 17 15 18 50 2 2 1 1 1 1 1
; 60 140 200 200 200 200 200 200 200 60 0
19 17 22 3 2 2 3 3 3 3 3
68 292] 360 360 360 360 360 68 68 68 68 68 0
Ay 780 | 488 | 390 | 292 | 1950 1750 |1300] [10s0] |1012] | 720 | s38] | e8] | 338] | 68 0
P 6 1 1 1
RA 580 | 488 | 390 | 292 1750
P 1 1 1
RA 580 | 38 | 390 | 292 1300
P 1 1
RA 580 | 0 390 | 292 1262
P 1 1 1
RA 580 140 | 292 1012
P 1 1 12
RA 580 140 0 720
P 1 1
RA 398 140 538
P 2 3 | P Penalty
RA 398 0 398] RA Remaining Availability
P | Highest Penalty
RA 333 338)
P
RA 68 68
P
RA 0 0

If we have equal penalties, then according to the rules lowest cost or top most row will be selected
for the allotments, as we have in second iteration, where we have penalty 2 in column and 1 in row, and in
second and third row the most minimum cost is 14, which can be chosen for next allotments.

In next step, after re-computing the penalties, we have the maximum penalty in column 4 (12), so
next allotment is possible from this row with lowest cost cell (x53), here the availability is less than the
demand, but the remaining demand can be acquired in any next iteration according to rules.

Starting from the lowest cost, we allocate x11 = 200. Now demand for the first column is again not
satisfied, but the availability in first row is finished so first row will be deleted, and we will move to the
next minimum cost cell and we will repeat this process until the 100% demand is not met. Proceeding in
this way, we observe that x11 = 200, x22 = 450, x31 = 182, x32 = 38, x41 = 270, x53 = 250, x61 = 60, x63 =
140, x71 = 68, x74 = 292. See table 3.4 for final allocation of raw material.

RULES: Delete the row if supply is finish.

Delete the column if demand is satisfied.

Number of basic variables=10
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Table 3.5 (final unit allocation from VAM)

RM/Options|M1_____|mM2____ [m3 [ m4 | Availability
16 45

She ‘10 13

200 0 Deleted
16 14 17 29 -
450 0 Deleted
16 14 19 43 -
182 38 0 Deleted
17 15 18 48 =
270 0 Deleted
18 16 18 30 -
250 0 Deleted
17 15 18 50 -
60 140 0 Deleted
19 17 22 31 -
68 292 o Deleted
Demand 0 0 0 0 1950
Penalty Deleted Deleted Deleted Deleted

Other tables are available in Appendix

The initial basic feasible solution: 200*14 +450*14 +182*16+38*14+270*17 + 250 * 18+
60*17 +140* 18 + 68 *19 +292 * 31 = Rs: 34718.

The result of VAM is the most lowest cost as compare to two other solutions, like North West
Corner Method and Least Cost Method. But in the next chapter we will find the most optimum solution of
the proposed problem, then we will decide which method is the most suitable for the company’s

transportation of raw material.

3.2 Using TORA (BFS)

We have seen previously how the three methods works, and the most highest cost suggested by
NWCM (34982), and lowest cost is 34718 presented by VAM. Using TORA we have validated our
calculations and model, and the results are the same as the model calculations. The calculations of TORA is

also presented in the appendix.

3.3 Cost comparison of BFS

Table 3.6

Cost Comparison of BFS
Methods Cost
NWCM 34982

LCM 34854
VAM 34718
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3.4 Discussion
In this chapter we have found the basic feasible solution to the problem, and identify the different basic

variables in the solution of each method. Basic variables are, those are allotted some units by the method,
suppose in the table 3.1 where 200 tons of raw material is allotted to x11, where the cost is 10, and it is
the basic variables. Each method selected almost 10 basic variables (allotted units cells). The remaining
cells in the matrix are called non basic variables. Why it is imported to know about basic and non basic
variables, because in next chapter we will introduce the method of multiplier, and this method works on

non basic variables as well to find out the opportunities for company.

Dalarna University, Sweden | Tanveer Hussain (E3851D)



Chapter 4: Optimum Solution 20

CHAPTER

Optimum Solution

After constructing an initial basic feasible solution by the procedure described in the last chapter,
now we will move to the optimality tests of the results. It is a bridge between basic feasible solution and
optimal solution. Derive ui and vj by using basic variables, setting its u=0, and then solving the set of
equations ui + vj=cij for each (i, j) such that xij is basic variable. If cij - (ui + vj ) is negative for every (i, j)
such that xij is nonbasic, then the solution is optimal, otherwise the current solution is not optimal. This
procedure will continue to the problem until it yields cij - (ui + vj ) is negative for every (i, j) such that xij
is nonbasic. While the study continues to search the all negative values, we also determined the entering

and leaving variables in every next table. The practice of whole procedure is presented in this chapter.

4.1 Method of Multipliers

While finding the solution of transportation problem with any one of three proposed solution in the
method of multipliers, there is a combination of the multipliers ui and vj with row i and column j of the
problem table, and for each current basic variable xij, we use the following equation:
ui+vi=cij
And for each non basic variable Xij, we use the following equation:

uUi+vj-cij
4.1.1 Steps as a whole for all methods

Step 1

Determine an initial basic feasible solution as we derived in the last chapter of our study, using all
of the three methods, like North West Corner Rule, Least Cost Method , Vogel Approximation Method
given below (using resulted tables from chapter 4):
Step 2

Determine the values of dual variables, ui and vj, using ui + vj = Cij
Step 3

Compute the opportunity cost using cij — (Ui + vj ).
Step 4

Check the sign of each opportunity cost. If the opportunity costs of all the unoccupied cells are
either positive or zero, the given solution is the optimum solution. On the other hand, if one or more
unoccupied cell has negative opportunity cost, the given solution is not an optimum solution and further

savings in transportation cost are possible.
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Step 5

Select the unoccupied cell with the smallest negative opportunity cost as the cell to be included in
the next solution.
Step 6

Draw a closed path or loop for the unoccupied cell selected in the previous step. Please note that
the right angle turn in this path is permitted only at occupied cells and at the original unoccupied cell.
Step 7

Assign alternate plus and minus signs at the unoccupied cells on the corner points of the closed
path with a plus sign at the cell being evaluated.
Step 8

Determine the maximum number of units that should be shipped to this unoccupied cell. The
smallest value with a negative position on the closed path indicates the number of units that can be
shipped to the entering cell. Now, add this quantity to all the cells on the corner points of the closed path
marked with plus signs and subtract it from those cells marked with minus signs. In this way an
unoccupied cell becomes an occupied cell.
Step 9

Repeat the whole procedure until an optimum solution is obtained.
Now one by one we will work again on all methods, and we will work on non basic variables, or

unoccupied cells. [13]

4.1.2 North West Corner Method

Table 4.1

Problem Matrix

Raw Material/

Options Availability

Shekhupura 1 200

Lahore 2 450

Faisalabad 220

u Rawalpindi 4

Multan

270

250

Peshawer 6 200

Karachi 7 360

Demand 780 488 390 292 1950
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The whole computation for this part of calculation is done directly on above table of transportation
problem. To compute the value of ul,.,.,un (Rows) and v1,..,vn (Column), we will start by setting u1=0.
Now we can start to compute the v values of all columns where we have a basic variables in row1 column
1 (ul, v1). In the next step we find the value of u2 based on the equation of basic x21. After extracting the
value of u2, we can easily compute the values of v3 and v4. Next we will compute the value of u3, it
possible by having the value of vl and x31. In the next step we determine the value of u4 by using the
basic equation of x42. Then we determine the value of u5 using the equation x52, and u6 is determined by
x63. In the last step of this procedure we determine the value of u7 by using the basic equation of x73. The
whole procedure can be seen in the table no.

When we have finished the computation of multipliers, the entering variable is decided from all the non-
basic variables as the one having the most largest positive ui+vj-cij value. The practice of this computation
is shown in this chapter.

The purpose of whole procedure is to identify the entering and leaving variables. After the result of this
function one current basic variable must have to leave and become non basic variable. Also some quantity

will be moved to another cost cell in the result of close loop.

Calculating ui and vj using ui + vj=cij we can determine Calculations (BV)

the entering variable from among the currently non

basic variables. Non basic variables are those variables X11 Ul+v1=10 u1=0
. . . . . V1=10-u1=10 v1=10
which are not the part of basic feasible solution. For this 21 Ur+vi=16
we will find the value of ul,...un (Rows) and v1,....vn U2=16-v1=6 u2=6
X31 U3+v1=16
(Column). We have start by setting ul=0. We have U3=16-vl=6 u3=6
X32 U3+v2=14
found the basic variables in the matrix and the total V2=14-u3=8 v2=8
. . X42 Ud+v2=15
numbers of basic variables are 10. These cells are also U4=15-v2=7 u4=7
. . X52 US+v2=16
called occupied cell. Using the values of u and v we can US=16-v2=8 uS=8
evaluate the non basic variables. X33 US+v3=18
V3=18-u5=10 v3=10
X63 U6+v3=18
U6=18-v3=8 u6=8
X73 U7+v3=22
U7=22-v3=12 u7=12
X74 U7+v4=31
V4=31-u7=19 v4=19

Next we have computed non basics variables by ui+vj-cij, so that we can evaluate the entering cell which

means that how much tons of material we can buy by other costs in the matrix.
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Here ui and vj also used to evaluate the non basic variables or
unoccupied cells. Because the main objective of the study is to
minimize the transportation cost, and we have four positive
values in the table, and we will select the most positive value
cell as an entering variable in the matrix. If the values are equal
we will chose arbitrarily values. The selected cell is X71 and the
practice of entering variable and the function of close loop can

be seen in the next table 4.2.

Table 4.2

Units Readjustment

Raw Material/
Options

Shekhupura 1

16 14 17

Lahore 2

450

Faisalabad

Rawalpindi

Multan

Peshawer

Karachi

Demand 780 488 390

29

12+10-19=3 (positive)

Calculations (NBV)
X12 0+8-13=-5
X13 0+10-16=-6
X14 0+19-45=-26
X22 6+8-14=0
X23 6+10-17=-1
X24 6+19-29=-4
X33 6+10-19=-3
X34 6+19-43=-18
X41 7+10-17=0
X43 7+10-18=-1
Xa4 7+19-48=-22
X51 8+10-18=0
X54 8+19-30=-3
X61 8+10-17=1 (positive)
X62 8+8-15=1 (positive)
X64 8+19-50=-23
X71
X72

12+8-17=3 (positive)

292

Availability

450

As we know the selection of entering variable has been done, and the selected variable is X71. The close

loop will be starts and ends at X71.
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Rules for this close loop:

The close loop will be starts and ends at same point X71.

The loop consists of connected horizontal and vertical segments (diagonals are not allowed).

Every corner of the loop must consist on a basic variable except the starting point of the loop.

The sign of starting point is plus and next turn will be minus then next will be plus, and every corner will
have a different sign then last.

We will say e to the starting point.

Function of Loop

Now draw a closed loop from X71 to X71. The lowest quantity of raw material will be assign to the e, and
add this quantity to all the cells on the corner points of the closed loop marked with plus signs and
subtract it from those cells marked with minus signs.

Now again calculate the values for ui and vij.

Cost Ranking

The procedure will make a real change in the allocation of units (raw material in tons) in the table,
whenever any value of cij - (ui + vj ) is positive. When it yields cij - ( ui + vj ) is negative for every (i, j)
such that xij is nonbasic then the current solution is optimal.

Unit (raw material in tons) Assignment
X71=6+68 =68

X73=68-68=0

X53=122+68=190

X52=128-68 =60

X32=90+68=158

X31=130-68=62

Readjustment Readjustments are done by transferring values (lowest quantity of raw material that
comes in the loop) between cells. Starting point of the loop will be an occupied cell, while leaving variable
will be donor cell.

Calculations (BV)

The whole computation for this part of calculation is
done directly on above table of transportation problem.

X11  Ul+v1=10 ul=0
To compute the value of ul,.,.,un (Rows) and v1,.,.,vn V1=10-u1=10 v1=10
(Column), we will start by setting ul=0. Now we can X21  U2+vl=16
start to compute the v values of all columns where we U2=16-v1=6 u2=6

X31 U3+vl=16
U3=16-v1=6 u3=6
X32 U3+v2=14

have a basic variables in row1 column 1 (ul, v1). In the
next step we find the value of u2 based on the equation

of basic x21. After extracting the value of u2, we can V2=14-u3=8 v2=8
easily compute the values of v3 and v4. Next we will X42  U4+v2=15
compute the value of u3, it possible by having the value U4=15-v2=7 u4=7
of v1 and x31. In the next step we determine the value of X52 Us+v2=16
u4 by using the basic equation of x42. Then we X53 32:1/?;\/12;8 u>=8
determine the value of u5 using the equation x52, and u6é V3=18-U5=10 v3=10
is determined by x63. In the last step of this procedure X63  U6+v3=18
we determine the value of u7 by using the basic equation U6=18-v3=8 u6=8
of x73. X71  U7+v1=19

U7=19-v1=9 u7=9

X74  U7+v4=31
V4=31-u7=22 v4=22
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Calculations for non basic variables

Here ui and vj also used to evaluate the non basic variables or Calculations (NBV)

unoccupied cells. Because the main objective of the study is to

minimize the transportation cost, and we have four positive Cell No.__ui+vj Cij

X12 0+8-13=-5
values in the table, and we will select the most positive value cell X13 0+10-16=-6

X14 0+22-45=-23
as an entering variable in the matrix. If the values are equal we X22 6+8-14=0

X23 6+10-17=-1
will chose arbitrarily values. The selected cell is X71 and the X24 6+22-29=-1
practice of entering variable and the function of close loop can be iii 232—22:35
seen in the next table. Xa1 7+10-17=0

X43 7+10-18=-1

X44 7+22-48=-19

X51 8+10-18=0

X54 8+22-30=0

X61 8+10-17=1 (positive)

X62 8+8-15=1 (positive)

X64 8+22-50=-20

X72 9+8-17=0

X73 9+10-22=-3

Table 4.3

Units Readjustment

Raw Material/
Options

Shekhupura 1

Availability

Lahore 2

Faisalabad 3

Rawalpindi 4

Multan 5

Peshawer 6

Karachi 7

Demand

X61 is considered as a entering variable, it indicates that we should buy 60 tons of raw material from this
point, because the lowest volume of quantity in the 60 tons, while we have construct a close loop.

According to rules we starts and ends loop at the same point in the matrix, also the loop should be consists
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connected horizontal and vertical points. Every turn of the close loop must coincide with a basic variable
cell.

We considered e to the starting cell, and every successive corner of the close loop will subtract or add
some quantity in the current cell which is the most lowest volume quantity, and we will starts from e, all
the practice is shown in above table, where

The procedure will make a real change in the allocation of units (raw material in tons) in the table,
whenever any value of cij - (ui + vj ) is positive. When it yields cij - ( ui + vj ) is negative for every (i, j)

such that xij is nonbasic then the current solution is optimal.

Unit Assignment in the matrix

X61=6+60 =60

X63=200-60=140

X53=190+60=250

X52=60-60 =0

X32=158+60=218

X31=62-60=2
Readjustments are done by transferring values (lowest quantity of raw material that comes in the loop)
between cells. Starting point of the loop will be an occupied cell, while leaving variable will be donor cell.

Calculations (BV)

The whole computation for this part of calculation is
done directly on above table of transportation problem.
To compute the value of ul,.,.,un (Rows) and v1,..vn X11 Ul+v1=10 ul=0
(Column), we will start by setting ul=0. Now we can V1=10-u1=10 v1=10
start to compute the v values of all columns where we X21 U2+v1=16
have a basic variables in row1 column 1 (ul, v1). In the 1 3;:&?:’11;6 u2=6
next step we find the value of u2 based on the equation U3=16-v1=6 W36
of basic x21. After extracting the value of u2, we can X32 U3+v2=14
easily compute the values of v3 and v4. Next we will V2=14-u3=8 v2=8
compute the value of u3, it possible by having the value Xa2 Ud+v2=15
of vl and x31. In the next step we determine the value 53 3::3:!126:7 ua=7
of u4 by using the basic equation of x42. Then we US=16-v3=7 u5=7
determine the value of u5 using the equation x52, and X61 U6+v1=17
u6 is determined by x63. In the last step of this u6=17-v1=7 u6=7
procedure we determine the value of u7 by using the X63 UG+v3=18
basic equation of x73. 1 \Lﬁ:l,iul%ﬂl va=11

U7=19-v1=9 u7=9

X74 U7+v4=31
V4=31-u7=22 v4=22
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Calculations for non basic variables

New calculations ui and vj using ui + vj-cij for all
non basic variables (xij) are negative, so study can
recommend that the assigmnment of the units to
the new cells was optimal, and the solution is also
optimal.

Table 4.4

Calculations (NBV)
X12 0+8-13=-5
X13 0+11-16=-5
X14 0+22-45=-23
X22 6+8-14=0
X23 6+11-17=0
X24 6+22-29=-1
X33 6+11-19=-2
X34 6+22-43=-15
X41 7+10-17=0
X43 7+11-18=0
X44 7+22-48=-19
X51 7+10-18=-1
X52 7+8-16=-1
X54 7+22-30=-1
X62 7+8-15=0
X64 7+22-50=-21
X72 9+8-17=0
X73 9+11-22=-2

Final Units Allocation (NWCM)

Raw Material/
Options

Shekhupura 1

Lah 5 16 14
ahore
450
Faisalabad 3
R Ipindi 4
awalpindi 270
Multan 5
Peshawer 6 60
Karachi 7
Demand 780 488

17

390

140

29

292

450

270

200

Availability

If we compare the table 4.1 of initial BF solution and the table no. 4.10, we can see there is a major change
between both tables, x31 was with 130 tons of raw material, but on this cost now we are buying only 2
tons of raw material, same is the case with x32, x52, x53 and x71 here we also have some changes in the

form of plus and minus.
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Since all the current opportunity costs in the table no. are negative, so we can say this is the optimum
solution. So the minimum transportation cost by this way is:

Z=200*10+450*16+2*16 +218*14 + 270 *15+250* 18 +60 * 17 + 140 * 18 + 68 * 19 +
292 *31=Rs. 34718

4.1.3 Least cost method
The implication of method of multiplier on basic feasible solution of least cost method is presented in this

section. The whole computation for this part of calculation is done directly on table of basic feasible
solution of least cost method.

When we have finished the computation of multipliers, the entering variable is decided from all the
nonbasic variables as the one having the most largest positive ui+vj-cij value. The practice of this
computation is shown in this chapter.

The purpose of whole procedure is to identify the entering and leaving variables. After the result of this
function one current basic variable must have to leave and become non basic variable. Also some quantity

will be moved to another cost cell in the result of close loop.

Table 4.5
Problem Matrix (LCM)

Vv

Raw Material/

Availabilit
Options alla Y

Shekhupura 200

Lahore 450

Faisalabad 220

Rawalpindi 270
Multan

250

Peshawer 200

Karachi 7 360

Demand 780 488 390 292 1950

As shown in the table the first allocation is x11, which exactly uses up the demand in column one, and
elimination has been done for not further consideration in this row, because the availability has been
exhausted. But in this iteration as we can see demand is still not satisfied, so we will go ahead according to

method’s rules and continuing in this manner, we eventually obtain the entire initial basic feasible
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solution shown in the chapter no. 3. The above table we have brought from the last chapter, where we can

see the whole practice how we got the initial basic feasible solution.

To compute the value of ul,.,.,un (Rows) and v1,..vn Calculations (BV)
(Column), we will start by setting ul=0. Now we can
start to compute the v values of all columns where we X11 U1+v1=10 u1=0
V1=10-u1=10 v1=10
have a basic variables in row1 column 1 (ul, v1). The X22 U2+v2=14
U2=14-v2=2 u2=6
value of v1 is extracted with the help of ul and x11 by X31 U3+v1=16
) i ) L U3=16-v1=6 u3=6
using the defined equation ui+vj=cij. In the next step we X32 U3+v2=14
) . . V2=14-u3=8 v2=8
find the value of u2 based on the equation of basic x22. xa1 Uasv1=17
After extracting the value of u2, we have computed the U4=15-v1=7 ua=7
X53 US+v3=18
values of v2 using the equation of x32. Then we U5=18-v3=7 us=7
X61 U6+v1=17
determined the value of u4 by using the basic equation U6=17-v1=7 u6=7
) . X63 U6+v3=18
of x41. Then we determine the value of u5 using the V3=18-u6=11 v3=11
. . . X73 U7+v3=22
equation x53, and u6 is determined by x61. In the next U7=29-v3=11 u7=11
step we can determine the value of v3 by using the value X74 U7+v4=31
V4=31-u7=20 v4=20
of u6 and x63. In the next step of this procedure we
determine the value of u7 by using the basic equation of
x73. Finally we need the value of v4 and we got it by
using the value of u7 and x74.
Again when we have finished the computation of
multipliers, the entering variable is decided from all the
nonbasic variables as the one having the most largest
positive ui+vj-cij value.
Calculations (NBV)
Calculation of non-basic variables
. ) X12 0+6-13=-7
Here as we can see all values of non basic variables are X13 0+11-16=-5
. . X14 0+20-45=-25
negative except x71 and x72, so by taking any one of 1 6+8-14-0
them, we will repeat the whole procedure of method of X23 6+11-17=0
X24 6+20-29=-3
multiplier. But before this we have selected x71 as the X33 6+11-19=-2
X34 6+20-43=-17
entering variable. X42 7+8-15=0
X43 7+11-18=0
Xa4 7+20-48=-21
X51 7+10-18=-1
X52 7+8-16=-1
X54 7+20-30=-3
X62 7+8-15=0
X64 7+20-50=-23
X71 11+10-19=2 (positive value)
X72 11+8-17=2 (positive value)
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Table 4.6
Units Readjustment

\'}

Raw Material/ M1

) Availability
Options
Shekhupura 200
Lhore 2 16 14 17 29 450
450
Faisalabad 3
u Rawalpindi 4
Multan 250
Peshawer 6 200

Karachi 360

Demand 780 488 390 292 1950

Readjustments are done by transferring units among the cells by setting © to the entering cell. We
will start the loop from entering cell and also ends at the same point. According to rules we will select the

most minimum quantity and assign it to the ©.

X71 is considered as a entering variable, it indicates that we should buy 68 tons of raw material
from this point, because the lowest volume of quantity in the 68 tons, while we have construct a close
loop. According to rules we starts and ends loop at the same point in the matrix, also the loop should be

consists connected horizontal and vertical points, the details of this rule has been explained before.

Unit (raw material in tons) Assignment

X71=6+68 =68
X73=68-68 =0
X63=72+68 =140

X61=128-68 =60

Readjustments is completed by transferring values (lowest quantity of raw material (68) that
comes in the loop) between cells. Starting point of the loop will be an occupied cell, while leaving variable

will be donor cell.
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The whole computation for this part of calculation is done
directly on above table of transportation problem. To
compute the value of ul,,un (Rows) and vl,,.vn
(Column), we will start by setting u1=0. Now we can start
to compute the v values of all columns where we have a
basic variables in row1 column 1 (ul, v1). In the next step
we find the value of u2 based on the equation of basic x21.
After extracting the value of u2, we can easily compute the
values of v3 and v4. Next we will compute the value of u3,
it possible by having the value of v1 and x31. In the next
step we determine the value of u4 by using the basic
equation of x42. Then we determine the value of u5 using
the equation x52, and u6 is determined by x63. In the last
step of this procedure we determine the value of u7 by

using the basic equation of x73.

Calculations for non basic variables

Calculations (BV)

X11

X22

X31

X32

X41

X53

X61

X63

X71

X74

New calculations ui and vj using ui + vj-cij for all non basic

variables (xij) are negative, so study can recommend that the

assigmnment of the units to the new cells was optimal, and the

solution is also optimal.

Since all the current opportunity costs are positive, this is the

optimum solution. So the minimum transportation cost is:

31
Ul+v1=10 ul=0
V1=10-u1=10 v1=10
U2+v2=14
U2=14-v2=6 u2=6
U3+v1l=16
U3=16-v1=6 u3=6
U3+v2=14
V2=14-u3=8 v2=8
U4+v1=17
U4=17-v1=7 u4=7
U5+v3=18
U5=18-v3=7 u5=7
U6+v1=17
u6=17-v1=7 u6=7
U6+v3=18
V3=18-u6=11 v3=11
U7+v1=19
U7=19-v1=9 u7=9
U7+v4=31
V4=31-u7=22 v4=22
Calculations (NBV)
X12 0+8-13=-5
X13 0+11-16=-5
X14 0+22-45=-23
X21 6+10-16=0
X23 6+11-17=0
X24 6+22-29=-1
X33 6+11-19=-2
X34 6+22-43=-15
X42 7+8-15=0
X43 7+11-18=0
X44 7+22-48=-19
X51 7+10-18=-1
X52 7+8-16=-1
X54 7+22-30=-1
X62 7+8-15=0
X64 7+22-50=-21
X72 9+8-17=0
X73 9+11-22=-2
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Table 4.7

Final Units Allocation

Vv

Raw Material/ M1

Availabilit
Options alla Y

Shekhupura

Lahore 450
Faisalabad
Rawalpindi 270
Multan

Peshawer 200

Karachi

Demand 780 488 390 292 1950

If we compare the above table of initial BF solution and problem table, the comparison will show a major
difference between both table, x71 was an unoccupied cell but now we are buying 68 tons of raw material
from here at the cost of Rs: 19 per kg, as compared with donor cell that have the cost of Rs: 22 per kg, so
here we are saving Rupees 4 per kg. By this function we have also shifted 60 tons of raw material from x63
to 61, some one can say it is the loss to shift the units from Rs: 17 to 18, but on other side we are saving Rs:

4, that is bigger than this.

Since all the current opportunity costs in the table no. are positive, so we can say this is the optimum

solution. So the minimum transportation cost by this way is:
7Z=200*10+450*14+182*16 +38*14+270*17 +250* 18 +60 *17 + 140 * 18 + 68 * 19 +

292 *31 =Rs. 34718

4.1.4 Vogel approximation method (VAM)

This method is an actually improved version of the least cost method. The experts said that this method is
not produce better starting solutions, but some time it creates better results. The following table brought
here from chapter 3, where we have find the basic feasible solution, Its already optimized with the most

minimum cost in BFS.
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Table 4.8

Problem Matrix

Raw Material/ M1

Availability
Options

Shekhupura 1

Lahore 2 450

Faisalabad 3
u Rawalpindi 4

270

Multan 5

Peshawer 6 200

Karachi 7

Demand 780 488 390 292 1950

Table 4.18 Problem Matrix but optimized with most minimum cost

Table 4.9 Cost Comparisons (Rs)

Methods Iteration 1 Iteration 2 Iteration 3 Iteration 4 Iteration 5
NWCM 34982 34778 34718

LCM 34854 34718

VAM 35766 34968 34778 34718

4.2 Discussion
In this chapter we have determine the entering variables from among the current non basic

variables, those are not the part of the starting basic feasible solution. It is done by computing the non
basic coefficients using the method of multipliers, as shown above in functionality of method of
multipliers. The key concept of method of multipliers is to find out all those sectors in the matrix, which
are not touch by the transportation methods, not all but some of them those comes in the close loop
structure. It is also called iterative computations of the transportation algorithm. As we have seen the
implementation of method of multipliers on NWCM and LCM, and it makes the difference as compared
with BFS solution. Method of multipliers works as a bridge between basic feasible solution and optimal
solution. The difference of total cost can be seen in table 4.19 with number of iterations taken by each

method. The validation of results has been done in TORA, and it is available in appendix.
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CHAPTER

Sensitivity Analysis

Selection of raw material for manufacturing firm at minimum cost is a strategic level decision,
having a sensitivity analysis we will try to find the suitable cost of each category of raw material (m1, m2,

m3, and m4).

5.1 Sensitivity Analysis
Investigation into how projected performance varies along with changes in the key assumptions on

which the projections are based. What if there are some values are sensitive in the linear program.
Sensitivity analysis allows us to determine how “sensitive” the optimal solution is to changes in data
values.

"A methodology for conducting a sensitivity analysis is a well established requirement of any
scientific discipline. A sensitivity and stability analysis should be an integral part of any solution
methodology. The status of a solution cannot be understood without such information. This has been well
recognized since the inception of scientific inquiry and has been explicitly addressed from the beginning
of mathematics". (Fiacco, 1983, p3)[2]. This procedure includes an objective function coefficient, a right
hand Side value of a constraint, left hand side value, provide important information useful for

improving/changing decisions, helps to redefines constraints, and identify the critical costs.

5.2 Approaches to Sensitivity Analysis

In principle, sensitivity analysis is a simple idea to change the model and observe its behavior. In
routine there are many different possible ways to go about changing and observing the model. The section
covers what to vary, what to observe and the experimental design of the sensitivity analysis are very
important factors.[4]

The simplest approach to analysis of SA results is to present summaries of activity levels or
objective function values for different parameter values. It may be unnecessary to conduct any further
analysis of the results, because there are several angles to check it out. But we have decided in this study

that we will check the sensitivity of cost for four types of raw materials one by one.
5.3 Selection of parameters for Sensitivity Analysis

We will select each type of raw material from m1 to m4 step by step, and we will try to know at

what minimum price should be for each category.
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5.3.1 What to vary

One might choose to vary any one or all of the following:

a) The contribution of an activity to the objective function.

b) The objective (e.g. minimize risk of failure instead of maximizing profit)

¢) A constraint limit (e.g. the maximum availability of a resource),

d) The number of constraints (e.g. add or remove a constraint designed to express personal
preferences of the decision maker for or against a particular activity),

e) Commonly, the approach is to vary the value of a numerical parameter through several levels. In
other cases there is uncertainty about a situation with only two possible outcomes; either a

certain situation will occur or it will not.[4]

5.3.2 What to observe
We will check the sensitivity of all four categories of raw material, and we will analyze what should

be the minimum average cost for each category of material. Whichever items the study chooses to vary,

there are many different aspects of a model output to which attention might be paid

5.4 Simplex Method

“This is a general procedure for solving linear programming problem. Developed by George Dantzig
in 1947, it has proved to be a remarkably efficient method that is used routinely to solve huge problems
on today’s computers. Except for its use on tiny problems, this method is always executed on computer,
and sophisticated software packages are widely available. Extensions and variations of the simplex
method also are used to perform post optimality analysis (including sensitivity analysis) on the model” [1]
The simplex method is an algebraic procedure. However, its underlying concepts are geometric.
Understanding these geometric concepts provides a strong intuitive feeling for how the simplex method
operates and what makes it so efficient [1]. While solving linear programming problem, the simplex

method used All slacks starting solution, M method, Two phase method etc.

The above mentioned algebraic procedure is based on solving the equations. Before starting to
solve the problem the study will remove the inequality constraints and convert it in to equivalent equality
constraints. The study leads us to accomplish the conversion by introducing slack variables in the regular

equation.
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5.4.1 Experimental design

Z=qgl *cl+g2 *c2+q3 *c3 +............+ gn *cn.

Problem Illustration

Minimize Z= 780x1+488x2+390x3+292x4

Subject to
10x1+13x2+16x3+45x4 200
16x1+14x2+17x3+29x4 450
16x1+14x2+19x3+43x4& 220
17x1+15x2+18x3+48x4 270
18x1+16x2+18x3+30x4 250
17x1+15x2+18x3+50x4 200
19x1+17x2+22x3+31x4 360
and
x1 >0, x2>0, x3>, x4=>0.

5.4.2 Remove the inequality constraints

When we deal with the problem with in augmented form, it is convenient to consider and
manipulate the objective function equation at the same time as the new constraint equations. Therefore,
before we start the simplex method, the problem needs to be rewritten once again in an equivalent way.
[1]

In the problem we are solving here in this study, (<) constraints, the right hand side has thought of
as representing the limit on the availability of a source, while left hand side would represent the usage of
these limited resources by the activities (variables) of the model. The difference between right hand side
and left hand side of the (<) constraints thus yields the unused or slack amount of resource [2]. To
remove the inequality to an equation, a slack variable is added to the left hand side of the constraints, as
we can see in the following model.

Important factor in this problem is we can’t change in the right side, because the sources we have
are limited, and company can’t buy more units then mentioned in the right side of the equation. We will
check the sensitivity of all four categories of raw material, and we will analyze what should be the
minimum cost for each category of material. To set up for starting the simplex method, it is some time
necessary as in this problem, to use slack variables to obtain an initial BF solution of the problem by
removing inequalities. Here in this problem we have used all slacks starting solution to ensure that the

simplex method obtains a post optimal solution for the problem.
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Minimize Z= 780x1+488x2+390x3+292x4
Or Z-780x1-488x2-390x3-292x4

Subject to
1) 10x1 +13x2 +16x3+45x4+x5 =200
2) 16x1+14x2+17x3+29x4  +x6 =450
3) 16x1+14x2+19x3+43x4 +X7 =220
4) 17x1+15x2+18x3+48x4 +x8 =270
5) 18x1+16x2+18x3+30x4 +Xx9 =250
6) 17x1+15x2+18x3+50x4 &1 =200
7) 19x1+17x2+22x3+31x4 +x11 =360

and

x1>0,.,.,.,.xn> 0.

We have added slack variables needed to apply simplex method.

5.4.3 Algebraic Solution

Table 5.1
Starting Table m1
Basic E|Z X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 X1 Right
Variables M1 | M2 | M3 [ M4 0 1 Side Ratio
z 0 1 780 | 488 | 390 | 292 0 0 0 0 0 0 0

X5 1 0 10 13 16 45 1 0 0 0 0 0 0 200 200/10=20
X6 2 0 16 14 17 29 0 1 0 0 0 0 0 450 450/16=28.13
X7 3 0 16 14 19 43 0 0 1 0 0 0 0 220 220/16=13.75
X8 4 0 17 15 18 48 0 0 0 1 0 0 0 270 270/17=15.88
X9 5 0 18 16 18 30 0 0 0 0 1 0 0 250 250/18=13.88
X10 6 0 17 15 18 50 0 0 0 0 0 1 0 200 200/17=11.76
X11 7 0 19 17 22 31 0 0 0 0 0 0 1 360 360/19=18.94

Minimum ration(x10, 11.76)

Entering variable => x1,

Leaving variable x10, because this row has minimum ratio (11.76)
Pivot value is 17

—101+10, 241324162 +4524+1,240,2+0,2+0,2+0,2+0,~+0,22+200)
17 17 17 17 17 17 17 17 17 17 17

200

—16(1+16, 2414241724292 40,2 40,2+ 1,2+0,2+0,>+0,>+0,22+450)
17 17 17 17 17 17 17 17 17 17 17

—16(1+16, 2+14,24+19,2 4432 40,2 40,2 +0,2+1,2+0,>+0,>+0,22 +220)
17 17 17 17 17 17 17 17 17 17 17
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2
—17(1+17, 2415241824482 40,2 40,2+0,2+0,2+1,2+0,>+0,22+270)
17 17 17 17 17 17 17 17 17 17 17
2
—18(1+18, 2+416,2+18,2+30,2 40,2+ 0,2+ 0,2+ 0,2+ 0,> + 1, + 0,22 + 250)
17 17 17 17 17 17 17 17 17 17 17
xlo(ﬂ'E'E’ﬂ’i’_'i'i’i'i’i'i'@)
1717 17 17 17 17 17 17 17 17 17 17" 17
2
—19(1+19, 241724222431, 240,240,240,2+0,2+0,2+0,>+1,22+360)
17 17 17 17 17 17 17 17 17 17 17
Table 5.2
Solution Table
Basic E z X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 X1 Right
Variables M1 [ M2 | M3 | M4 0 1 Side Ratio
z 0 1 0 20024 | 43588 | 200212 0 0 0 0 0 4588 0
X5 1 0 0 418 | 541 | 1559 1 0 0 0 0 -0.59 0 200 200/10=20
X6 2 0 0 -12 | .06 | -1806 0 1 0 0 0 -0.94 0 450 450/16=28.13
X7 3 0 0 -12 | 2.06 | -4.06 0 0 1 0 0 -0.94 0 220 220/16=13.75
X8 4 0 0 0 0 -2 0 0 0 1 0 -1.00 0 270 270/17=15.88
X9 5 0 0 J12 | 106 | 2% 0 0 0 0 1 -1.06 0 250 250/18=13.88
X1 6 0 1 .88 [ 1.06 | 2.92 0 0 0 0 0 0.06 0 200 200/17=11.76
X11 7 0 0 .24 | 188 | 2488 0 0 0 0 0 -1.12 1 360 360/19=18.94
Table 5.3
Starting Table m2
Basic E|Z X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 X1 Right
Variables M1 | M2 | M3 | M4 0 1 Side Ratio
z 0 1 780 | 488 | 390 | 292 0 0 0 0 0 0 0
X5 1 0 10 13 16 45 1 0 0 0 0 0 0 200 200/13=15.38
X6 2 0 16 14 17 29 0 1 0 0 0 0 0 450 450/14=32.14
X7 3 0 16 14 19 43 0 0 1 0 0 0 0 220 220/14=15.71
X8 4 0 17 15 18 48 0 0 0 1 0 0 0 270 270/15=18
X9 5 0 18 16 18 30 0 0 0 0 1 0 0 250 250/16=15.63
X10 6 0 17 15 18 50 0 0 0 0 0 1 0 200 200/15=13.33
X11 7 0 19 17 22 31 0 0 0 0 0 0 1 360 360/17=21.18
Minimum ration(x10, 13.33)
Entering variable x2,
Leaving variable x10, because this row has minimum ratio (13.33)
Pivot value is 15
2
—13(24+10, 1+13, 24 16,2+ 452+ 1,2 4+ 0,~ + 0,—+ 0,— + 0, + 0, + 0,22 4 200)
15 15 15 15 15 15 15 15 15 15 15
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~14(Z + 16,

~14(Z + 16,

—15(Z+17,

1+152+18,% 1 48,
15 15

0
15

+ 0,

0
15

0 0
+0'E+0'E+ 1,

0
15

1414241724292 402 +1,2+02+02+0,2+0,2+0,
15 15 15 15 15 15 15 15 15

18 50 0 0 0 0 0 1 0
14142419, 2443, 40,24 0,2+ 1,2+ 0, + 0, +0,=+0,

200

200

2+ 450)

=+ 220)

1 0 200
+0,=+0,=+ 0,22+ 270)

200

~16(Z+18, 14162+ 18,f—§+ 30,40, 40, + 0,= + 0,= + 1,— + 0,= + 0,2 + 250)

Leaving ROW (12,3250 52035035 1515735715 15157 15)

—17(+19, 1+17, 2422, 2+ 3L, =+ 0,5+ 0,=+ 0,= + 0, + 0, + 0, + 1,2 + 360)

Table 5.4

Solution Table
Basic E VA X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 X1 Right
Variables M1 | M2 | M3 | M4 0 1 Side Ratio
Z 0 1 2069 0 19560 | 133467 0 0 0 0 0 32.53 0

X5 1 0 0 418 | 541 | 1559 1 0 0 0 0 -0.87 0 200 200/13=15.38
X6 2 0 0 -12 | .06 | 1806 0 1 0 0 0 -0.93 0 450 450/14=32.14
X7 3 0 0 -12 | 2.06 | -4.06 0 0 1 0 0 -0.93 0 220 220/14=15.71
X8 4 0 0 0 0 -2 0 0 0 1 0 -1.00 0 270 270/15=18
X9 5 0 0 .12 | <106 | 2% 0 0 0 0 1 -1.07 0 250 250/16=15.63
X2 6 0 1 .88 | 1.06 | 292 0 0 0 0 0 0.07 0 200 200/15=13.33
X11 7 0 0 .24 | 188 | 2488 0 0 0 0 0 -1.13 1 360 360/17=21.18

Table 5.5

Starting Table m3

Basic E|Z X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 X1 Right

Variables M1 | M2 | M3 | M4 0 1 Side Ratio
Z 0 1 780 | 488 | 390 | 292 0 0 0 0 0 0 0
X5 1 0 10 13 16 45 1 0 0 0 0 0 0 200 200/16=12.5
X6 2 0 16 14 17 29 0 1 0 0 0 0 0 450 450/17=26.47
X7 3 0 16 14 19 43 0 0 1 0 0 0 0 220 220/19=11.58
X8 4 0 17 15 18 48 0 0 0 1 0 0 0 270 270/18=15
X9 5 0 18 16 18 30 0 0 0 0 1 0 0 250 250/18=13.88
X10 6 0 17 15 18 50 0 0 0 0 0 1 0 200 200/18=11.11
X11 7 0 19 17 22 31 0 0 0 0 0 0 1 360 360/22=16.36

Minimum ration(x10, 13.33)

Entering variable x3,
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Leaving variable x10, because this row has minimum ratio (13.33)
Pivot value is 18
7 5 50 0 0 0 0 0 0 200
—16(2 4+ 10,2+ 13,1+ 16,2 4+ 45, 4+ 1,— 4+ 0,—~ + 0,—= + 0,— + 0,— + 0,~= + 0,22 + 200)
18 18 18 18 18 18 18 18 18 18 18
2
17416, 2+ 14,1+ 17,2429, 2 4+ 0,~ + 1,2 + 0,— + 0,— + 0,— + 0,— + 0,22 + 450)
15 18 18 18 18 18 18 18 18 18 18
2
—19(Z 4+ 16,2+ 14,1+19,2 4+ 43,2 4+ 0,2 + 0,2 + 1,— + 0,~ + 0,— + 0,— + 0,22 + 220)
15 18 18 18 18 18 18 18 18 18 18
7 5 50 0 0 0 0 0 0 200
—18(2 4+ 17,2+ 151+ 18,2448, - 4+ 0,— 4+ 0,—~+ 0, + 1,— 4+ 0, + 0,—= + 0,22 + 270)
15 18 18 18 18 18 18 18 18 18 18
7 5 50 0 0 0 0 0 0 200
—18(2 4+ 18,2+ 16,1+ 18,2 4+ 30,- 4+ 0, 4+ 0,—~ + 0, + 0, + 1, + 0,—= + 0,22 + 250)
15 18 18 18 18 18 18 18 18 18 18
. 7 15 18 50 0 0 O O O O 0
Leaving Row (~,=> 2% 8 2 2 0 8 2 12
18°18°18 18°18°18°18° 18 18 18 18 18
2
222419, 2 +17,1+ 22,2 431,24 0,2 4+ 0, =+ 0, =+ 0, = + 0,—~ + 0, + 1,22 4 360)
15 18 18 18 18 18 18 18 18 18 18
Table 5.6
Solution Table
Basic z X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 X1 Right
Variables M1 [ M2 | M3 [ M4 0 1 Side Ratio
z 0 1 2693 0 0 133467 0 0 0 0 0 2167 0
X5 1 0 511 | -0.33 0 0.56 1 0 0 0 0 -0.89 0 22.22
X6 2 0 0.06 | -0.17 0 1822 0 1 0 0 0 -0.94 0 261.11
X7 3 0 -1.94 | -1.83 0 9.78 0 0 1 0 0 -1.06 0 8.89
X8 4 0 0 0 0 -2.00 0 0 0 1 0 -1.00 0 70.00
X9 5 0 1 1 0 -20.00 0 0 0 0 1 -1.00 0 50.00
X3 6 0 094 | 0.83 1 2.78 0 0 0 0 0 0.06 0 11.11
X11 7 0 178 | -1.33 0 -30.11 0 0 0 0 0 -1.22 1 115.56
Table 5.7
Starting Table m4
Basic E|Z X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 X1 Right
Variables 0 1 Side Ratio
z 0 1 780 | 488 | 390 | 292 0 0 0 0 0 0 0
X5 1 0 10 13 16 45 1 0 0 0 0 0 0 200 200/45=4.44
X6 2 0 16 14 17 29 0 1 0 0 0 0 0 450 450/29=15.52
X7 3 0 16 14 19 43 0 0 1 0 0 0 0 220 220/43=5.12
X8 4 0 17 15 18 48 0 0 0 1 0 0 0 270 270/48=5.63
X9 5 0 18 16 18 30 0 0 0 0 1 0 0 250 250/30=8.33
X10 6 0 17 15 18 50 0 0 0 0 0 1 0 200 200/50=4
X11 7 0 19 17 22 31 0 0 0 0 0 0 1 360 360/31=11.61
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Minimum ration(x10, 4)
Entering variable x4,
Leaving variable x10, because this row has minimum ratio (4)
Pivot value is 50
Calculations
452+ 10,2 4+13, 2 4 16,1+ 45,2 + 1,2 + 0,% + 0, — + 0,— + 0, + 0, + 0,22 4 200)
50 50 50 50 50 50 50 50 50 50 50
292 +16, 2+ 14,2 4171429, 2+ 0,2+ 1,2+ 0,= + 0, + 0,— + 0,> + 0,22 4 450)
50 50 50 50 50 50 50 50 50 50 50
43 416,24 14,2 419,14+ 43,2+ 0,2 4+ 0,2 + 1,2+ 0,~ + 0,— + 0,— + 0,22 4 220)
50 50 50 50 50 50 50 50 50 50 50
—48(2 417, 2 415,24 18,14 48,2+ 0,24+ 0,> 4+ 0, = + 1, =+ 0,— + 0,—~ + 0,22 4 270)
50 50 50 50 50 50 50 50 50 50 50
—30(2+ 18,2 4+ 16,24+ 18,14+ 30,4+ 0, >+ 0, = + 0,— + 0, = + 1,— + 0,—~ + 0,22 4 250)
50 50 50 50 50 50 50 50 50 50 50
Leaving Row (5’1_5’2’5_0,1’ili’i’i,ilili’ﬂ)
50”50°50750°50°50° 50”50”50 50”50”50 50
17 15 18 0 0 0 0 0 1 0 200
—BUC+ 19,0+ 17,50+ 221+ 31,4+ 0, + 0,4 0, + 0, + 0, + 0,2+ 1,22 + 360)
Table 5.8
Solution table
Basic Z [ X1 [x2 [ X3 [ X4 [ X5 [ X6 [ X7 [ X8 | X9 | X1 [X1 | Right
Variables 0 1 Side Ratio
p2 0 R ETRECE RN 0 0 0 0 0 |58 | 0 |1168
X5 1 0 [ 530 |05 [-020] 0 1 0 0 0 0 [0% ]| O 20
X6 2 0 6.14 | 530 | 6.56 0 0 1 0 0 0 -0.58 0 334
X7 3 0 [138 [ 110352 0 0 0 1 0 0 [086 | O 48
X8 4 0 [068]060[072] 0 0 0 0 1 0 [0% | O 78
X9 5 0 |78 [ 777 [ w8 | 0 0 0 0 0 1 [060]| O 130
X4 6 0 0.34 | 030 | 0.36 1 0 0 0 0 0 0.02 0 4
X11 7 0 [846 | 770 | 108 | 0 0 0 0 0 0o [08 ] 1 236

In this procedure there is a combination of parameters from right hand side of the equation. From four

categories of raw material the study has decided what should be the best affordable cost for each type of

raw material.

In selection the parameters first of all the study has selected the first category of raw material (m1) and

check through a procedure how much the company should spend for this category. Then the same action

has performed on all other types of raw material. For example in table 5.1 we have 780 tons demand of
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m1 and the procedure leads us toward the average minimum cost for this category. (more about others

RMs)

5.5 Using TORA (SA)

Sensitivity analysis normally is incorporated into software packages based on simplex method, for
example, the TORA will generate sensitivity analysis information upon request. As shown in the following
tables, when we have try to know the sensitivity of 1st category of raw material (m1), it gives us an
information that for column one (m1) the row 6 (sx10) is sensitive, actually this row has the highest cost

in the matrix, that put an impacts on all four type of raw material.

Note Books and Books (m1)

Iteration 1 ml m2 m3 m4
Basic Al sx10 sx11 Solution

2 (min) —m‘m‘m‘m‘m—m‘m‘m
saB -:Emm‘m-mm 1,00 0,00 0,00 0,00 0,00 0,00 0,00
sxub | 1a00f 1700 29.00] 0,00 1.00 0.00 0,00 0,00 0,00 0,00

su? -mn-mm 0.00 0.00 1.00 0.00 0.00 0.00 0.00

suB -EIEI 0.00 o0 0.00 100 0.00 0.00 0.00
sxd 0,00 0.0 0.00 1.00 0,00 0.00
-Em—mm———————

sxll

Lower Bound
Upper Bound
Unrestr'd [p/n)?

Iteration 2

Basic sxl1l sx11 Sulutlun
2 [min] _mm—m‘m_m_m‘m_m
545 | oo 418 541 1558 1.00 0,00 0.00 0.00 0,00 -0.59 0.00
sub [ o2l oos| 1806 0.00 1.00 0.00 0.00 0.00 -0.94 0.00
sxf -0, X 0,00 0,00 1.00 0,00 0,00 -0, 0,00
sxB [ ooof  ooof 200 0.00 0,00 0.00 1.00 0,00 -1, 0,00
539 | 012 0.00 0.00 0.00 0.00 1.00 E 0.00

x1 , 4 0,00 0,00 0,00 0,00 0,00 X 0,00
sxll E [ 0.00 0.00 .| X i -1, 1.00

Lower Bound
Upper Bound
Unrestr'd [p/n)?

Figure 5.1 Result from TORA solver

Magazines and News Papers (m2)

Iteration 1 ml m2 m3 méd
Basic ¥2 x3 £x9 sall Solution

2 (min) -780, -390.00] 292, m —m_mm_m_m‘m—m_mm_m
545 X -mm-mm 1.00 0.0 0,00 0.00 0.00 X 0.00 200,00
sx6 mﬁm 0,00 1,uu 0,00 0.00 0,00 i 0,00 450,00
sx? 43, uu 0,00 0,00 1,00 0,00 0,00 X 0,00 220,00
518 0.00 0, uu 0.00 1.00 0.00 . 0.00 270.00
sx9 18.4 uu 0,00 0,0 0,00 0,00 1,00 i 0,00 250,00

JET [ — X -Emﬂm——————— 200,00
sull | 22000  31.00] 0.00 1.00
Lower Bound _I!EI‘!!EI___—____
Upper Bound | infinity]  nfieyl [ T | [ [ ]
Unrestr'd (v/n)? [T e S A
____________

Iteration 2

Basic %1 sx10 sx11 Sulullun
2 [min) ‘m-man—m‘m‘m‘m‘m‘m
548 | 167 0.87 0.00
sx6 u,uu u,uu u,uu 0,93 0,00
a7 1.00 0,00 0.00 -0.93 0.00
sx8 0.00 1.00 0.00 -1.00 0.00
9 0,00 0,00 1.00 -1.07 0,00
%2 0,00 0.00 0.00 0.07 0.00
sxll 0.00 0.00 0.00 1. 1.00

Lower Bound IS ] AN Y T 7 [ A A
ULCRTTL M infinity] infinity] infinity] eyl [ || [ [ 1 ]

Figure 5.2 Result from TORA solver
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Exam Papers (m3)

Iteration 1 ml m2 m3 mé
Basic

sx1 sxl1 S olution

2 (min) -zmm‘m‘m‘m‘m_m‘m‘m‘m
15 1.00 0.00 0,00 0,00 0,00 0,00 0.00
546 ‘m-mm 0.00 1.00 0.00 0.00 0.00 0.00 0.00

sKf | 1600] 1400 43,0 0,00 0,00 1,00 0,00 0,00 0,00 0,00
=8 | 1700  15.00] 48.0 0.00 0.00 0.00 1.00 0.00 0.00 0.00
<19 | 18o0] 1600 | 3000 0.00 0.00 0.00 0.00 1.00 0.00 0.00

[EL [ — T7.00 1500 18,00 _mm——————— 200, UU

sl | 19.00]  17.00] 0.0 1.00
Lowei Bound | IV IR ‘!!El________
ULCLITLNN infinity[ infinity | I A I ) N A A D D
Unrestr'd (y/n)? _ﬂ_ﬂ [ I ) N

Iteration 2 ml

Basic x1 k9 sx10 sx11 Solution
z min) 18 ﬂﬂ —mm—m‘m‘m‘m‘m 7] 0.00] 433333
545 ‘m‘m 1.00 0.00 0.00 .89 0.00
sub | 017 oon|  -18.22| 0.00 1_nn n,nn 0.00 0.00 -0.94 0.00
sh7 | 4] 83 ooof 978 0.00 0.00 1.00 0.00 0.00 -1.06 0.00 IEEYE]
8 | ooof o000 2. uu 0,00 0,00 0,00 1.00 0,00 -1.00 0,00
sx9 | 100 100  0.00| -20, nn 0.00 0.00 0,00 0.00 1.00 -1.00 0.00

%3 ‘m-m 0.00 0.00 0.00 0.00 0.00 0.06 [ 1111
sxll | a7 133 000  -30.11] 0.00 0.00 0.00 0,00 0.00 1,22 QL] 11556

[ infinity  infinity]  nfinity]  whey] [ [ [ [ [ ]

Figure 5.3 Result from TORA solver

Lower Bound
Upper Bound
Unrestr'd [y/n)?

Imported Waste Paper (m4)

Iteration 1 ml m2 m3 m#
Basic s sK7 sxf 5x9 sx10 sxl1 Solution

2 (min) 000l 0.00] | o.o0f | 000
15 -mn 1.00 0,00 0,00 0,00 0,00 0,00 0,00
s4B ‘m-mm 0.00 1.00 0.00 0.00 0.00 0.00 ] 450.00]
sH? ‘m-mm-mm 0,00 0,00 1,00 0,00 0,00 0,00 (K] 220.00]

sul | i7oo[  i500]  1e.oof 0.00 0.00 0,00 1.00 0.00 0.00 0.00
sx9 -mm 0.00 0.00 0.00 0.00 1.00 0.00 0.00
[ i7.00] II!IIII__—____
sull 0.00
‘m‘m‘m

Lower Bound
Upper Bound

Unrestr'd (/n)? _ﬂ_ﬂ_ﬂ I
___________
Iteration 2 ml m2
Basic sx10 sx11 Solution
2 [min) ‘m‘m‘m‘m—mm—m—m
<48 ‘im‘m‘m‘m 1.00 -0.90 0.00 IFTON]
6 _E]_EE 0,00 1,uu u,uu u,uu u,uu -0.58 0,00
su? [ ] I 1] Y7 I YT 0.00 0.00 1.00 0.00 0.00 -0.86 0.00
sud | oes]  os0]  072] 000 0,00 0,00 0,00 1.00 0,00 -0.96 0,00
sud | 780  7oof 720 0.0 0.00 0.00 0,00 0.00 1.00 -0.60 0.00
x4 | o3[ o030 036 100 0,00 0.00 0,00 0.00 0.00 0,02 0.00
sxll | 848 770 1084  000] 0.00 0.00 0.00 0.00 0.00 -0.62 1.00
Lower Bound ‘m‘m—m‘m————————

Upper Bound mm————————

Unrestr'd [_vin]'-‘

Flgure 5.4 Result from TORA solver

5.6 Changes in the cost

Table 5.9 Changes in the cost with respect to selecting various parameters

Parameters Post Optimal Cost
m1l 11.76

m2 13.33

m3 11.11

m4 4.00

Z=780*11.76+488%*13.33+390*11.11+292*4= Rs: 21179
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5.7 Discussion
As we discussed above the study can generate a great deal of information in procedure of sensitivity

analysis, such as the parameter values, those have most influence on the behavior of the system.

The simplex method is an efficient and reliable algorithm for solving linear programming problems. It also
provides the basis for performing the various parts of post optimality analysis very efficiently. It has a
useful geometric interpretation; the simplex method is an algebraic procedure. At each iteration, it moves
from the current basic feasible solution to a better, adjacent basic feasible solution by choosing both an
entering and leaving basic variables. When a current solution has no adjacent basic feasible solution that

is better, the current solution is optimal and algorithm stops [1].

In this chapter we make an experiment on selected parameters from m1l to m4 (categories of raw
material). We have solved the model in simplex algorithm by using all slacks starting solution. When we
have selected the first category m1, it gives us the minimum price for this category is Rs: 11.76 per ton,
while Rs: 13.33 for m2, Rs: 11.11 for m3, and last category that is imported waste paper should be Rs: 4
per ton. Study shows us that near about 50% consumption is of m1 (waste books & note books) of total
consumption, and 50% consumption is of other three types of raw material. The company should revise
the plan of buying m1 category of raw material. The study recommends us that company should buy this
category at Rs: 11.76 per ton or they should choose the minimum price sectors for m1, because it has
maximum consumption in the production as we discussed above. Another recommendation is the
company can discontinue m4 (Imported waste paper), because it is much expensive and locally not
available and plant is near about 1000 km away from sea port. The study shows us that third category of
raw material m3 (exam papers)can be used on for m4, because exam papers also have no dust and it gives
maximum utilization during pulping, and its price is also low as compared with m4 (imported waste
papers). After changes the prices of one by one all columns (m1, m2, m3 and m4) the value of z will be

decreased as compared with BFS and Optimal Solution.
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CHAPTER

Results and Analysis

6.1 General Overview
A transportation problem is specified by the supply, the demand, and the shipping costs. So the

relevant data can be summarized in a transportation table. The transportation table implicitly expresses
the supply and demand constraints and the shipping cost between each demand and supply point.

Actual operating data have been collected for the operational elements, mileage from the source to
destination, how much types of raw material the company is using, costs of all types of material and time
duration of delivery from source to destination. Then used meaningful data in different process in order to
verify the correctness of the data and scale parameters are determined for distributions and validated
against real time data. The whole procedure we have seen in last chapters.

Selection of raw material for manufacturing at minimum cost is a strategic level decision, having a
sensitivity analysis we have found the minimum cost of each category of raw material. The consumption of
raw material of each category is different from each others; plant is consuming 65 Tons per day and 1950

Tons per month.

6.2 BFS

After description and formulation of the data we have found basic feasible solution of the problem,
and identify the different basic variables in the solution of each method. Basic variables are, those are
allotted specific units by the method, where the cost of 200 tons of raw material is 10, and it is the basic
variable. Each method selected almost 10 basic variables (unit allotted cells). The remaining cells in the
matrix are called non basic variables.

After determining the basic variables the study has found non basic variables from among the basic
variables (unit allotted variables), Non basic variables (empty cells) are those which are not the part of the
basic feasible solution. It is done by computing the non basic coefficients using the method of multipliers,
as we have seen in chapter 4, in the functionality of method of multipliers. The key concept of method of
multipliers is to find out all those sectors in the matrix, which are not touch by the BFS. Method of
multipliers is a bridge between basic feasible solution and optimal solution.

In the following figures we can see that how much iteration are taken by each transportation
methods, where we have analyze that Least Cost Method is taking only two iterations, while Vogel’s
Approximation Method is taking 4 iterations, and in the race of taking iterations North West Corner

Method is in the middle position.
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6.3 Iteration wise comparisons

35100

35000

34900 \

34800 \

34700
34600
34500 T T 1
Tl T2 T3
NWCM Figure 6.1
34900

34850 \
34800 \
34750 N\ LCM

34700
34650 . T .
IT1 IT2
LCM Figure 6.2
36000

35500 \

35000 \

34500

34000 T T T 1
Tl T2 T3 IT4

VAM Figure 6.3
On other hand we can see the cost analysis of each method in BFS, where we can see that North west
corner method is the most expensive with Rs: 34982, and Least cost method is on second position with Rs:
34857, and most efficient method is Vogel’s Approximation Method with Rs: 34718, but in manual and

computerize calculations it is most expensive method with highest iterations.
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6.4 Cost comparisons BFS (NWCM, LCM, VAM)

Basic Feasible Solution

35050

35000
34950 N

34900 \

34850 \\

34800 \

34750 Basic Feasible Solution

34700
34650
34600
34550 T . 1

NWCM LCM VAM

Figure 6.4

6.5 Optimal Solution

From table 6.1 we can analyze that least cost method is most efficient and it is taking only two iterations
to reach the optimal solution, while North West Corner Method is taking 3 iteration to reach the optimal
solution, and Vogel’s Approximation Method is taking 4 iterations to reach at optimal solution, but it is the
same solution which VAM gets in basic feasible solution, and it was already optimum. We have analyzed
that to reach Rs: 34718 (optimum cost), NWCM and LCM are solved by Method of multipliers then these
methods gets Rs: 34718, but VAM reaches there without processing Method of multipliers.

Table 6.1
Cost comparisons by iterations
Methods Iteration 1 Iteration 2 Iteration 3 Iteration 4 Iteration 5
NWCM 34982 34778 34718
LCM 34854 34718
VAM 35766 34968 34778 34718

6.6 Effect of changes in the price of each category of raw material

Sensitivity analysis of all four categories of raw material (i.e. cost of initial collection of raw material from
sources to mill) is performed to analyze its behavior and its influence on the total cost of raw material
(waste paper) presented in chapter 5. These are considered to be critical parameters in the set of costs for

raw material in the cost matrix.
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6.7 Cost comparisons (BFS, OPT, POST OPT)

COST COMPARISONS
40000
35000
30000 4‘\“~=\\\\\‘
25000
20000 o~
15000 = COST COMPARISONS
10000
5000
0 T T
BFS OPT POST
Figure 6.5
6.8 Total Cost Analysis
Cost Analysis

40000 35854 34718

30000 21179

20000

10000 E B Cost Analysis
0 T T

Current Cost Optimum Post
Cost Optimum

Figure 6.6

In above figure we can differentiate that after applying the rules of transportation method; we have

reduced the cost of raw material from current cost of the company and that is Rs:3471800 that is the

optimum cost, but by checking the sensitive parameters we have a post optimum cost and that is Rs:

2117900.
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CHAPTER

Conclusion & Suggestions

7.1 Conclusion
The transportation problem is a special topic of the linear programming problems. It would be a

rare instance when a linear programming problem would actually be solved by hand, but this problem.
There are too many computers around and too many LP software programs to justify spending time for
manual solution. There are also programs that assist in the construction of the LP or TP model itself.
Probably the best known is GAMS—General Algebraic Modeling System (GAMS-General, San Francisco,
CA). This provides a high-level language for easy representation of complex problems.

Selection of raw material for manufacturing at minimum cost is a strategic level decision, having a
sensitivity analysis we have found the minimum cost of each category of raw material. The consumption of
raw material of each category is different from each other; plant is consuming 55-65 Tons per day.

The construction of solution model is presented in chapter 2, where we also have some discussions
about related literature and some knowledge of operation research that is the major subject under which
we are solving this problem. In this problem we have seven sources with a specific limit of raw material
for plant, and all seven sources have different prices of raw material.

After description, formulation and building model we have found basic feasible solution of the
problem, and identify the different basic variables in the solution of each method. Basic variables are,
those are allotted specific units by the method, where the cost of 1 ton of raw material is 10 (in
thousands), and it is the basic variable. Each method selected almost 10 basic variables (allotted units
cells) from problem matrix. The remaining cells in the matrix are called non basic variables.

Finding optimum solution of the problem the study has utilized non basic variables (non allotted
units) from among the basic variables (allotted units). Non basic variables are those which are not the part
of the basic feasible solution. It is done by computing the non basic coefficients using the method of
multipliers, as we have seen in chapter 4, in the functionality of method of multipliers. The key concept of
this method is to find out all those sectors in the matrix, which are not touch by the BFS. Method of
multipliers is a bridge between basic feasible solution and optimal solution.

Converting an optimal solution into post optimal using simplex method, the optimal solution should
be viewed as the starting solution for sensitivity analyses to improve the decision maker's knowledge and
understanding of the system's behavior. Sensitivity analysis is an important tool for finding the optimal
solution of the problem. By showing that the system does react greatly to a change in a parameter value
using simplex method, it reduces the modeler’s uncertainty in the behavior. In addition, it gives an
opportunity for a better understanding of the dynamic behavior of the system. At least a decision maker

can understand what the worst possibilities are and where the best cakes are, and what sort of deals and
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negotiations are possible in the system, so simplex approach to SA may even be the absolute best method
for the purpose of practical decision making.

The transportation methods found the most optimum cost of the transportation of raw material. In
this procedure the study shows that least cost method is most efficient, its gives Rs: 34718 in only two
iterations, on other side the rest of two methods also gives the optimum solution same as LCM but these
methods have taken more iterations as compared with LCM. So study can decide that cost allocation plan
of LCM is the reasonable plan for acquiring raw material for the plant.

Another issue is the plant is consuming four types of raw material, and selection of raw material for
plant at minimum cost is a strategic level decision, having a sensitivity analysis we have found the
minimum cost of each category of raw material. While studying SA gives us some useful information about
the best deal of each category of raw material, it suggests us that the price of m1 should be Rs: 11.76, m2
should be Rs: 13.33, m3 should be Rs: 11.11 and m4 should be Rs: 4 per ton. By this way the company can
negotiate or change the sources for acquiring raw material. It provides the opportunity to minimize the
cost as much possible, and the minimum cost it suggests is Rs: 21179 by checking the sensitivity of all

categories of raw material.

7.2 Suggestions

After studying the whole system and identifying the sensitive parameters, the study is able to
suggest that the company should use m1 category as maximum as possible, because as we have seen in
table 2.1 (chapter 2) that near about 45% consumption of whole raw material, it is cheap in cost, and
sources are nearly available at minimum distance. Another suggestion is if company can search more
cheap sources for m1 category, by this way company can increase the consumption of this category. The
last category of raw material m4 can be discontinued and research department should find the alternative
paper of this clean category from local sources, because it is expensive and locally not available. In the
future research department should search more cheap sources for acquiring better raw material, and one

or two current sources can be leaved those are expensive.
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Appendix

Solution Tables

Tables Chapter 3 (Vogel's Approximation Method)

Table 3.4

RV/Options M1 M2 M3 [m4 | Availability

Lah 728 16 14 17 29 2
450

17 15 18 48 2
270

Demand 292 1950

Penaltv ______

Table 3.5

RV/Options M1 M2 M3 [m4 | Availability

Deleted

Demand 292 1950

______
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Table 3.6

RM/Options [ M1 |M2____ M3 |M4 | Availabiity | Penalty

Deleted

Demand 292 1950

Penaltv ______

Table 3.7

RM/Options [M1____ M2 _____[m3 M4 ] Availability | Penalty

Deleted

Demand 292 1950

______
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Table 3.8

RM/Options [ M1 |M2____ M3 |M4 | Availabiity | Penalty

Deleted

Demand 0 1950

Penaltv ______

Table 3.9

RV/Options M1 M2 |wm3 [ m4 | Availability

Deleted

Demand 0 1950

Penaltv ______
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Table 3.10

RM/Options [ M1 |M2____ M3 |M4 | Availabiity | Penalty

Deleted

Demand 0 1950

Penaltv ______

Table 3.11

RV/Options M1 M2 |m3 [ v4 | Availability

Deleted

Deleted

Demand 0 1950

Penaltv ______
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Table 3.12

RM/Options [M1____|M2_____[M3______[M4 | Availability | Penalty
16 45 -

She 110 13

200 0 Deleted

16 14 17 29 -
450 0 Deleted

16 14 19 43 -
182 38 0 Deleted

17 15 18 48 =
270 0 Deleted

18 16 18 30 -
250 0 Deleted

17 15 18 50 =
60 140 0 Deleted

19 17 22 31 0

292 68
Demand 68 0 0 0 1950

Penalty 0 Deleted Deleted Deleted

TORA RESULTS

TRANSPORTATION MODEL

TRANSPORTATION TABLEAU - (North-West Corner Method

et, cell changes color)
ep may be executed without Step 2

Iter 1 Obj¥al = 3498200 D1 D2 D3 D4 Supply
Name I
]
51 She
52 Lah 450 | [ T ]
[ I I
16,00 14,00 19,00
53 Fai
54 Raw 270 |
G0 o0 [awn [z |
I M G Y e 1|
55 Mul | 128 [ 122 |
56 Pes | 200 |
o0 [roo  [oo0  [2300 |
IR I N
57 Kar
Demand
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Iter 2

51

52

53

54

55

S6

57

Iter 3

51

52

53

54

558

56

57

Obij¥al =

Hame

She

Lah

Fai

Raw

Pes

Kar

DLEN | 780 | 488 | 390 | 202 | |

Obpal =

Hame

She

Lah

Fai

Raw

Pes

Kar

Demand

3477800 D1 D2 D3 D4 Supply

TR ===
1500 I

50 | [ |

GO (om0 [0 [ |

TE 00
158 [ |

62 | 158 I
LN L X ECC

— 0 @0
G5 Jow  Jow  |oon |
~ | ison  iam| s

200 |

—
O 3 )
[ 292 |

ENEIEL
B2 - | N — —
I R LM EC
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TRANSPORTATION MODEL

TRANSPORTATION TABLEAU - (Least Cost Method

to zero value (default u
Il changes colo
y be executed

Iter 1 Obial =
Hame

51 She

52 Lah

53 Fai

54 Raw

5h Mul

-1.,00 -1.00

56 Pes

57 Kar

Iter 2 Objv¥al =
Hame

51 She

52 Lah

53 Fai

54 Raw

55 Mul

S6 Pes

57 Kar

DTN | /B0 | 488 | 390 | 292 | |
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TRANSPORTATION MODEL

TRANSPORTATION TABLEAU - (Vogel's Method)
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Iter 3
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